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Preface

This book is dedicated to the memory of a distinguished Russian engineer,
Rostislav E. Alexeyev, who was the first in the world to develop the largest
ground effect machine — Fkranoplan. One of Alexeyev’s design concepts with
the aerodynamic configuration of a flying wing can be seen on the front page.

The book presents a description of a mathematical model of flow past a
lifting system, performing steady and unsteady motions in close proximity
to the underlying solid surface (ground). This case is interesting for practical
purposes because both the aerodynamic and the economic efficiency of the
system near the ground are most pronounced. Use of the method of matched
asymptotic expansions enables closed form solutions for the aerodynamic
characteristics of the wings-in-ground effect. These can be used for design,
identification, and processing of experimental data in the course of developing
ground effect vehicles. The term exztreme ground effect, widely used through-
out the book, is associated with very small relative ground clearances of the
order of 10% or less. The theory of a lifting surface, moving in immediate
proximity to the ground, represents one of the few limiting cases that can be
treated analytically.

The author would like to acknowledge that this work has been influenced
by the ideas of Professor Sheila E. Widnall, who was the first to apply the
matched asymptotics techniques to treat lifting flows with the ground effect.

Saint Petersburg, Russia
February 2000 Kirill V. Rozhdestvensky
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1. Introduction

1.1 Some Definitions

This book discusses the aerodynamics of vehicles, that utilize the favorable
effect of the proximity to an underlying surface upon their performance. Al-
though this underlying surface may be not only land, but also water, snow,
or ice, it will be called ground.

In what follows, the ground effect is understood as an increase in the
lift-to-drag ratio of a lifting surface (a wing) moving close to the ground.
For an appropriately designed lifting surface, this phenomenon exhibits it-
self at distances from the ground less than the chord of the wing, but the
most advantageous range of ground clearances normally lies below 25% of the
chord. The term extreme ground effect, widely used throughout the book, is
associated with very small relative ground clearances under 10%. This latter
range is characterized by a significant increase in the efficiency of the lifting
system and is expected to be operational for the lifting systems of the next
generation of the craft.

FEkranoplan (a wing-in-ground-effect vehicle) can be defined as a vehicle
with an engine and heavier than air that is designed to fly close to an un-
derlying surface for efficient utilization of the ground effect. At present many
terms exist to designate such a craft, namely, ekranoplan, wing-in-ground-
(WIG) effect vehicle, wing-in-surface-effect ship (WISES), flaircraft, ground
effect machine (GEM), etc.

1.2 A Brief Reference on Wing-in-Ground-Effect Craft

The earliest, albeit unintentional, use of the ground effect in technology is
probably due to the Wright brothers whose gliders covered longer distances
when flying close to the sands. Later, in 1910, some pilots reported a pecu-
liarly “different feel,” when their aeroplanes flew closer to the ground. This
phenomenon, referred to in the literature as a “cushioning effect,” sometimes
led to a sudden loss of lift. Nonetheless, the influence of the ground was re-
vealed to be something more than just aerodynamic nuisance after a 56 t
Dornier DO-X seaplane increasing its payload and range when flying near

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000



2 1. Introduction

the water during its transatlantic service in the early 1930s. It is probable
that this evidence triggered a purposeful engineering effort to conceive a craft
to take advantage of the ground proximity.

From 1935 a Finnish engineer, Kaario, had been working on a series
of his “Aerosledge” vehicles, which were basically a low-aspect-ratio wing
mounted on skis. Kaario’s craft showed pitch instability, which was later on
recognized as an inherent feature of wing-in-ground-effect vehicles. Following
Kaario’s work, many projects of large ground effect machines and real, albeit
moderately sized, vehicles appeared; see Belavin [1], Ollila (2], Hooker [3],
Rozhdestvensky [4].

The list of projects of large craft includes, for example, Weiland’s “Large
Weilandcraft,” “Columbia” of the Vehicle Research Corporation, Boeing’s
“Lowboy,” Grumman’s missile ekranoplan, SETOL by McDonnell Douglas,
Bertin’s “Signe-14” and others.

Among the moderately sized vehicles built one can name Troeng’s “Aer-
oboat,” Bertelson’s GEMs, Kawasaki KAG series, the Lippisch Aerofoil Boat
and their derivative “Airfish” [5, 6], Jorg’s Tandem Flairboats [7, 8], China’s
RAM and PAR vehicles [9, 10], Kubo’s u-Sky Sliders developed with the
support of Mitsubishi [11, 12], more recent two-seater vehicles “Hoverwing
2-VT” of Fischer Flugmechanik [13, 14], and “Hydrowing VT-01”of Techno-
trans [15, 16].

Starting from the 1960s Russia took the world’s lead in creating large
ekranoplans, [17)-[21]. This became possible due to the outstanding effort of
Rostislav Alexeyev and his famous Hydrofoil Design and Construction Bureau
in collaboration with other leading institutions and enterprises. During the
following two decades a number of ekranoplans had been built with takeoff
weights of 120 through 550 t and a cruise speed in the range of 350-500 km/h.
The largest of these was and still is the KM (ship prototype), dubbed in the
West, the Caspian Sea Monster. A collection of Russian wing-in-ground-effect
vehicles is shown in Fig. 1.1. It reflects the evolution of design concepts and
building technology for ekranoplans. Shown in Fig. 1.1 are

e 1 - the tandem scheme borrowed from the hydrofoil design and developed
by Alexeyev in the early 1960s.

e the first-generation vehicles, based on an aeroplane type aerodynamic
configuration with a fuselage, a highly elevated tail unit, and a power-
augmented takeoff feature: 2 - KM, 1967, designed by Alexeyev; 3 - Orly-
onok, 1972, designed by Alexeyev and Sokolov (22]; 4 - Loon/Spasatel, 1987,
designed by Kirillovykh [20]. One should note that the highly mounted tail
surface in the aeroplane scheme is intended to secure (pitch) stability to
longitudinal motion.

o the concepts and projects of a new generation of ekranoplans with flying
wing and composite wing configurations: 5 - Alexeyev’s flying wing con-
cept (late 1970s); 6 - composite wing configuration (Alexeyev, 1970s); 7 -
Bartini’s contact free takeoff (landing) craft with a composite wing aero-
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4 Introduction

dynamic scheme [23]; 8 and 9 - Marine Passenger Ekranoplans MPE 400
and MPE 200, designed by Sinitsyn [24].

It should be added that pitch stability for the tailless flying wing config-
uration 5 can be ensured by special profiling of wing sections and the use
of an automatic motion control system. The composite wing scheme (6-9)
employs the idea of a functional subdivision of the vehicle’s lifting area into
two parts. The central wing of the system enables taking full advantage
of power augmentation (blowing under the wing) at takeoff. Side wings
add efficiency and, if properly positioned, longitudinal stability in cruising.
Further elaboration of the composite wing scheme can be achieved by pro-
filing wing sections, which serves to reduce the tail unit and, consequently,
empty weight fraction.

e A smaller vehicle (10; 1996, Sinitsyn) features blowing under the wing
(power augmentation) both during takeoff (landing) and cruising. This
craft known by the name Amphistaris a six-seater with a cruising speed of
150 km/h [25]. Other examples of the family of unconventional ekranoplans
with permanent power augmentation features are Volga-2 and Raketa-2
(project), developed in the Central Hydrofoil Design Bureau named after
R.E. Alexeyev.

1.3 Asymptotic and Numerical Methods
in the Aerodynamics of the Wings-in-Ground Effect

1.3.1 On the Mathematical Modelling of the Aerodynamics
of a Lifting System in the Ground Effect

A rational approach to the design of any unconventional vehicle, for which
restricted prototype data exists, should be based on an appropriate mathe-
matical model, reflecting the essential features of the craft under considera-
tion.

Ekranoplan can be viewed as such an unconventional type of superfast
water transport, utilizing the favorable influence of the underlying surface
(ground) upon its lift-to-drag ratio and, consequently, on its economic effi-
ciency, expressed in terms of fuel consumption and direct operating costs.

The ground effect is most pronounced when the main lifting system of
the ekranoplan operates at distances of the order of 25% of the chord or less
from the underlying surface.! From the viewpoint of mathematical modelling
this means that the corresponding flow problem involves a least one distinct
small parameter — relative ground clearance.

! This means that a cost-effective ocean-going vehicle capable of handling high seas
should be sufficiently large. On the other hand, a vehicle of small dimensions
is expected to be efficient on inland waters, where high seaworthiness is not
required.
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Ekranoplan operates in a wide range of modes, including subsonic cruise
flight in the presence of wind and wave perturbations, transient motions at
takeoff and landing accompanied by intensive blowing of air under the main
lifting surfaces, and floating on water, when the structure of the craft is
subject to action of hydrostatic and wave-induced bending moments.

It is worth noting that in the cruising mode of operation in proximity
to the ground, the qualities of such a transport in terms of the lift-to-drag
ratio, the static and dynamic stability, the steerability, and the ride comfort
are extremely sensitive to the design decisions adopted (aerodynamic config-
uration, geometry of lifting surfaces, takeoff and landing devices, cruise and
power augmentation engines, automatic control system).

The mathematical model employed for the purpose of conceptual and
preliminary design should meet certain requirements, in particular

o be sufficiently similar to a real system and include most essential factors;

e secure the possibility of fast, inexpensive, and interactive evaluation of the
quality of the system;

e be tailored for the application of optimization procedures concerning the
economic viability of a transportation system, reserves of stability, etc.;

e be acceptable for prediction of the behavior of the system in extreme sit-
uations (risk assessment).

To work out an appropriate tool kit for the aerodynamic design of ekra-
noplans, one should be careful in choosing and applying existing mathemat-
ical technologies.

At present, two main approaches can be considered:

1. Numerical methods, based on advanced techniques of numerical solu-
tion of boundary problems and integral equations, describing a corresponding
physical process. In most cases, these approaches do not impose restrictions
on the geometry, kinematics or dynamics of the system under modelling. Al-
though many of numerical approaches and algorithms are essentially heuristic
and are not backed by proofs of existence, uniqueness, or convergence of the
solution, they often lead (when applied by an expert) to mathematically
reasonable and physically adequate results. At the same time, from the view-
point of practical design, numerical approaches have certain inconveniences
and shortcomings, especially when used at a preliminary stage of design.

These methods

¢ require powerful computers and considerable CPU time;

¢ do not provide explicit representation of the structure of the system’s re-
sponse, which often prompts designers to a path to successful project de-
cisions,

e are not well suited for use in optimisation procedures at preliminary stages
of design, which is to a large extent related to the so-called “curse of di-
mension;”
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e in certain cases of practical interest (thin and slender bodies, flows in small
gaps, extreme variations of geometry, high Reynolds numbers, etc.) exhibit
unsatisfactory convergence and computational instability.

2. In cases when the flow problem is characterized by one or several small
parameters (which often happens in practical situations), one can employ, as
an alternative, asymptotic approaches, which also have pros and cons.

The disadvantages of asymptotic approaches include substantial restric-
tions on geometry and magnitudes of kinematic and dynamic parameters;
nonuniversal character, which entails the necessity to adapt methods for a
concrete problem; the need to use rather sophisticated mathematics to de-
velop solutions and obtain final closed form results.

Nevertheless, from designer’s and system analyst’s points of view, these
methods possess some useful properties.

e They are conveniently adapted to consideration of a concrete problem of
interest, which lays the ground for development of multifactor cost-effective
mathematical models of the system under design;

o They often provide closed analytical formulas and fast algorithms, which is
important for the preliminary design stage, as well as for feasibility studies
dedicated to evaluation of the quality of a large system;

o They serve to reveal similarity criteria, which are useful for the purpose of
design, the processing of experimental data, and identification procedures.

The method of matched asymptotic expansions used in this book to treat
the aerodynamics of the ekranoplan at very small relative ground clearances
implies separate consideration of the flow in subregions, characterized by
different length scales with subsequent “blending” of corresponding solutions.
This formalism not only leads to simplification of flow problems in these
subregions, but also makes the process of derivation of the solution similar
to that of design analysis and synthesis.

It is clear that none of the two approaches (numerical or asymptotic)
discussed above, can be seen as a perfect tool for design. In this connection,
at least two strategies may be proposed for expedient use of these methods:

o Use of the asymptotic approach for the purpose of conceptual and prelim-
inary design of a craft (for example, for the selection of basic aerodynamic
configuration and assessment of expected operational behavior of the sys-
tem) with subsequent application of numerical techniques and computer
codes for the final elaboration of the vehicle;

o Rational synthesis of both numerical and asymptotic methods, implying
utilization of all useful properties and the results of the application of
asymptotics in computational procedures.

In what follows, a brief survey is presented of the use of asymptotic and
numerical methods in the aerodynamics of ekranoplans. This survey by no
means pretends to be complete and refers mostly to research work published
after 1970.
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1.3.2 Asymptotics for Ground-Effect Lifting Flow Problems

The possibility of deriving solutions of the flow problem and corresponding
aerodynamic coefficients of a lifting system in a closed form is connected with
analytical and asymptotic approaches.

Analytics in a classical sense of the word is mostly related to two-
dimensional steady-flow problems, involving ground-effect phenomena. To-
motika et al. [26] obtained an exact solution for a problem of steady flow past
a flat plate at an arbitrary angle of attack in the presence of a ground plane.
Therewith, the formulas for the aerodynamic coefficients were expressed in
terms of elliptic theta functions. Later on these results were extended to a
Zhukovsky type aerofoil with consideration of the case, when the trailing edge
of the foil was touching the ground; see Tomotika and Imai [27]. The latter
case was also treated by Datwyler [28].

Sedov [29] derived the same results as Tomotika et al. for a flat plate more
straightforwardly.

The first asymptotic approaches relevant to ground-effect phenomena em-
ployed Prandtl’s lifting line model and its “mirror reflection,” e.g., Wiesels-
berger [30], Serebriyskiy [31], etc. In this research, the distance of the wing
with a large aspect ratio from the ground was considered to be of the order
of the span, whereas the chord of the wing was assumed much smaller than
both the span and the ground clearance.

Because the ground effect is most pronounced at very small relative dis-
tances h from the underlying surface,? it is reasonable to seek an approximate
solution of the corresponding flow problem in the form of an asymptotic ex-
pansion in terms of a small parameter related to h.

Some of the earlier approaches were based upon asymptotic expansions
with respect to a small parameter, which is inversely proportional to the
ground clearance. Keldysh and Lavrent’ev [32] applied parameter 1/A to treat
the flow past a hydrofoil, moving near a free surface. A similar expansion was
used by Plotkin and Kennel [33] to obtain the lift coefficient of an arbitrary
thin aerofoil in the presence of a ground plane and by Plotkin and Dodbele
[34] and Plotkin and Tan [35] for solving the flow problems for large-aspect-
ratio wings and slender wings in motion near a solid wall.

It is obvious that an expansion in 1/h is appropriate for investigations of
the ground-effect phenomena at distances from the boundary, which are larger
that the chord of the wing. However, because wing-in-ground-effect vehicles
normally operate at distances below 25% of the chord of the main lifting
surface, it is practical to introduce a small parameter providing convergence of
the solution series at clearances less than the chord. Panchenkov [36] obtained
asymptotic solutions of a set of lifting flow problems involving interfaces (free
surface and solid wall) in terms of the so-called T-parameter, related to the
relative ground clearance by the following equation:

2 This parameter represents the ratio of the distance of a wing from the ground to
the chord of the wing and later on will be called the relative ground clearance.
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7=1/1+4h?—2h. (1.1)

It is easy to see that (1.1) transforms a semi-infinite interval of the actual
clearance 0 < h < oo to a unit interval of variation of the 7-parameter 1 > 7 >
0. In fact, these solutions were developed as perturbations of the unbounded
fluid case (h = o) and yielded the results of Keldysh and Lavrent’ev for
large h. At the same time, the introduction of the parameter 7 3 noticeably
enlarged the range of validity of the asymptotic solution.

Because wing-in-ground-effect vehicles have maximum aerodynamic effi-
ciency in very close proximity to the ground (i.e., at distances essentially less
that the chord and/or the span), it is challenging to develop an asymptotic
expansion of the flow problem solution around the limiting case h = 0, rather
than h = oco. However, any attempt to develop a straightforward (outer or
pedestrian; see Nayfeh [37]) asymptotic expansion of the solution for A — 0
results in a degeneracy of the flow problem. In fact, from the viewpoint of
an outer observer, i.e., at distances of the order of the chord from the lifting
surface, the gap between the wing and the ground vanishes. Consequently,
within the boundary problem formulation it becomes impossible to satisfy
the flow tangency condition on the lower surface of the wing and on part of
the ground plane under the wing. In other words, in the outer limit, the chan-
nel flow between the lifting surface and the ground is lost. If one stretches
the vertical coordinate to retain the gap when h goes to zero, the governing
Laplace equation can be shown to lose one dimension, so that the description
of the flow above the wing and the ground becomes incomplete. Thus, the
problem under consideration definitely displays features of a singular pertur-
bation problem, for which neither an outer nor inner asymptotic expansion is
uniformly valid throughout the whole flow field; see Van-Dyke [38]. The flow
problem for a wing-in-ground effect is characterized by the “coexistence” of
two characteristic length scales (on the one hand, the ground clearance and,
on the other hand, the chord or the span of the wing), the ratio of which
vanishes when the small parameter h goes to zero. Such a problem can be
handled by the method of matched asymptotic expansions (MAE).

Apparently, Strand, Royce, and Fujita [39] were the first to indicate the
channel nature of highly constrained flow between the wing and the ground.
They stressed the point that in the two-dimensional case the channel flow
becomes one-dimensional. However, no method was presented then to deter-
mine the total amount of mass flow under the wing without solving the entire
flow problem.

The first MAE applications for lifting flows near the ground were intro-
duced by Widnall and Barrows [40] within the framework of linear theory.
Their basic linearizing assumption was that both geometric (curvature and
thickness) and kinematic (angle of pitch) perturbations are small compared
with relative ground clearance h. It was shown that for a thin wing at an

3 It can be shown that an infinite number of regular parameter expansions can be
derived around h = oo, providing different ranges of validity with respect to h.
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angle of pitch 6, the vertical perturbed flow velocities are of the order of
0O(#), whereas in the confined region under the wing, the same vertical flow
induces a horizontal velocity of the order of O(8/h). Therefore, the response
of the lifting system to perturbations of the same magnitude is amplified
in the ground effect compared to the out-of-ground-effect case. It was also
demonstrated that for a three-dimensional lifting flow in an extreme ground
effect, the corresponding channel flow problem becomes predominantly two-
dimensional in a horizontal plane parallel to the ground. Thus, as indicated by
Widnall and Barrows, the extreme-ground-effect theory forms an interesting
complement to Prandtl’s lifting line theory and Jones’s slender body theory,
in which flow fields are basically two-dimensional in the transverse and lon-
gitudinal planes respectively. Detailed calculations were carried out with an
asymptotic error of the order O(h?) for a steady linearized flow around a
flat plate near a flat solid wall. As an example of three-dimensional flow,
the same authors obtained the leading order results for a flat plate near a
wall. A semielliptic flat wing close to the ground was shown to have con-
stant induced downwash in the wake for all aspect ratios and, consequently,
to have minimal induced drag for a given lift. The spanwise distribution of
aerodynamic loading for this optimal wing turned out to be parabolic rather
than elliptic as in the unbounded fluid case. The problem of minimization of
induced drag for a range of ram wing transportation vehicles for a variety of
guideway configurations and small relative ground clearances was discussed
by Barrows and Widnall [160].

Extension of the MAE approach, advocated by Widnall and Barrows [40],
to a linear unsteady flow case accounting for flaps, endplates and compress-
ibility effects was carried out by Rozhdestvensky [41]-[48]. Due to the fact
that unsteady lifting flow exhibits a finite jump of both perturbed velocity
and velocity potential across the trailing edge, the matching of corresponding
local flow with the outer and channel flows was performed in terms of pres-
sure. Unsteady aerodynamic derivatives were found in a closed analytical form
for a rectangular wing of arbitrary aspect ratio for various unsteady motions
versus Strouhal and Mach numbers. It was shown that compressibility effects
give rise to some qualitatively new phenomena, which can be characterized as
acoustic resonance. On the basis of the asymptotic theory, it was also shown
how, to determine suction force, acting upon the rounded leading edge of the
wing. In Rozhdestvensky [44], closed form expressions were presented for an
induced drag coefficient of a rectangular wing in steady and unsteady motion
near the ground with and without leading edge suction. It was demonstrated
that, depending on parameters of contributing vertical motions (heave, pitch,
deformations) drag or thrust force enhanced near the ground may act. Based
on these results, special propulsion systems can be designed, incorporating
oscillating wings and wing systems near solid boundaries. Essentially, the
idea was utilized of employing the MAE as a mathematical constructor by
way of matching appropriate asymptotic solutions, corresponding to different
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local geometry of the wing (forward and rear flaps, endplates, slots) and/or
physical peculiarities of performance of the edges (jet and rotor flaps and
endplates, shock or shock-free entry at the leading edge, vortex wake detach-
ment and roll-up) to the main flow solution. A theory of the slotted wing
in the extreme ground effect was developed for both lateral and longitudinal
gaps on the wing’s surface in steady and unsteady cases, featuring special
solutions for the flow in the immediate vicinity of the gap accounting for dif-
ferent possible flow patterns, as well as mass and vorticity transport through
the gap.

Kida and Miyai [49] applied the MAE approach to solve the flow prob-
lem of a nonplanar wing of finite span in motion very close to the ground.
They provided a simple first-order analytical solution for a nonplanar (un-
cambered in the chordwise direction) wing of small aspect ratio in the form
of a power series of the ratio of semispan to the wing’s root chord. The lift
and induced drag coeflicients were discussed for the case when the chord dis-
tribution spanwise was semielliptic. The authors also calculated the lateral
(restoring) moment, acting on an inclined wing of semielliptic planform.

Kida and Miyai [50] were the first to extend the approach based on the
method of matched asymptotic expansions to the case of a steady linearized
flow around jet-flapped wings in very close proximity to the ground. They
assumed that both the angle of pitch and the angle of deflection of the jet,
emerging through a thin slot in the wing’s trailing edge, are small compared
to the relative ground clearance. The Kutta-Zhukovsky condition of smooth
detachment of the flow at the trailing edge was replaced by a condition of jet
injection at a prescribed angle to the horizon. To describe the form of the jet,
the corresponding dynamic and kinematic conditions were introduced. These
require, respectively, that the pressure jump across the jet surface should be
proportional to its longitudinal curvature and that the said surface should
comply with the flow tangency condition. Concrete results were obtained
by these authors for a steady two-dimensional flow past a jet-flapped flat
plate and a semielliptic flat wing in the ground effect. Kida and Miyai also
found the optimal distribution of the jet momentum for which a semielliptic
wing in the extreme ground effect has the minimum induced drag for a given
lift. Rozhdestvensky [44] used the same technique to derive a solution for a
rectangular jet-flapped flat wing and calculated the optimal jet momentum
distributions for different aspect ratios.

It should be underlined that at very small relative ground clearances even
slight changes in geometry and kinematics of the lifting system may result
in considerable perturbations in the channel flow under the wing and, con-
sequently, in the aerodynamic response of the system. Therefore, the theory
should account for the nonlinearity of the ground-effect lifting flow with re-
spect to perturbations. Note that in linear theory it is assumed that vertical
displacements of points on the wing’s surface are small compared with ground
clearance. For example, the angle of pitch (in radians) is small with respect
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to relative ground clearance. In nonlinear approaches this restriction has to
be alleviated.

For the case of the extreme ground effect (leading order) in a compressible
isentropic lifting flow, an unsteady, nonlinear three-dimensional treatment of
the problem was given by Rozhdestvensky [41, 42]. It was assumed that the
wing is advancing at constant speed in the vicinity of a curved ground and,
at the same time, is free to perform small vertical motions and deformations.
Displacements of points of both surfaces of the wing and the ground were
assumed comparable with the ground clearance. Mathematical model of the
flow also included vertical gusts. A two-dimensional governing flow equation
was derived from the mass conservation considerations for the constrained
flow domain under the wing rather than from the formalism of the method
of matched asymptotic expansions. Boundary conditions at the edges of the
channel flow region were obtained through application of simple physical
arguments such as continuity of pressure at the trailing edge and continuity
of the velocity potential at the leading and side edges. In the incompressible
flow limit (Mach number equal to zero), the channel flow equation was shown
to yield a quasi-harmonic equation, which differs from the well-known shallow
water equation only in the sense that the distribution of ground clearance —
both chord and spanwise — is prescribed.

Later, a leading-order nonlinear formulation of the problem was developed
by Tuck* for a two-dimensional (1980, unsteady [52]) and three-dimensional
(1983, steady [53]) incompressible flows and by Newman [54] for a lifting
surface of small aspect ratio. In Tuck [52], a one-dimensional channel flow
problem was reduced to a nonlinear first-order differential equation in time
variable as a variable. As an illustration of unsteady flow theory, the problem
was solved for a flat plate, driven toward the ground by its own weight and
advancing at the same time in a direction parallel to the ground at constant
speed.

Newman [54] was able to represent the channel flow beneath the lifting
surface by a simple nonlinear solution in a cross-flow plane with appropriate
conditions imposed at the trailing and leading (side) edges. A distinguished
feature of Newman’s work was that the location of the point separating the
leading and trailing edge parts of the wing’s planform contour had to be
determined as part of the solution. It should be mentioned that within the
linear formulation, the transition between the leading and trailing edges is
normally supposed to occur at the wing’s tips. According to Newman, the
transition point for the steady flow around a delta wing is located upstream
of the traling edge for sufficiently large angles of pitch. For high rates of heave
motions of the delta wing, the position of the transition point was shown to
be cyclic.

4 E.Tuck seems to have been the first to introduce the term eztreme ground effect,
widely used in this book; see also Read [51].
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Tuck (53] considered a nonlinear, extreme ground-effect lifting flow for
thin wings of arbitrary aspect ratio in association with some problems of
aerodynamics of racing cars. He performed numerical calculations for a par-
ticular case of a circular planform with exponentially varying clearance. For
this particular class of clearance distribution, it became possible to reduce
the channel flow equation to a Helmholtz type equation and, using separation
of variables, to find corresponding fundamental solutions in the form of mod-
ified Bessel functions of the first kind. Unknown constants of the solution,
as well as the position of the transition point, were determined numerically
through the application of boundary conditions at the leading and trailing
edges of the wing. The transition point location was found to shift upstream
from the point of maximum local span at positive angles of pitch.

Systematic analysis of nonlinear unsteady three-dimensional flow past a
lifting system of finite thickness in a curved ground effect was carried out in
Rozhdestvensky [44, 48, 55]. The angle of pitch, maximum relative thickness
and curvature, amplitudes of oscillations of the wing, as a solid body and
prescribed deformations of its surface as well as the displacements of points
of the underlying surface, were assumed to be small quantities of the order
of relative ground clearance. In the general case, the main translational mo-
tion of the wing parallel to the ground was supposed to be time-dependent.
It was formally demonstrated that, if longitudinal and lateral slopes of the
upper surface and slopes of the ground are small quantities of the order of
h, the outer flow can still be linearized and constructed by a straightforward
distribution of sources and sinks on the projections of the wing and the wake
on the unperturbed horizontal position of the ground plane with appropri-
ate admissible distributions of singularities along the planform contour. The
strengths of singularities were determined directly through a thin body the-
ory with the use of a known first-order downwash in the wake. The latter
was obtained through the leading-order channel flow solution and Thom-
son theorem on conservation of vorticity in the wake. The strength of the
source-sink contour distribution was obtained by matching the outer flow to
the channel flow through edge flows. Local (edge) flow solutions were shown
to be two-dimensional in the planes normal to the wing’s planform contour
if the radius of curvature of this contour is large compared with the char-
acteristic ground clearance. The latter circumstance significantly simplifies
the process of developing a local solution through the application of pow-
erful technique of complex variable analysis. Matching was performed with
respect to the velocity potential at the leading and side edges and with re-
spect to the pressure at the trailing edge. Wherever possible, the channel
flow equation was solved in a closed form. Otherwise, a numerical technique
is applied, based on a simplified mathematical model for the flow under the
wing, or further perturbation parameter expansions were carried out to in-
clude nonlinear terms. The effects of thickness and curvature were studied. It
was shown, in particular, that lifting and thickness effects are not separable
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in extreme proximity to the ground and that the dominating (channel flow)
contribution is determined by the configuration of the lower surface of the
wing-in-ground effect. The influence of waves on the underlying surface was
studied for both cases of translational motion of the wing in the direction
normal to the wave front and for an arbitrary course angle in Rozhdestven-
sky [56, 57], respectively. Another solution of the former problem was also
given by Efremov and Lukaschik [58].

A similar theory was published for a particular case of an incompressible
flow around a thin lifting surface in the curved ground effect by Qian-Xi
Wang [59]. In this work translational motion of the wing along the ground
was assumed to take place at constant speed. Based on the fact that the input
of the channel flow equations involved the instantaneous distribution of clear-
ance rather than ordinates of the wing’s lower surface and that of the solid
boundary, the author formulated an equivalence rule between the extreme
curved ground effect and flat ground effect with an appropriate downwash on
the wing. No calculated results were presented.

As indicated previously, due to the dominating influence of the flow be-
tween the lower surface of the wing and the ground upon the aerodynamics
of the lifting surface in the extreme ground effect, the corresponding three-
dimensional flow problem can be reduced to that in two dimensions in the
planes parallel to the unperturbed position of the underlying surface. Fur-
ther simplification can be introduced for a wing with endplates moving in
close proximity to the ground. In this case, the flow description can be shown
to be predominantly one-dimensional. A simple one-dimensional nonlinear
mathematical model of the flow past a rectangular wing with small relative
clearances under the tips of the endplates was derived and then validated
experimentally by Gallington et al. [60, 61]. This approach was based on an
assumption that (channel) flow parameters are independent of the chordwise
coordinate and on the observation that the leaking flow escapes from under
the tips of the endplates into the external region with atmospheric pressure.
The author also assumed the occurrence of separation at the tips of the
endplates. Though very simple, Gallington’s model agreed qualitatively with
experiments and provided interesting similarity criteria. An important conse-
quence of the introduction of this model from the theoretical standpoint was
that it helped to overcome a paradox of the infinite (logarithmic) increase of
the flow velocity at the gap, encountered by other researchers; see Ando [62].

One of the restrictions of Gallington’s one-dimensional model ensues from
the assumption of the constancy of the loading along the chord. As a con-
sequence the model cannot be used for prediction of the longitudinal mo-
ment and the characteristics of stability. Secondly, it is confined to the case
of steady motion, whereas the analysis of the transient motion of wing-in-
ground-effect vehicles is of utmost importance.
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Rozhdestvensky [63] extended Gallington’s one-dimensional nonlinear
mathematical model of channel flow, taking into account the chordwise vari-
ation of flow velocity (pressure) and introducing unsteady effects.

Certain attention should be attached to integral formulations. The re-
seach, referred to so far, was carried out by solving a boundary problem for
a wing near the ground. In principle, the same results (at least to the lead-
ing order) can be obtained by asymptotic treatment of the integral equation
of the lifting surface moving close to a solid boundary. A singular integral
equation for the bound vorticity of a lifting surface in the extreme ground
effect can be readily derived by using the Biot—Savart formula and the mirror
image technique. The kernel of this equation reduces to the classical lifting
surface kernel for an unbounded fluid as the clearance-to-chord ratio tends
to infinity. In this case, it is not difficult to develop a regular perturbation
expansion of the part of the kernel due to the image vortex system in terms
of an appropriate parameter, tending to zero when h — c0. As a result, one
would derive a corresponding regular perturbation solution around the infi-
nite fluid case (h = 00). On the other hand, if one lets the clearance-to-chord
ratio tend to zero, the regular part of the kernel can be shown to cancel
out with the singular part of the kernel. Thus, in the limit of the extreme
ground effect, the kernel of the integral equation vanishes. The limiting form
of the equation, however, can be shown to be nontrivial. If expansion of the
integrand in h is performed properly, the integral equation can be shown to
degenerate into a differential equation. It is not a surprise to discover that
this differential equation is identical to the channel flow equation derived in
the process of solving the boundary problem.

The integral formulation approach was applied to the investigation of a
wing-in-ground effect by Panchenkov [64], Kida and Miyai [65] and Rozhdest-
vensky [66]. Panchenkov [64] was the first to study the limiting degeneracies of
the integral equation of the lifting surface in the ground effect. Assuming that
the relative ground clearance h goes to zero, he constructed an asymptotic
representation of the solution of this equation. The corresponding theory was
dubbed the “quadruple theory.” The term quadruple is quite representative
because in the limit of vanishing ground clearance the two double layers,
namely, the dipole sheets of the main lifting surface and its mirror image
with respect to the ground plane approach each other and, eventually, form
a nontrivial limiting “quadruple layer.” To the leading order, the quadruple
theory gives results identical to the results of matched asymptotics. Higher
orders are incomplete due to the fact that no account was taken of asymptotic
expansions of the governing integral equation of the wing-in-ground effect
near the leading, side, and trailing edges. The contributions of these local
descriptions to the aerodynamic characteristics are negligible in the extreme
ground effect (leading-order solution), but become more substantial when the
clearance increases to 5% of the chord or more.
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Kida and Miyai [65] developed what they called “an alternative analyti-
cal method for ground-effect aerofoils,” based on asymptotic treatment of a
corresponding integral for a steady two-dimensional case. They included in
their treatment a flow around a foil near the ground in a somewhat more gen-
eral situation of a nonparallel stream, a flow problem for an airfoil between
parallel walls, the case of an airfoil in a free jet, and the case of an airfoil in a
slipstream. For a particular case of a foil near the ground in a uniform stream,
the authors applied a special technique of expansion of the integrand, which
becomes nonuniform when the difference (z — z’) (where z is the abscissa
of a control point, z’ the abscissa of the loading point) is comparable to the
ground clearance. In the vicinities of edges, the “local” integral equations on
a semi-infinite interval were derived. Finally, it was demonstrated that the
expression for the lift coefficient obtained by the authors is identical to that
of Widnall and Barrows [40] if truncated to the same order.

Rozhdestvensky [66] utilized the concept of “inner and outer” contribu-
tions to the integral equation and demonstrated for both two-dimensional
and three-dimensional steady flow cases that at small relative clearance the
integral equation degenerates into differential equations, identical to those
obtained through the matched asymptotics treatment of the boundary prob-
lem. He used this algorithm to determine the leading-order lift coefficient for a
flat plate in a two-dimensional flow, small-aspect-ratio wing, and jet-flapped
flat plate. The asymptotic description of the edge flow resulting from this
formulation was shown to reduce to an integral equation on a semi-infinite
interval.

Rozhdestvensky [67] also gave an analysis of the flow past a lifting line
and a tandem, comprising two lifting lines, in the immediate proximity to the
ground. In the former case, for a vanishing clearance-to-span ratio, he was
able to reduce Prandtl’s integrodifferential equation to a simple ordinary dif-
ferential equation of the second order for the distribution of loading spanwise.
In the latter case, a system of two integrodifferential equations degenerates
for vanishing h/l (I is the ratio of the span to the chord) into a corresponding
system of ordinary differential equations of the second order. In both cases,
the solutions of the resulting differential equations, subject to conditions of
zero loading at the tips of the wing, were obtained in analytical form.

To conclude the part of the survey dedicated to contributions from asymp-
totic analysis of the integral equation for a lifting surface in the ground effect,
one should mention that this technique was extensively used by Efremov et
al. [68]-[72] under the name asymptotics of small clearances to investigate
the effect of the compressibility of the flow, the flexibility and elasticity of the
foil, and the response of a lifting system in the extreme ground effect to the
unsteady periodic (oscillations) and aperiodic (abrupt variation of the angle
of pitch, the influence of a step-type vertical gust) perturbations.

The larger the wing-in-ground-effect vehicle, the more effective it becomes
in both economic performance and seaworthiness. At the same time, the
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elasticity of the vehicle can no longer be neglected, and both theoretical and
experimental evidence exists that the static (divergence) as well as dynamic
stability (flutter) of an elastic wing-in-ground effect worsens as the ground
clearance decreases.

There are very few works connected with mathematical modelling of the
flow around an aeroelastic wing moving in close proximity to the ground.
The limiting flow model of the ground effect based on matched asymptotics,
in conjunction with appropriate mathematical models of an elastic structure
subject to action of aerodynamic loads, facilitates evaluation of the aeroelastic
behavior of the lifting surface in motion near an underlying surface. To the
author’s knowledge, Efremov [70]-[72] was the first to use the asymptotics
of small clearances to provide some qualitative and quantitative prediction
of aeroelastic phenomena for schematized lifting flows in the extreme ground
effect. To relate elastic displacements of the wing’s surface with aerodynamic
loads, he used the well-known equation of the unsteady bending of an elastic
plate accounting for longitudinal and lateral stresses in its mean plane and
the boundary conditions, corresponding to the mode of fastening the plate
at the planform contour. Using a linearized version of the aerodynamics of a
lifting surface in the extreme ground effect, he was able to derive a system of
coupled equations for the aeroelastic lifting surface moving in close proximity
to a solid boundary and to reduce this system to one differential equation
with respect to deformations. In particular, Efremov studied the case of a
two-dimensional foil. It was shown that the speeds of divergence and the
flutter of the lifting foil in the ground effect decrease as the ground clearance
diminishes.

Lifenko and Rozhdestvensky 73, 74] used the same approach to study the
aeroelasticity of a lifting surface of finite aspect ratio in the extreme ground
effect. To solve the corresponding combined aeroelastic equation, they used
the Bubnov—Galerkin method. The same asymptotics (in the relative ground
clearance) for the critical speeds (divergence and flutter), as in Efremov [71],
was found. Quantitative results were presented to describe both the static
and dynamic stability domains for an elastic lifting surface in the ground
effect in parametric space.

This review featuring the applications of the matched asymptotics tech-
nique to the aerodynamics of lifting systems in the ground effect would be
incomplete without a brief discussion of a cycle of Japanese works dedicated
to optimal ground-effect lifting systems with average clearance of the order
of the span and small gaps between the tips of the wing and the ground
plane. Kida and Miyai [75] and Mamada and Ando [76, 77] applied the MAE
approach to develop a ground-effect theory for a wing, having arbitrary front-
view shapes and vanishing gaps under the tips. The problem was reduced to
consideration of flow in the Trefftz plane and, therefore, holds for the case
when both the angle of pitch and the longitudinal camber are reasonably
small and, in addition, the spanwise distribution of the lift is optimal in
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Munk’s sense. The main idea of the approach is based on an observation
that, in the outer limit, the tip gap disappears and the flows above the wing
and under the wing can be considered separately, accounting for a possible
point source (outside) and sink (inside) at the intersection of the wing’s con-
tour in the Trefftz plane with the ground. The inner flow in the vicinity of
the gap under the tip of the wing and the ground was considered in stretched
variables and contains the limiting geometry of the tip (a semi-infinite flat
slit tangent to the tip) and the ground plane. The matching procedure en-
ables determination of both the local flow pattern and the strengths of the
outer source-sink flows, which model the leakage of the flow through the gap
at distances of the order of the span. Ando and Ando and Yashiro (78, 79
introduced certain simplifications into the solution of Kida and Miyai [75].
In particular, they found more simple procedures to develop the outer solu-
tions. In addition, they carried out their formulation explicitly for arbitrarily
curved (laterally) wings, whereas Kida and Miyai confined their analysis to
concrete cases.

1.3.3 Numerics: Euler Codes for Steady Flows

Belotserkovsky’s monograph “Thin Wings in Subsonic Flow” published in
1965 [80], became a standard for vortex lattice methods applications. It con-
tains a set of results on rectangular wings flying over a solid boundary ob-
tained within linear theory. Later on, vortex lattice methods were successfully
applied to numerical solutions of nonlinear problems of aerodynamics of lift-
ing systems; see Belotserkovsky et al. [81, 82].

The linearized vortex lattice approach was used by Farberov and Plissov
[83], Plissov [84], and Konov [85, 86] to determine the characteristics of wings
of different planforms and lateral cross section near the interface, and by
Plissov and Latypov [87] to compose tables of rotational derivatives for wings
of different aspect ratios near the ground. Ermolenko [88] conceived an ap-
proximate nonlinear approach to the steady aerodynamics of wings near a
solid boundary based on iteration of position of trailing vortices in connec-
tion with the induced velocity field in a plane, normal to the wing and passing
through the trailing edge.

Treschevskiy and Yushin [89], Pavlovets et al.[90], Yushin [91], and Volkov
et al. [92] utilized various modifications of discrete and panel vortex methods
to compute the characteristics of wings and wing systems in the ground effect.

Katz [93] used a vortex lattice method incorporating a freely deforming
wake to investigate the performance of lifting surfaces close to the ground
with application to the aerodynamics of racing cars.

Deese and Agarval [94] employed an Euler solver, based on the finite-
volume Runge-Kutta time-stepping scheme to predict the 3-D compressible
flow around airfoils and wings in the ground effect. They applied this tech-
nique to calculate the aerodynamics of Clark-Y airfoil (infinite aspect ratio)
and a low-aspect-ratio wing with a Clark-Y cross section.
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Kataoka et al. [95] extended the two-dimensional steady-state approach
to treat the aerodynamics of a foil moving in the presence of a water surface.
The foil was replaced by a source distribution on its contour and a vortex
distribution on its camber line. The free surface effect was taken into account
by distributing wave sources on an unperturbed position of the boundary.
Mizutani and Suzuki [96] used an iterative approach based on panel meth-
ods for the airflow field and the Rankine method for the water flow field to
account for the free surface effects and calculated wave patterns generated
by a rectangular wing with endplates. In both of these works, the differences
in the aerodynamic predictions for a wing near a free surface and near a
corresponding solid boundary were found to be insignificant.

By using the method of continuous vortex layers (vortex panel approach ),
Volkov [97] carried out some computational investigation into the influence
of the geometry of the foil upon its aerodynamic characteristics in proximity
to the ground.

Morishita and Tezuka [98] presented some numerical data on the two-
dimensional aerodynamics of the airfoil in the compressible ground-effect
flow.

Day and Doctors [99] applied the vortex lattice method to calculate the
steady aerodynamic characteristics of wings and wing systems in the ground
effect with the incorporation of the deformation of the wakes into the numer-
ical scheme.

Chun et al. [100] carried out computations for the aerodynamic charac-
teristics of both isolated wings and the entire craft of the flying wing configu-
ration in ground effect using the potential-based panel method of dipole and
source distributions. Standingford and Tuck [101] applied the high-resolution
approach developed within the steady lifting surface theory to investigate the
influence of endplates upon the characteristics of a thin flat rectangular wing
in the ground effect. The authors report this approach yields better accuracy
than the standard vortex lattice method near the edges of a junction of a
wing-plus-endplates system.

Hsiun and Chen [102] proposed a numerical procedure for the design of
two-dimensional airofoils in the ground effect. The corresponding inverse
problem was based upon the least square fitting of a prescribed pressure
distribution and a vortex panel method to obtain a direct solution of the
problem.

Design problems for airfoil sections near the ground have also been con-
sidered by Kithmstedt and Milbradt [103], whose objectives for optimization
were stability and maximum lift. These authors used and compared several
potential code methods in both 2-D and 3-D formulations.
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1.3.4 Numerics: Euler Codes for Unsteady Flows

Efremov [104] used a collocation method to solve numerically the integral
equation describing oscillations of a flat plate of infinite aspect ratio in motion
near the interface of fluids of different densities.

Gur-Milner {105] used a continuous representation of loading with a
Birnbaum-Prantdtl double series to calculate the steady and unsteady char-
acteristics of wings of arbitrary planform near the ground within the frame-
work of linear theory.

Vasil’eva et al. [106] formulated a three-dimensional linearized unsteady
theory of a lifting surface moving in the presence of a boundary of two media
with different densities. The authors were able to calculate the aerodynamic
derivatives for unsteady motions of the lifting surface of a given planform. In
particular, they performed calculations for an air-water interface, concluding
that, within the assumptions of the mathematical model adopted, the surface
of water under a wing behaves as if it were a solid wall.

Avvakumov [107] performed calculations of the aerodynamic derivatives
of a wing of finite aspect ratio in motion above the a wavy wall surface, using
the vortex lattice method to model the unsteady aerodynamics of the lifting
system and the distribution of three-dimensional sources on the underlying
surface.

A 2-D estimate of what the authors designate “dynamic ground effect” was
made by Chen and Schweikhard [108] by using of the method of discrete
vortices of such transitional maneuvers of a flat plate airfoil as descent or
climb. In this work, a simplifying assumption was made that the foil unsteady
vortex wake is directed along the flight path.

A 3-D numerical simulation of the aerodynamics of wings of finite thick-
ness in the ground effect was carried out by Nuhait and Mook [109, 110],
Mook and Nuhait [111], Elzebda et al.[112], and Nuhait and Zedan [113]. In
these works, the authors employed the vortex lattice method and modelled
the shedding of the vorticity into the wake by imposing the Kutta—Zhukovsky
condition along the trailing edges and wing tips. The position and distribu-
tion of the vorticity in the wake were determined by requiring the wake to be
force free. The model is not restricted by planform, camber, angle of pitch,
roll, or yaw as long as stall and vortex bursting do not occur. The method is
sufficiently general, and the authors gave calculated examples of the unsteady
ground effect related to the descent of the wing and performed computations
of the steady-state aerodynamics of wings and wing-tail combinations.

Ando and Ishikawa [114] investigated the acrodynamic response of a thin
airfoil at zero pitch angle moving in proximity to a wavy wall which advances
in the same direction but with different speed. The authors showed that the
wavelength and speed of advancement have considerable influence on what
they called “the second-order ground effect.”

Kornev and Treshkov [115] developed an approximate method for calcu-
lating the aerodynamic derivatives of a complex lifting configuration based
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on the vortex lattice approach and the linearization of the unsteady flow com-
ponents in the vicinity of a nonlinear steady state of the system. They made
some numerical estimates of the contribution of different nonlinear factors to
the aerodynamics of wing-in-ground-effect craft.

1.3.5 Numerics: Viscous Flows, Navier—Stokes Solvers

With the increasing power of computers, it becomes possible to study the
aerodynamics of wing-in-ground-effect vehicles by direct numerical modelling
on the basis of appropriate viscous flow problem formulations. Similar to
computational methods based on Euler equations, this approach enables suf-
ficiently rigorous representation of the geometry of the vehicle. Besides, such
a technique is not constrained by technical difficuties related to simultaneous
physical modelling by using several similarity criteria (say, Froude number
and Reynolds number). It is not restricted either in ranges of variation of
the said criteria, so that the future of full scale numerical modelling looks
promising.

However, practically, the implementation of numerical approaches intro-
duces certain difficulties. First of all, the numerical treatment of viscous flows
for large magnitudes of the Reynolds number is associated with the necessity
of solving the Navier—Stokes equations with a very small parameter in front
of the higher derivative. This fact gives birth to numerical instabilities due
to ill conditioning of corresponding matrices and considerably complicates
computations even in two dimensions. The difficulties multiply for the case
of unsteady, three-dimensional flow.

An approximate method for computing ground-effect lifting flows with
rear separation was proposed by Jacob [116]. The author used an iterative
approach combining the three-dimensional lifting surface theory for inviscid
incompressible flow with a two-dimensional flow model incorporating com-
pressibility and displacement effects. The author’s analysis implicitly contains
an assumption that the aspect ratio of the wing is moderate or large.

Kawamura and Kubo [117] used a finite-difference method to solve a 3-D
incompressible viscous flow problem for a thin rectangular wing with end-
plates moving near the ground plane. They employed the standard MAC
method (implying the use of the Poisson equation for the pressure and the
Navier-Stokes equations) and a third-order upwind scheme. They did not use
any turbulence closure models and restricted their calculations to Re = 2000.

Akimoto et al. [118] applied a finite-volume method to study the aerody-
namic characteristics of three foils in a steady two-dimensional viscous flow
on the basis of the Navier-Stokes equations with the Baldwin-Lomax turbu-
lence model. To provide modelling of the wake, the position of its centerline
was determined by a numerical streamer. The centerline of the wake was rep-
resented by a line of segments, extending from the trailing edge of the foil
to the boundary of the computational domain. The number of finite volumes
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used in the calculation was 30x120 in vertical and longitudinal directions, re-
spectively. All calculations were carried out for a Reynolds number equal to
3 x 108. The authors report that the typical CPU time for a set of parameters
was of the order of 150 minutes on an alpha-chip workstation.

Steinbach and Jacob [119] presented some computational data for the air-
foils in a steady ground effect at a high Reynolds number. Their approach was
based upon an iterative procedure including the potential panel, boundary
layer integral method and the rear separation displacement model.

In 1993 Hsiun and Chen solved the steady 2-D incompressible Navier—
Stokes equations for laminar flow past an airfoil in the ground effect. Later
on [120], the same authors developed a numerical scheme based on a stan-
dard k — ¢ turbulence model, generalized body fixed coordinates, and the
finite volume method. They presented some numerical results concerning the
influence of Reynolds number, ground clearance, and angle of attack on the
aerodynamics of a NACA 4412 airfoil. The range of Reynolds numbers there-
with did not exceed 2 x 10°.

The Reynolds averaged Navier-Stokes (RANS) approach was also applied
by Kim and Shin [121] to treat a steady two-dimensional flow past different
foils, including NACA 6409, NACA 0009, and an S-shaped foil, the latter
form providing static stability of longitudinal motion. Transformed momen-
tum transport equations were integrated in time using the Euler implicit
method. A third-order upwind-biased scheme was used for convection terms,
and diffusion terms were represented by using of a second-order central differ-
ence scheme. The pressure field was obtained by solving the pressure Poisson
equation. Since a nonstaggered grid was adopted in this method, the fourth-
order dissipation term was added in the Poisson equation to avoid oscillation
in the pressure field. Two-block H-grid topology was adopted both above and
below the foil surface. Two grid points from each block overlapped to ensure
flow continuity. For a Reynolds number of 2.37 x 10° adopted for calculations
and a 150x120 grid, employed to simulate turbulent flow, 300-500 seconds
were required to produce a calculation on Cray C-90 supercomputer.

Hirata and Kodama [122] performed a viscous flow computation for a
rectangular wing with endplates in the ground effect. For this purpose, they
used a Navier—Stokes solver, based on a third-order accurate upwing differ-
encing, finite-volume, pseudocompressibility scheme with an algebraic turbu-
lence model to close the system of equations. To be able to treat complex
configuration of the flow the, authors used a multiblock grid approach.

Hirata [123] extended the same technique to attack numerically the prob-
lem for a power-augmented ram wing (PARWIG)-in-ground effect. The thrust
of the propeller, ensuring power augmentation, was represented by prescribed
body-force distributions. However, the Reynolds number for which the cal-
culations were made was somewhat moderate (Re = 2.4 x 10°). A similar
approach was used by Hirata and Hino [124] to treat the aerodynamics of a
ram wing of finite aspect ratio.



22 Introduction

Barber et al. [125] applied RANS equations with a k —& turbulence model
to investigate the influence of a boundary condition on the ground on the
resulting calculated aerodynamic characteristics of a foil in two-dimensional
viscous flow. The authors aimed at discerning differences in the existing mod-
elling technique of ground effect aerodynamics. Calculated results were pre-
sented for Re = 8.2 x 10°. In another paper by the same authors [126], the
RANS technique was used to analyze the deformation of an air-water inter-
face, caused by a wing flying above the water surface.

It should be noted that the application of computational fluid dynamics
(CFD) at very high Reynolds numbers is not straightforward for both numer-
ical and physical reasons; see Patel [127] and Larsson et al.[128]. The general
problem is that the ratio of the smallest to the largest scales of the flow
decreases with an increase in the Reynolds number. Numerically, it means
that more grid points are required to obtain a given resolution and physically
the nature of turbulence changes, which means that turbulence models de-
veloped at low Reynolds numbers might not be valid for high ones. Viscous
effects are comparable with inertial ones in the immediate vicinity of the wall.
Therefrom, for sufficient resolution, the number of points of the grid in the
direction normal to the surface of the body should be much larger than along
that surface. As a result, as a consequence of limited computer resources,
extremely elongated numerical cells appear near the body surface, causing ill
conditioning of corresponding systems of equations and breakdown of most
of the solvers; see Larsson [128]. In spite of the progress envisaged in numeri-
cal solution of Navier-Stokes equations with the use of large eddy simulation
(LES), and ultimately through direct numerical simulation (DNS), the ex-
perts do not expect that these methods would be realized earlier than 10 and
20 years, respectively.



2. Problem Formulation for the Flow
Past a Lifting Surface
in Proximity to a Solid Boundary

2.1 Formulation of the Three-Dimensional
Unsteady Flow Problem

Consider a wing of small thickness and curvature, performing an unsteady
motion above a solid nonplanar underlying surface in an ideal incompressible
fluid! (see Fig. 2.1). Assume that motion of the wing is the result of super-
position of the main translational motion with variable speed U(t) and small
vertical motions due to heave, pitch, and possible deformations of the lifting
surface. Introduce a moving coordinate system in which the axes T and z
are located upon an unperturbed position of the underlying boundary (the
ground). Axis x is directed forward in the plane of symmetry of the wing,
and axis y is directed upward and passes through the trailing edge of the root
chord.

In what follows, all quantities and functions will be rendered nondimen-
sional by using the root chord C, and a certain characteristic speed U,. De-
fine the relative ground clearance h, as the ratio of the characteristic dis-
tance of the trailing edge of the wing’s root section from the unperturbed
position of the ground to the length of the root chord. Introduce functions
Yu(, 2, ), ni(x, 2,t), ye(z, 2,t), and yw(z,z,t), characterizing, respectively,
the instantaneous positions of the upper and lower surfaces of the wing, the
surfaces of the ground, and the wake from the plane y = 0.

Introduce a small parameter €, characterizing a perturbation (for example,
angle of pitch, curvature, thickness, amplitude of oscillations or deformations
of the wing, deformation of the ground surface, etc.).

With the intention of developing an asymptotic theory valid in close prox-
imity to the ground, suppose that the relative ground clearance is small, that
is, by < 1. Assume that at any moment the instantaneous distances of points
of the wing, wake, and ground surfaces from the plane y = 0 are of the same
order as h, and are changing smoothly in longitudinal and lateral directions.
Thus, if y(z, z,t) describes either of these surfaces, then

(y, g_gy? %) = O(e) = O(ho) < 1. (2.1)

! Extension to compressible flow will be considered in 5.1.

K. V. Rozhdestvensky, Aerodynamics of a Lifiing System in Extreme Ground Effect
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Fig. 2.1. A lifting surface moving in proximity to the ground.

It should be noted that in the case of the extreme ground effect, the assump-
tion adopted € = O(h,) does not mean that flow perturbations are necessarily
small. It will be shown later on that in the extreme ground effect, the input
of the order of O(¢) can result in the system’s response of the order of O(1).
The inviscid incompressible flow around a wing in the ground effect is
governed by the three-dimensional Laplace equation and is subject to

o the flow tangency condition on the surfaces of the wing and the ground,

e the dynamic and kinematic conditions on the wake surface (pressure and
normal velocity should be continuous across the wake), and

e the decay of perturbations at infinity.

The Kutta—Zhukovsky requirement of pressure continuity can be specified at
the trailing edge, although it is automatically satisfied through the boundary
conditions on the wake surface.

With this in mind, one can write the following flow problem formulation
with respect to the perturbation potential :

0%p 0% 0%
dz? + Oy? + 022 ’ (2.2)
a‘P ayul B‘P Oyu! = Oyu,
t b 3
Ay [83: u( )] Oz 82 0z + ot ’
¥ = Yui(z, 2, 1), (z,2) € S; (2.3)

Op (3_(,0 _ ayg Op ayg 3yg
8y—[8x U] 52 oz {920z ot

y =yg(z, 2, 1), (z, z) € G; (2.4)
p~ =p", (Ven)™ = (Ven)t, y=uyw(z,2,t), (z,2)€W; (2.5)
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Fig. 2.2. Scheme of subdivision of the flow into characteristic zones and the se-
quence of asymptotic matching.

Ve — 0, 2+ 9% + 22 - o0, (2.6)

where S, G, and W are the areas of the wing, the ground, and the wake
related to the square of the root chord.

According to the technique of matched asymptotics, the flow domain will
be subdivided into the following subdomains with different characteristic
length scales (see Fig. 2.2, where, for simplicity, the subdivision is illustrated
in two dimensions):

e the upper flow region D, above the wing, its wake and part of the ground
outside the projection of the wing and the wake upon the unperturbed
ground plane;

e the channel (lower) flow region D; under the wing and the wake;

e the edge flow regions D, in the vicinity of the edges of the lifting surface
and the wake.

In each of the regions, asymptotic solutions of the problem (2.2)-(2.6) are
constructed for h, — 0 in appropriately scaled coordinates.

The asymptotic matching and additive composition of these solutions en-
able accounting for the interaction of different parts of the flow and obtaining
a uniformly valid solution for the entire flow domain. In what follows, con-
sideration is restricted to the asymptotic accuracy of the order of O(h,).

2.2 Flow Below the Lifting System and Its Wake
(Channel Flow)

In the region D;, where ¢ ~ ¢, z = O(1), z = O(1), andy = O(h,), we
introduce stretching of the vertical coordinate

- Y
y= b (2.7)
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where h, = const. is a characteristic magnitude of the ground clearance.?

After substitution of ¢), z, z and § into the equations of the problem, we
obtain the following formulation for the channel flow perturbation poten-
tial ¢

8% 8% 9%
6—_21 + b2 (%21 + Wzl) —0, (z,y,2) € Dy (2.8)
91 O op OOy Oy __ _ oy,
By = ho? {{ax U()] +Eaz+at}’ =o=g5 (29)
Oy .2 O¢1 agg O¢1 6gg ayg - Y
o7 {[33} U] oz ' 9z 0z | ot b §=Fg =7~ (210)

In the channel flow region, both the condition at infinity (decay of pertur-
bations in three-dimensional flow) and the Kutta—Zhukovsky condition at the
trailing edge are lost. The influence of these conditions will be transmitted
to the channel flow region by matching with the asymptotic solutions to be
obtained in regions D, and D,.

We seek ¢ in the form of the following asymptotic expansion:

@1= @l +hi o™ = o1, + 91, ho In L ho+h3gr™,  (¢f, o) = O(1),

(2.11)

which can be shown to satisfy the requirement of matching of the asymptotic

representations of the velocity potential in the regions D), Dy, and D,. Sub-

stituting (2.11) in (2.8), yields the following equations for the functions ¢
and ¢f*:

8%}

0y?

Poit _ b | O

072~ 0Ox? 822

Then, using the same asymptotic expansion (2.11) in the flow tangency con-

ditions on the lower surface of the wing (2.9) and on the ground (2.10), we

obtain the following set of equations:

=0, (z, §, 2) € Dy; (2.12)

(z, g, z) € D (2.13)

e on the lower surface of the wing

izl o
=0 = t); .
8:’; Yy yl(iE,Z, )a (2 14)

dor*  10¢t on  Oprdoyp o,
a5 = { B U(t)] 32 2 92 + Bt Y= yl(x,z,t). (2.15)

2 In the steady case, this parameter coincides with the relative ground clearance
h measured at the trailing edge.
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e on the ground

0pr o
3371 =0, 7 = Ug(z, 2, t); (2.16)

ot [0t 05  Opl 0% 0T
o = (3L V0| GE+ B ge + e F=Eslm=0. (217)

Integrating (2.12) two times with respect to § and accounting for (2.14)
and (2.16), we obtain an important conclusion: with an asymptotic error
of the order of O(h,), the description of the channel flow is two-
dimensional in the plane parallel to an unperturbed position of the
ground surface, i.e., to the plane y =0,

o = ¢ (z, 2,t). (2.18)
Integrating (2.13) one time with respect to §, gives

0%pf
022

6** 62*
1 :( L I

o= (a2 )3+ () (2.19)
where f**(z, z) is an unknown function. Taking into account equations (2.15)
and (2.17), we obtain

%pf | PPN, Opf oy , O¢f 041 , 9%

(Ga+55)n+ @) =| U] 5+ 50 + B
7 =9(z,z,1t); (2.20)

pr 020N oo} 0y Op; 8Yy = O

(G5 + 55 e+ I (@.2) = |52 - U] 5+ FL 58+ 52,
7 = Fg(z, 2,t); (2.21)

Substracting (2.21) from (2.20), we obtain the following channel flow equa-
tion:

0 (-,.0¢; 9 (1.00F\ _ oh*  Oh*
() + (D) =v0 G -5 @AES (22

where h* = h*(z,2,t)/he = G — §g, h*(z,2) = wn(z,2) — yg(z,2) is the
instantaneous distribution of the gap between the wing and the ground.

Thus, it has been shown that for very small clearances (an extreme
ground effect), the flow field under the wing in the ground effect
has a two-dimensional description and its perturbation velocity po-
tential @) ~ ¢} satisfies quasi-harmonic equation (2.22) in a two-
dimensional domain S bounded by the wing planform contour.

The boundary conditions for ¢} at the leading I; and trailing edges l3 of
the lifting surface will be obtained by matching.

From a physical viewpoint, equation (2.22) can be interpreted as the equa-
tion of mass conservation in a highly constrained channel flow region with



28 2. Problem Formulation

known distributed mass addition due to tangency conditions on the lower
surface of the wing and part of the ground situated under the wing.

For channel flow under the wake, the same procedures can be used to
relate the induced downwash ay, = O(h,) in the wake,

1
Oy = ho@w = Ry (awl + Gw, ho In 7 T G ho), (2.23)
0

to the wake channel flow potential ¢ and the corresponding instantaneous
gap distribution h%(z, z) = yw(z, z,t) — ye(z, 2, t) by the following equation:

Q= hol = ho[a%(ﬁ:v%‘%f) + %(E;aaf)], (z,2) € W, (2.24)

where l_l"';, = (yw — ¥g)/ho = Jw — g

2.3 Flow Above the Lifting System and Its Wake

In the upper flow field Dy, where (z, y, z) = O(1) for h, — 0 and € = O(h,),
both the wing and the wake approach the ground. In the limit, one comes in
the upper half space to the problem for the flow, generated by the tangency
conditions on the upper surfaces of the wing and the wake. Because € tends to
zero (which practically means that, e.g., the relative ground clearance, angle
of attack, curvature and thickness of the wing are small) the upper flow can
be linearized, so that tangency conditions are satisfied upon the projections
of the wing and wake sheet onto the plane y = 0.

In the region Dy, we seek the upper flow perturbed velocity potential in
the form

Yu = hotpu, (2,9, 2,t) + O(hg), Yu, = O(1). (2.25)

Substitution of this expansion in the flow problem (2.2-2.6) leads to the
following equation and boundary conditions for the upper flow problem:

8290u1 6290\11 8290u1
52 + oy + 52 = 0, (z,y, z) € S; (2.26)
8<Pu1 aﬂu 6gu _
By 5 U5, Gy, (z,2)€ S, y=0+0; (2:27)
0
s — Gy @D EW, y=0+0 (2.28)
Opy
%yl-:o, (z,2) € S+ W, y=0; (2.29)

Vu, =0, 2 +y? + 22 5 . (2.30)
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where &, = ay/hg, Gw, = @w, /ho. The channel flow and edge flow descrip-
tions are lost in D,,. Their influence will be recovered by asymptotic matching
of the upper flow potential with that of the channel flow through edge regions.
Note that the boundary condition on the upper surface of the wake vortex
sheet may be formulated as the flow tangency condition if the downwash
Oty, = RoGy, In the wake is known.
The upper flow potential ¢,, is constructed in the form

1 [,t) dl u 1 Qw, AW
ooy = —— [ QLD // Gud5 _// G W (o 1)
4m li+13 T1 2m w T

The first term of (2.31) represents the induced velocity potential of the
source-sink distribution along the contours of the leading and side edges
of the wing l; and the edges of the wake I3. This contour distribution charac-
terizes the influence of the channel flow upon the upper flow due to leakage of
air from under the wing. The strength of the contour sources (sinks) Q1(l,t)
is determined as a result of matching the upper and channel flow potential
through edges [; and I3. The second and third terms of (2.31) correspond to
the potential of the surface distributions of sources and the sinks of strength
—2a, upon S and —2a,, upon W. The latter result is based on a thin body
theory.

Near the edges l; and I3, the function ¢,, has the following asymptotic
representations:

e near the leading and side edges [y,

Q1) lny + au(l’t)ulnl/ n Al(l,t)y n Aq(l,t)
2 T T ™

Puy ~ +0(%); (2.32)

e near the trailing edge o,

(&;w)yln Blg’t)lf-l- By(l,t)

™

Puy ™~ v+ + O(VQ), (2.33)
where [ is the arc coordinate measured along the planform contour, v is the
external normal to the planform, and ( auw) = ayu(l,t) — aw(l,t) is the jump
of downwash on the upper surface of the wing across the trailing edge I,
(Guw) = (ayw)/ho. Parameters Aq, A; and Bi, By characterize the influence

of distant sources.

2.4 Flows in the Vicinity of Edges

In region D, i.e., in the vicinity of the edges of the wing (/; and l3) and the

wake 3, one has to derive local asymptotic descriptions of the flow.
Inspection of the Laplace equation shows that for sufficiently large radii

of curvature of planform contours (pe > h,), the flow near the edge can be



30 2. Problem Formulation

considered two-dimensional in the plane normal to the planform contour. This
circumstance considerably facilitates the analysis of edge flows. In particular,
effective methods of the functions of the complex variable can be used to
account either for the specifics of the geometry of the edge (thin or thick,
with endplates, etc.) or for the physics of the local flow (shock or shock-free
entry at the leading edge, vortex roll-up at wing’s tips, jet and rotating flaps,
etc.). Examples of various edge flows are shown in Fig. 2.3.

Here one considers an example of a sharp edge with a small vertex
angle. Later on, when examining particular effects, such as the jet blowing
from the trailing edge or the use of rotating flaps, one will have to consider
corresponding local flows.

_ Leading Edge
Y

T, Zamm e
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Jet Edges and Edges with Singularities

Fig. 2.3. Possible local flows in the problem of a wing in the extreme ground effect.
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Consider a flow near the leading edge [;. Introduce a local coordinate
system v Oy, where v is an external normal to the planform contour, and
stretch independent variables

D:V/h:, ﬂ:y/h:, (234)

where hY = hX(l,t) is an instantaneous relative distance of the edge vertex
from its projection upon the ground. Parameter [, as introduced previously,
represents the arc coordinate measured along the planform contour. Note
that due to assumption (2.1) both the wing and wake surfaces have spanwise
and chordwise slopes of the order of O(h,). Therefore, the edge flow problem
formulation can be linearized. In fact, as prescribed by (2.1), in the stretched
local region D, the distances of points on the wing’s upper and lower surfaces
from the horizontal line § = 1, as well as the distances of points of the ground
surface from horizontal line § = 0 are of the order of O(h,) (see Fig. 2.4).
Therefrom with an asymptotic error of the order of O(h2), the tangency
conditions on the wing and on the ground can be transferred to horizontal
lines § = 0 and § = 1, respectively.

The corresponding problem for the leading (side) edge flow velocity po-
tential pe = e can be formulated as follows:

82 Ple 62(»01(3 ~

o 557 = 0, (g, D) € De; (2.35)

Ople . _

Ple — _h2d,, |7 <oc0, §=0+0; (2.36)
oy

Ot _ _p24. p<0,  G=1+0; (2.37)

0y

6901(3 ~ -

5 = —h2d, r <0, §g=1-0; (2.38)

Parameters dy,d;, and dg depend on arc coordinate ! and time ¢ and have
to be determined in the process of matching with the asymptotic solutions
constructed in the upper and channel flow regions. Note that without loss

Fig. 2.4. Local flow in the vicinity of the edge with a finite vertex angle.
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of generality, it is possible to set d; = 0. In the problem for the flow near
a leading edge, the boundary conditions at infinity on the wake and at the
trailing edge have been lost. Their influence on the leading edge flow will
be recovered by matching with the asymptotic descriptions of the velocity
potential in the channel and upper flow regions.

Due to the linearity of the local problem, its general solution can be
presented in the form

Vle = a1ho@ae + a2h2 e + ash2i + agh, (2.39)

where a; are parameters to be determined through matching. Function ¢ae
is a homogeneous solution, satisfying the condition of no normal velocity on
the wing and ground surfaces (d, = d; = dg = 0). This homogeneous solution
corresponds to a circulatory flow around the edge. Function ¢ represents a
nonhomogeneous solution, which is generated by a prescribed normal velocity
upon the wing and the ground. Both ¢,. and @ are of the order of O(1).
Linear combination aszh,v + a4 automatically satisfies the Laplace equation
and does not violate the flow tangency condition on solid boundaries.

We turn to determination of functions @, and ¢pe. To find solution of the
homogeneous problem for the flow past the leading (side) edge, we perform
a conformal mapping of the local flow domain D, onto the upper half plane
Q¢ = 1 > 0 of the auxiliary complex plane ¢ = £ + in by the Christoffel-
Schwartz integral; see Lavrent’ev and Shabat [129]. The correspondence of
points in the physical plane p = 7+ 1§ and auxiliary plane ¢ is illustrated in
Fig. 2.5.

The mapping function has the form

p= %(1+<+1n<;), (2.40)

where i = v/—1 is an imaginary unit. For purely circulatory flow around the
edge in the plane of the complex potential fae = @ae + 1%ae, the flow with
unit velocity at the left infinity # = —oo is represented by a strip of unit
width. Conformal mapping of this strip onto the upper half plane I¢ > 0 is
realized by the function

fao = oo +ithe = = InC. (241)
biy
Imfge =1
Imfa,=0 jp v  Fig. 2.5. Boundary conditions for the homo-
geneous component of the complex potential

of the flow near the leading edge.
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Eventually, the solution of the homogeneous problem is given by the formulas
(2.40) and (2.41). Excluding the auxiliary variable ¢, we obtain the following
relationship between the “physical” complex plane ji = i+i§ and the complex
potential f,e = @ae + 11ae, representing the homogeneous component of the
problem solution.

7wk =1+ exp(Tfae) + T fae- (2.42)

The flow pattern, corresponding to the homogeneous solution (.. is depicted
schematically in Fig. 2.6. At points on the wing surface near the leading (side)
edge, where fae = @ae +1, p =0 +1i, » < 0, the potential ., can be
determined through the following implicit relationship:

T =1 — exp(TPae) + TPae- (2.43)

It can be shown that the flow velocity has a standard square root singularity
at the leading edge. In fact, in the immediate vicinity of the edge vertex
U= 0-0,p,. = 0, and it follows from the expansion of equation (2.43) that

- 1 1
0 =1 — (14 Tpae + iﬂggoze 4 ) F TPpe —iwggoze, (2.44)

wherefrom for v — 0 — 0,

-2 OPae 1 -
o~ , ae , 0. 2.45
e e ARV A (24

To match the flow potentials in regions D,, and Dy, one needs the asymp-
totic representations of the edge flow potential ¢, far from the edge. Turning
to the variable v = h{, 7 = hoh},i and setting h, to zero for fixed v = O(1),
one obtains

IA

e on the upper surface of the wing (¥ = v/h{, & —c0, §=1+0),

L | — 1
cpaewﬂn|7r1/—;

:lln
T

v

T*
hle

TV

— 2.46
hohy, I’ (2.46)

Fig. 2.6. Flow patterns corresponding to the
homogeneous ¢, and nonhomogeneous e
components of the edge flow potential.
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Fig. 2.7. Boundary conditions for the conjugated complex velocity corresponding
to the nonhomogeneous component of the edge flow potential.

e on the lower surface of the wing (# = v/hj, & —o0, §=1-0)

. 1 v 1 v 1
Pae ~V -T-r- = h—ii _7? = h}_l’l“e 7]" (2.47)
We turn to the determination of the nonhomogeneous solution .. Using
the same mapping function (2.41), one comes to the following problem for a
complex conjugate velocity wpe = Upe — 1 Upe in the auxiliary plane ¢: Find
an analytic function wpe(¢) in the upper half plane S¢ =7 > 0 in terms of
its imaginary part Swpe = —Upe given on the axis £ (see Fig. 2.7).
It can be verified that the following expression satisfies the problem under
consideration:

1
whe = —[(dy = ) In(1+ ¢) +diIng]. (2.48)
At points on the wing in the vicinity of the edge (¢ = ¢ < 0),
1
oo = B = +[(dy — d) In[L+ €] + di In ] (2.49)

The velocity potential corresponding to the nonhomogeneous solution can
be derived by means by integrating(2.49):

7
Pbe = / Ube do. (250)
0
At points on the wing surface, the auxiliary variable £ = R( is related to the
variable 7 in the following way:

m=1+¢+1nl¢), £<O0. (2.51)

The flow pattern corresponding to a nonhomogeneous solution is presented
schematically in Fig. 2.6. In the particular case of an infinitely thin edge (zero
vertex angle d, = d) = d 3), the following expression for ¢, can be derived
from the previous more general relationships:

3 Without loss of generality, constant d can be taken as d = 1.
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d

— v =~ o ~ 1 2
Pbe = d /0 Pae(7) d7 = = [V(Wae 1) — 57@%]. (2.52)

To match the edge flow potential with the velocity potentials in regions D,
and Dy, we need to know asymptotic representations of up, and @pe far from
the leading (side) edge. These can be found in the form

e on the upper surface of the wing (9 = v/hj, - —00, §=1+0, £ —

d d Y
o B ) = | T2 2.53
Up - n || —In Rt (2.53)
dyv dyv TV
o Y ) — 1) = <22 (] T | — 1), 2.54
#oe ~ = (nfrZ 1) whohfe(n hohs, ) (2:54)
e on the lower surface of the wing (7 —» —c0, §=1-0, £—-0-0)
.1 v 1
Ube ™~ d] (l/ — ;) = dl(hoﬁi“e — ;), (255)
—d(zzi 5)—d( A ) (2.56)
Pee = Ay T x) T MN\am2h2? T whohr ) '

Taking into account expressions (2.39) and (2.45) we obtain the following
estimate of the behavior of the velocity near the leading edge of the lifting
surface along the normal to the planform contour:

e + arh,
ov 1/—271'hf‘ez/7

where the “minus”sign corresponds to the upper surface of the wing, and
the “plus” sign corresponds to the lower surface of the wing. Formula (2.57)
is useful for calculating the suction force at the leading edge of the lifting
system in both steady and unsteady motion.

Note that the asymptotic solution of the problem for the flow near the
edge of a vortex sheet in the extreme ground effect has the same structure
as that for an infinitely thin leading (side) edge.

Near the trailing edge [y, the velocity potential ¢, = ¢, should sat-
isfy not only the flow tangency conditions on the wing and the ground but
also comply with the dynamic and kinematic conditions on the vortex sheet
emanating from the wing due to unsteady and three-dimensional effects. Ex-
cluding the homogeneous component of expression (2.39) which incorporates
a square root singularity for the flow velocity at the edge, we can write the
velocity potential ¢, for the flow in the vicinity of the trailing edge in the
form

v <0, (2.57)

Pte = bl hg‘)obe + thgi} + b3h07 (258)

where v = v/h*(l,t) = v/h, and @y, is given by the formula
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cpbe:/ Upe dD, (2.59)
0

he = =[(ea — &) 1+ €] + e In ] (2.60)

The auxiliary variable £ is related to ¥ by equation (2.51). Parameters ey, €
and by, by, bs are unknown and have to be determined by asymptotic match-
ing. It is essential to note that parameters b, and b3 have different magnitudes
on the upper (§ = y/hg, = 1+ 0) and lower (§ = y/h}, = 1 — 0) surfaces of
the vortex sheet behind the trailing edge, i.e., b # by and b # b3 . This is
caused by the jump discontinuity of the velocity potential and the tangential
velocity at the trailing edge I, the latter in the case of unsteady flow. At
the same time, the solution satisfies the condition of the continuity of the
normal velocity component across the vortex sheet. In the particular case of
an infinitely thin trailing edge (zero vertex angle e, = e, = e), it follows from
(2.59) and (2.60) that

- 1
Poe = [V(ﬂ‘@ae - 1) - §7T<P§e]- (261)

SRS

The asymptotic representation of upe and ¢ far from the trailing edge
can be found from expressions (2.53)—(2.56) by replacing d,; by e, and hj,
by hf,. Note that the solutions of local flow problems, presented above, lose
validity in the vicinity of the order of O(h,) of the corner points of con-
tours Iy, s, where the flow is essentially three-dimensional. Near such corner
points, additional solutions should be constructed, but this question will not
be discussed here.

2.5 Matching of Flow Descriptions in Different Regions

To determine the unknown constants that enter the asymptotic expansions of
the solutions in different parts of the flow and also the boundary conditions
at the contour of the two-dimensional domain S for quasi-harmonic equation
(2.22) of the channel flow, it is necessary to match these expansions in the
overlap regions. From a physical viewpoint, the matching procedure is sim-
ilar to accounting for the interaction of different parts of the flow. From a
mathematical viewpoint the process of asymptotic matching allows attaining
uniqueness of the composite uniformly valid solution of the problem.

We match of the flow characteristics in the different regions in accor-
dance with the scheme shown in Fig. 2.2, where for simplicity the sequence
of matching is shown in a two-dimensional case.

e In the first stage, match the velocity potential ¢, of the upper flow with
the potential @) of the flow near the leading (side) edge l1(l2). This step
will result in the determination of parameters a1, as, a3, a4, and dy,.
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o In the second stage, match the channel flow potential ¢; with potential ¢y
of the flow near the leading (side) edge [;(l2). This step gives the possibility
of determining the boundary condition for the channel flow quasi-harmonic
equation at contour l;, as well as the magnitudes of d; and the strength @
of the contour distribution of sources (sinks) in expression (2.31).

e In the third stage, match the upper flow potential ¢, with the trailing edge
flow potential ¢te. This step will determine parameters by, by, b7, and e,.
Imposing the Kutta—Zhukovsky condition in the form of equation (2.5),
find the relationship of parameters b, ,b; with parameters b3, by .

o Finally, in the fourth step, match the pressure coefficient in the flow below
the trailing edge pi. with the channel flow pressure coeffcient p;.

In what follows, we use the “asymptotic matching principle,” as introduced
by Van-Dyke [38], namely: the “ m-term inner expansion of the n-term outer
expansion is equal to the n-term outer expansion of the m-term inner ex-
pansion,” where m and n are integers. Note that within the formalism of the
method of matched expansions, the term “outer” expansion stands for the
asymptotic expansion, obtained in variables, based on the primary charac-
teristic lengths of the problem. The “inner ” expansion implies the use of
variables stretched with the help of the gauge function of a small parameter
so that they have the order of O(1) in the regions of the nonuniform validity
of the outer expansion.

To match in the first stage, it is necessary to derive an asymptotic
representation of the upper flow potential ¢, at points of a normal v in
the immediate vicinity of the leading (side) edge. This asymptotic expansion
has been obtained previously and is given by expressions (2.25) and (2.32).
Replacing the variable v in (2.32) by k{7, we obtain the following two-term
asymptotic expansion:

2 -
fu = Pute ~ 22Q(, 1) In(hohi,?) + "8 By p1n(hhi9)

h2 o hods
+ 2 AL R+ 2, (2.62)

where hj,, as earlier, is the instantaneous distance of the edge vertex from
the ground, which has the order of O(h,), and (Gsw) = @u(l,t) — @g(l,t) is
the difference between the downwash upon the upper surface of the wing and
that upon the ground in the vicinity of the leading edge. The first term of
expression (2.62) is known from the theory of potential functions to reflect
the behavior of a potential near a line distribution of sources. Other terms
describe the behavior of the surface distribution of sources (simple layer) near
the edge. Parameters A;(l,t) and Ay (l,t) characterize the influence of distant
sources. Expressions A; and A; are cumbersome in the general case, so they
are not presented here, but will be written for some concrete problems later
on.
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On the other hand, collecting expressions (2.39), (2.46), and (2.54), we
obtain the following asymptotic expansion of the leading edge flow potential
far from the edge on the upper surface of the wing (§ =1+ 0):

hoa asd,
Ple = Pleu ~ —l || -|- p(In |79 — 1) + h2asd + hoay, (2.63)

where hf, = h}./h,. Equating expressions (2.62) and (2.63) in the same vari-
able (v or ), we obtain

a1 = %Q(l,t), =1, (2.64)

o = (Gug)Bi, = [0, — L ), (2.65)
a5 = 2 [hiAr +du(1-In —_e ) (2.66)
as = — (A2 —a |2 ) (2.67)

Note that after the first stage of matching, the quantity Q has been expressed
through a coefficient a;, which will be determined later.

In the second stage of matching, it is necessary to rewrite expression
(2.39) for the leading edge flow potential in terms of the coordinate v = h},
and pass over to the limit hy(hf,) = 0 for § =1 — 0 and fixed v. Taking into
account (2.39),(2.47), and (2.56), on the lower surface of the wing,

v 1 axh2d; ;1?2 v h2v
Ple = Pl ~ arho <h* - ;) + R (2h* - 7r) + a3 he + agh,. (2.68)

This asymptotic representation should be equated to expression (2.11) for
the channel flow potential ¢ evaluated for v = hj,v — 0, that is,

o1~ @ =@ +@he lnh + 1, ho

o1+ S

Setting v to zero, we can determine parameters a;, as, and d:

v
— — —) + azh?— + ash,. (2.69)
2h s °ht, °

1. .9

a1 =5Q=H, (ffyh, at v=0, ap=1, (2.70)
7 232<P1

d] = hi.‘e '—a—;‘é—l', at v = 07 (271)

and also the boundary condition for the quasi-harmonic equation (2.22) on
the line /; which corresponds to the leading (side) edge. It follows from (2.69)
at v = 0 that
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a
0y = he (a4 — -7Tl> on I, (2.72)

or taking into account the expressions found for a; and a4, as well as for the
asymptotics of the function ¢},

. ho =, 0p1, T o
o = =>[Az — hi, 0 (1 +1n ™ )], v=0; (2.73)
¢, =0, at v=0; (2.74)
_ R 9, o
Pl = —E at v=0; (2.75)
—l[A -h*a‘oh(ulnl)] at v=0 (2.76)
Y= T2 T ey, hp /1 o '

The boundary conditions written above must be fulfilled on the line [1, which
corresponds to the leading (side) edge. Note that one of the results of match-
ing in the second stage is the determination of the strength Q([,t) of the
sources distributed along the lines !; and l3. This parameter enters the ex-
pression for the upper flow potential ¢,. As follows from (2.70), the strength
of the sources @ is proportional to the velocity of flow escaping from the chan-
nel into the upper flow region. Simultaneously, it follows from comparison of
expressions (2.57) and (2.70) that the strength of the square root singularity
of the perturbed velocity at the leading (side) edge of the wing is directly
related to the intensity of the circulatory flow around the edge.

We turn to the third stage of matching. The asymptotic representation
of the upper flow potential ¢, near the trailing edge can be written similarly
to (2.62) as

h3 (Guw)

1% ~ 1% ~ h‘2 T % ~ h

Pu = Pute ~ hie? In(hohie i) + —7r3B1(l,t) hee? + ?OBg(l,t), (2.77)
where (Guw) = @u(l,t) — @w, (I, t) is the jump discontinuity of the downwash
upon the upper surface of the wing and the wake in the vicinity of the trailing
edge; Bi(l,t) and Bz(l,t) are known parameters, which have the same sense
as A;(l,t) and A3(l,t). On the other hand, in the expression for trailing edge
flow velocity potential @i, pass to the variable v = hohg, 7 and set h, (hg,) to
zero for fixed v and § = 1 + 0. Accounting for (2.54) with d, replaced by e,
hs

1) +bf 32w+ b o (2.78)
hie

2

hoh?,

2
hibiey v (ln

te 7 Pteu ™
Pte Pteu ﬂ'h:e

Equating expressions (2.77) and (2.78) in the same variable (v or ), we
obtain parameters ey, bg, and b;’:

by =1, ey= <duW>B:e = [du(l,t) — Qw, (l,t)]}_l:ev (279)
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)} (2.80)

(2.81)

One has to remember that h}, = h,h{, is an instantaneous distance of the
trailing edge from the ground and parameters by and bs, entering solution
(2.58), take different magnitudes above and below the wing (b #b5, b3 #b3 ).

To determine the relationship between b3, b and b5 b, it is necessary
to impose the Kutta-Zhukovsky at the trailing edge in the form (2.5), which
complies with the requirement for the continuity of pressure and normal
velocity across the wake in the immediate vicinity of the trailing edge. We will
show how to ensure realization of this condition for a thin edge (e, = ¢ =€),
and then results will be presented for the trailing edge with finite vertex
angle.

The expression for pressure coefficient in the adopted moving coordinate
system z,y,z can be calculated with the asymptotic error of the order of

O(h2) as

000 _ (99N _ (0p)? 2
= - (5) - (52) +o). (2.82)
We introduce the local coordinate system vyl, where v is the external normal
to the planform contour, axis y passes through a given point of this contour
and is directed upwards, and [ is a local tangent to the same contour. Tangent
{ and normal v lie in the same plane, coinciding with the projection of the
wing upon an unperturbed position of the ground. For the points of the
trailing edge, follow the relationship between directional derivatives:

= 2——U(t)

— = cos(v, :c)a—- + sin(v, z)
v

oz E’
9 sin(v, £) — — cos(v, z)
oz " ov ol

It can be shown that in the case of an infinitely thin trailing edge, the po-
tential @i in the immediate vicinity of the edge (7 — 0) has the form

te ~ bah2D 4 bsh, + O(R25%/2), (2.83)

where above the edge by = b;r by = b;, and below the edge by = by, b3 = b3 .
Taking into account that at v = 0,
O0¢re —b h§ Opre —h Obs Opte Obs

Ay R iy el (2.84)

and equating for # = 0 the pressure coefficients above and below the edge
(p+ = p-), we obtain the following relationship between the upper and lower
values of parameters by and b3:
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bt abt oby  0Obg
+ __3_ — ——3— = o - —i
punbd + g o 5t p1by + po—- 3l ot (2.85)
where
= C_Oi}_(l?i)(](t), pg = sin(v, 2)U(t). (2.86)
te

In the fourth stage of matching, we take into account that far from an
infinitely thin trailing edge under the wing (7 = v/h{, - —oc0,§ = 1 —0),
the edge flow potential ¢, has the form

h2e /1 V2 v v
Gro > G = b1 35 (57 — =) +b5 RS +bThe  (287)
te te hce th T Ohte 3 7%

Using formula (2.87) and expression (2.82) for the pressure coefficient, it is
not difficult to obtain the following boundary condition for quasi-harmonic
equation (2.22) on the line [y, corresponding to an infinitely thin trailing
edge:

e ob;  Obs
o = 2h, [mho (b2 - ;) g - -55-] (z,2) € ls,  (2.88)

taking into account equation (2.85),

°) 4 2%_£]

ol ot

Noting that for an infinitely thin trailing edge, parameter e = e, is given by
formula (2.79) and parameters b and b are expressed by (2.80) and (2.81),
we finally obtain

2h[

o= 2h, I:,Ullho (b;— — (iL’,Z) € ls. (289)

m

pia bt (B (@) In| 1
0'%¢

0B, 0B,
- )i

8l ot

], (z,2) € Lo, (2.90)

where the relationship between the channel flow pressure coefficient p; and
the potential ¢, is given by formula (2.82). Representing the pressure in the
form of an asymptotic expansion

P =P, + Pryholn 7o T Paho + O(RY), (2.91)
corresponding to the adopted asymptotic expansion of the potential ¢}, we

obtain the following boundary conditions for magnitudes p,,p,, and pj, on
the line ls:

p, =0, (z,2) € ly; (2.92)
20 (Guw
p, = el e gy (2.93)
2 - _ ™ 0By 0B,
p13 = —7F [/J’lhte (B] — <Otuw> ln }_L_:e ) 2—87— — —at—} (l‘,Z) € lg. (294)
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The relationship between the functions py,,p1,, and p), and the corresponding
terms of the asymptotic expansion of the channel flow potential is obvious:

_ .9 9o, (0p,\2  (0p\2,
mo= 27U -2 - () - (1) (2.95)
_ 69012 8<)012 69011 89012 6<)011 89012 .
_2[ Oz ue) ot Oz Oz 0z 0Oz ]’ (2.96)
_ 89013 8<p13 6<p11 69013 8<)011 89013
P = 2[ oz v ot oxr Oz 0z 0z ] (2.97)

In a simpler case of a wing with a straight trailing edge we obtain from
expression (2.90)

p = 2o [U(t)((c‘vuw) In

& - Bi) - @]. (2.98)

ot

T

hof_]‘:e

Suppose that the trailing edge has a finite vertex angle (o, # a1, e, #
e1). Then, as a result of transfer of the boundary conditions in the local region
D onto the line § = 1+ 0, the corresponding expression for the velocity
reveals a logarithmic singularity at the edge vertex. In principle, it is possible
to correct this deficiency of the local solution and fulfill the requirement of
the finiteness of the velocity at the trailing edge by introducing an additional
asymptotic expansion in the vicinity of the vertex of the order Olexp(—1/h,)].
However, some analysis shows that disregard of this nonuniformity does not
bring along any noticeable errors either in pressures or in integral lifting

characteristics.
For the trailing edge with a nonzero vertex angle, the matching procedures
result in the following expression for the pressure coefficient on the line lo:

ot obt
)“‘2’“’ g o 6:]’

€]

P = 2[p1h0 (b2+ - (z,2) € ls, (2.99)

where parameter e, was found in the form

™

329011
ov?’

or, finally, taking into account (2.80), (2.81), and (2.100),

e = h}2 for v=0 on I, (2.100)

— 2ho 7 % Y —--7r hy2 62(‘011
pe = 2, 51+ ) 1 - w5 ) - R0
0B; 0B
g~ b @AEh (2101

Thus, the application of the method of matched asymptotic expansions for
treating the problem of the flow past a lifting system in close proximity of
the ground leads to the following algorithmic solution with an asymptotic
error of the order of O(h2):
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1. The channel flow potential ¢, is found through solution of quasi-harmonic
equation (2.22) in the two-dimensional region S, bounded by the wing’s
planform contour with boundary conditions (2.73) at the leading edge
(line 1) and (2.98) or (2.101) at the trailing edge (line I3).

2. The potential p, of the upper flow is constructed in a straightforward
manner with the help of the surface distribution of the sources on the
two-dimensional domain S + W + G with the addition of the admissible
contour distribution of the sources along the projections of the leading
(side) and trailing edges onto the plane y = 0. The strength of surface
distribution of sources is equal to (—2ay) upon S, (—2a,) upon G, and
(—20ay, ) upon W and is determined by using formulas (2.23), (2.24), and
(2.27). The strengths of the sources distributed along the contour {; + 13
are determined by formula (2.70).

3. Local flow solutions are constructed near the edges, depending upon the
geometry and particulars of the physical performance of the latter. For
example, expressions for the velocity potentials near a leading (side) and
trailing edges are given by expressions (2.39) and (2.58).

2.6 A Uniformly Valid Flow Description
and Aerodynamic Coeflicients

Uniformly valid asymptotic expansions for the velocity potentials on
the upper and lower surfaces of the wing can be determined by using the rule
of additive composition (see Van-Dyke [38]) in the form

ot = ou+ (¢ — oty) + (o — vitu); (2.102)

©” =1+ (P — Pra) + (Pre — Prat)s (2.103)

where Qu, Ple; Pres Pitys Pious Prap Poe and @) are given, correspondingly, by
formulas (2.25), (2.39), (2.58), (2.63), (2.78), (2.68), (2.87), and (2.11).

The aerodynamic coefficients of lift C,, longitudinal moment m,
(around a point with abscissa ), and lateral moment m, can be calculated
by using the formulas

Cy=5 [[o-rhas=5 [[o-phas, o

mzzéf/( p*)@—2,)dS = 7 // +)(z - o) S, (2.105)
M — S// *)zds = // +)2dS, (2.106)

where S is the reference area of the wing related to its root chord squared; A
and [ are the aspect ratio and relative span of the wing; and p~ and p* are
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uniformly valid asymptotic expressions for pressure coefficients on the lower
and upper surfaces of the wing, determined by the formulas

r=2{Sv0- 2] () - (5) voun, @

Aot Aot
+ __ v Y 2
p _2[ 2 U) - = ]+O(ho), (2.108)

where ¢~ and ¢t are uniformly valid asymptotic representations of the ve-
locity potential on the lower and upper surfaces of the wing, determined with
help of formulas (2.102) and (2.103). Analyzing expressions for pressure, it is
easy to see that for the upper surface of the wing, the corresponding formula
is linearized, whereas for the lower surface a nonlinear formula is used. These
representations of pressure are compatible with primary assumptions and
asymptotics obtained for the flow velocity potentials. In fact, for small geo-
metric and kinematic perturbations the flow above the wing is only slightly
perturbed. On the other hand, in the flow beneath the wing, induced pertur-
bations can no longer be considered small.

To evaluate the lift-to-drag ratio (aerodynamic fineness) of lifting systems
in the ground effect, it is necessary to calculate part of the drag due to normal
loads. At the same time, one has to take into account the fact that due to
low pressure at the wing’s leading edge, the so-called suction force may occur,
directed upstream and reducing the drag.

The induced drag of the wing incorporating the suction force can be
determined by investigating the flow far downstream in the Trefftz plane.
The induced drag coefficient is given by the formula

1 2
Cp =5 I'o(2)oy (2)dz,
S Jij2

where I',(2), oy, are the spanwise distributions of circulation and downwash
in the Trefftz plane, whereas S is the wing’s reference area related to the
square of the root chord.

To the leading order, this expression can be represented in the form

h /2
c, =l

=7 @1, (2)aw, dz. (2.109)
/2

Consideration of expression (2.109) shows that for a fixed lift coefficient the
induced drag coefficient is of the order of O(h,) and, in extreme proximity to
the ground, diminishes in direct proportion to the relative ground clearance.

Sometimes it is practical to be able to evaluate the suction force
contribution to the induced drag. The magnitude of this force is defined by
the perturbation velocities near the leading edge. As demonstrated by Be-
lotserkovsky and Scripatch [130], the leading edge flow is close to that in
two-dimensions in the plane, normal to the leading edge planform contour.
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Near the edge, all components of the perturbation velocity can be shown to
be finite with the exception of component u,, which is normal to the planform
contour and lies in the plane tangent to the lifting surface. If the behavior of
u,, is described by the relationship

A
a
where v, as earlier, is an external normal to the planform contour, then the
suction force coefficient can be calculated by the formula

Cs = 2% A%(1,t) cos(v,z) dl = 2% A%(1,t)dz. (2.111)
11 11

u, = v <0, (2.110)

Within the theory of the lifting surface in the extreme ground effect, the
perturbation velocity in immediate vicinity of the leading edge is given by

expression (2.57
( ) Ople hoay

v " ok

Comparing expressions (2.110) and (2.112) and employing formula (2.111),
one can derive the following formula for the suction force coefficient on a wing

in the ground effect:
: Cy(t) = h°y/l/2 alt? ), (2.113)
’ S Joiyp B*(z,t) .

The expression for a; was obtained by matching and is represented by formula
(2.70).

v <0. (2.112)

2.7 A Limiting Mathematical Model
of the Extreme Ground Effect

To the lowest order (the extreme ground effect) the flow problem for a wing-
in-ground effect takes a simple form even for the case of curved ground:

e Asymptotic orders of the upper and lower surface velocity potentials:

N 1
0~ ~ ¢l +O(holn h—), ot = O(hy,). (2.114)
0
e Channel flow equation for the extreme ground effect:
0 /- 8<p11 0 /s 8<p11 6}3* 6}—1*
e — (R =) =U(t —— 2.115
ax(h 61)+6z(h 8z) U()am ot ( )
e Boundary condition at the leading (side) edge I;:
o1, =0, (z,2) € 1. (2.116)

e Boundary condition at the trailing edge l5:

2 [6521 v - agth] B (6(;;;11)2 - (6(;[21)2 =0, (z,2)€ly. (2.117)
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Comment on the Definition of the Leading and Trailing Edges in a
Nonlinear Formulation. So far the notions of the leading (side) edge and
trailing edges have been dealt with without attention to the questions: Where
does the transition lie between these and how can we determine the position
of the corresponding transition point? It should be said that such transition
points may be fized a priori by the geometry of the planform, especially if its
tips are sharp; see Tuck [53]. Otherwise, when the planform contour is suffi-
ciently smooth, the position of the transition point is not known in advance,
and its determination becomes part of the flow problem. In the nonlinear case,
this transition does mot necessarily occur at the wing tips, corresponding to
the mazximum local span.

Following Newman [54], one can define the transition point as that where
both leading edge and trailing edge channel flow boundary conditions are ful-
filled simultaneously. To the lowest order of O(1), it implies that at the point
(zT,21) € 1 N3, where subscript “T” denotes the transition point, both
(2.115) and (2.116) hold simultaneously. Introducing the normal-tangent lo-
cal coordinates (v,7) and designating by x the (least) angle between a tan-
gent to the wing’s planform contour and x azis, one can rewrite erpressions
(2.115) and (2.116) at the transition point, i.e., for (z,z) = (z1,2T) as

e, =0, (2.118)
% =0, (2.119)
2[(- T smxe + S conxn)U) — 5] = () - (6@1):2:13&»

Substituting (2.118) and (2.119) in (2.120), we finally obtain the following
equation for the determining the position of the transition point as part of the
lowest order problem solution:

85011

o —2U(t) sin xT. (2.121)

If the perturbations are small (linearized problem), the squares of the pertur-
bation: velocity components in (2.120) can be neglected, which results in the
following equation:
6‘1011
ov

sinyt = 0. (2.122)
Therefrom
sinyr =0 at the transition point. (2.123)

It is easy to conclude from (2.123) that for a linearized problem and a smooth
wing planform contour, the transition points coincide with the tips of the wing.



3. The Linear Theory of a Lifting System
Moving Close to the Ground

To reduce a nonlinear formulation to the linear theory, one has to assume that
the deflections of the surfaces of the wing, its vortex wake, and the ground,
respectively, from horizontal planes y = h ! and y = 0 are small compared to
the ground clearance h, i.e.,

[yupw —h| < b, |yg| < h. (3.1)

These assumptions lead to the possibility of imposing boundary conditions
for the wing and the wake on the plane y = h and boundary conditions for the
ground on the plane y = 0. Note that, upon linearization, the quasi-harmonic
equation (2.22) is reduced to the Poisson equation. It is obvious that within
the linear theory, the pressure is related to the velocity potential through
linear differential operators for both the upper and channel flows.

3.1 Features of a Linearized Formulation
and an Algorithm of the Solution

A linear formulation for the perturbed velocity potential of absolute motion
can be easily derived from the nonlinear formulation in the form

¢ Equation:
0% N %o o
0x?  oy? 922 7

¢ Flow tangency conditions on the upper and lower surfaces of the wing:

+ (3.2)

Oy Oyl . Oyu,
—_— = — L 2 p— 0 S 33
By U(t) e + ETeE y=hx0, (z,2)€ S (3.3)

Signs “plus” and “minus” correspond to the upper and lower surfaces.
e Flow tangency condition on the ground:

Op Oys  Oyg
L =_Ut) =4+ == =0+0. 34
Ay ®) or ot 7 (34)

! Here notation h stands for the characteristic relative ground clearance.

K. V. Rozhdestvensky, Aerodynamics of a Lifiing System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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e Dynamic condition of pressure continuity across the wake:
p~=pt, y=h, (z,2) e W (3.5)
or

op~  Op~ Bt BpT
(t)ax ot ()ax ot '

We introduce a new time variable

so that ¢ = ¢(z,v, 2,) and rewrite (3.6) as

Op-  Op- _ Opt  Opt

— = = =h w. .

Equation (3.8) can be demonstrated to be identical to the following set of
equations:

30+($, h’7 Zaf) - 90_(1”, h7 Z7E) = 90+(-'L'tea h7 Z,O) - <P_(l'te; ha Z, 0);

(z,2) € W, T — The(2) +1 =0, (3.9)

where zte = Te(2) is the equation of the trailing edge in the adopted
coordinate system.? In terms of “physical” time ¢,

30+(.’L', h7 Z7t) - <P~(x, ha Zat) = 90+(‘Ttea ha Zat*) - <P_($te, h7 Zat*)7

(z,2) € W, T — Tte(z) + t U(t)dt = 0. (3.10)

In fact, the alternative forms (3.9),(3.10) of the dynamic boundary condi-
tion (3.5) in the wake correspond to the Kelvin (Thomson) theorem and
express the jump of the velocity potential across the vortex sheet at an ar-
bitrary point of the latter, if this jump is known at any time at the trailing
edge of the wing. The Kutta—Zhukovsky condition at the trailing edge can
be viewed as incorporated into the above dynamic condition in the wake.
e The continuity of the vertical component of the flow velocity across the
wake:
Linearizing the kinematic condition (2.5), we derive
Opt _ 9p”

- =h . .
P = v=h @aew (311)

% For a wing with a straight trailing edge, 1. = 0.
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e Decay of perturbations at infinity:
Vo — 0, % 4+ 9% + 22 = oo (3.12)
In channel flow, the same asymptotic expansion (2.11), as earlier, can be
utilized, although in the linear case
13

(e, 017) = 0(7) < 1. (3.13)

Using the linearized version of the procedures, demonstrated in 2.2, one can

show that the channel flow equation is identical to the Poisson equation
O*pr N %ot ) oh*  Oh*
Or? 022 Or at’

(z,2) € S, (3.14)

where h* = h* /h = 7 — g = 1 + O(e/h), whereas

oh* Oh* €
— —}=0(=). 1
(%) =) (319)
For channel flow under the wake a similar equation holds, but in this case it
has to be solved with respect to the induced downwash

o = héin = h (G, + dwhln% Fauh), G, =O0().  (316)

The components of the induced downwash in the wake can be determined by
a linearized version of (2.24), namely,

2 _x 2 _*x
g +8‘p1>, (z,2) € W. (3.17)

ow = héw = h( 0x2 022

Using the dynamic condition in the wake in the Kelvin (Thomson) form
(3.10), one can calculate @, as

_ 1010 2

Ty = e | ——Z_¥(0, ,t*] £(0, 2,%), 3.18
U o [U(t*)at*m 2]+ et (0ot (3.18)
where t* is related to x and ¢ by equation (3.10).

For a steady flow with asymptotic error O(h), the downwash in the wake is
not dependent on z. With this in mind, determination of &, ~ &y, becomes

still simpler:
82
o_zw ~ &Wl = ‘672‘(,011 (O7 Z). (319)

The flow above the lifting system and its wake (upper flow) is identical to
what was considered previously. The upper flow potential ¢, is of the order
of O(¢) and, to the lowest order, is described by an expansion



50 3. Linear Theory of a Lifting System

Pu = h(pul + O(h‘2)’ (plll = O(—)7 (320)

in which ¢y, is represented by (2.31) and has the “edge” asymptotics given
by (2.32) and (2.33).

Local flows are linearized consistent with the overall linearization scheme.
Stretching of local coordinates is performed by the ground clearance h rather
than the local instantaneous distance h? of the edge from the ground as in
the nonlinear case. Otherwise, all previous results of section 2 hold for the
linear case.

The boundary condition for the channel flow equation (3.14) at the leading
(side) edge I; for an infinitely thin edge can be derived from (2.73) setting
h% = 1. Then

« _h 91, T ] B

@1_;[,42——(97(1“%) , v=0 (3.21)
taking into account the asymptotics of the channel flow (2.11)
o, =0, v=0, (3.22)
10

P, = —;—(;0;1 , v=0, (3.23)

N 1 3(,011 .
o1, = ;[Ag ~ 5 (1+Inm)], v=0. (3.24)

The boundary condition for the channel flow equation (3.14) at the trailing
edge [y for a sharp straight edge can be derived from (2.98) setting A} = 1.

Then B Bt
o _ o0 ey 04
o =2| 5 U0 - 5
2h _ s 0B,
== [U(t)((auw) In - Bl> - W]’ v =0. (3.25)
or, with reference to the asymptotics of channel flow,
n, =0, v =0, (3.26)
2 _
1, = =U(t)(Guw), v=0, (3.27)

my = %[U(t)(@uw)lm ~By) - %J.

The coefficients of the lift and moments are given by formulas (2.104)-(2.106),
but the pressures on the upper and lower surfaces of the wing are both cal-
culated by using linear differential operators

pt = [3“’+’— U(t) — aw’—} (3.28)
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Within the linearized formulation, the extreme ground effect case has a still
simpler mathematical description than in the nonlinear theory. Correspond-
ing relationships have the form

2 2 T % T %
0 P, 0 Pl U(t) 6h oh

o2 T oz VWG~ BAES (3.29)
o, =0, (z,2) € Ly (3.30)

Ay, Opy,
Wiy -2 o (z,2) € by (3.31)

oz ot

Transition points, separating the leading (side) and trailing edges, are coin-
cident with the wing tips.

3.2 Two-Dimensional Steady Flow
Past a Slightly Curved Foil

Consider a slightly curved infinitely thin foil, moving steadily near a solid
flat ground plane with an angle of pitch 6. In this case with asymptotic
error of the order of O(h?), the flow under the foil does not differ from the
one-dimensional, and the channel flow potential is governed by the following
elementary equations:

1
P1=pp, +hlns o, +hey, + O(h?);

o, _dg &P,  dPp,

dz? dz’ dz? dz?
with the following boundary conditions at the end points of the segment
0<z<1:

=0, (3.32)

o At the leading edge (z = 1),

(1) =0, ¢,(1) =———-=(1);
1 d¢,
o, (1) = ;[AQ— 7 (1)(1+1n7r)]; (3.33)

o At the trailing edge (z = 0),

8
p, = 2221(0) =0,

ozx
o) 2 _
P, = 26—;(0) = ;y;(O),
_ a9013 _ 2 ~/
b = 2 or (0) - _;[Bl - ys(o) lnﬂ-]’ (334)



52 3. Linear Theory of a Lifting System

where ys(z) = h+ ef(z) is a distribution of the gap between the foil and the
ground and f(z) = O(1) characterizes the position of the foil with respect to
the line y = h. Parameters Ay and B; have been described earlier.

We construct the upper flow potential by a distribution along the segment
0 <z <1 of two-dimensional sources (sinks) whose strength is determined
on the basis of the thin body theory as [—27.(z)]. Additionally, one should
account for the admissibility of a point source solution at the leading edge,
ie., at x = 1,y = 0+ 0. Note that this latter solution does not violate the
flow tangency condition on the upper surface of the foil.

Thus, the values of the upper flow potential at the points of a foil on its
upper surface (0 < 2 < 1) are given by the expression

Pu ~ h‘Pul;
1
oo = el =2) == [ (@) - o) de (3.35)

The strength of the point source in accordance with (2.70) is equal to
dyy
=2—"1(1). .36
Q=21 (3.36)

Asymptotic expansions of a potential ¢, near the edges are obtained in the
following form:

o Near the leading edge,

gpuzgglnl/—f—ﬁys( Jvinv + — hiy +h—AZ, (3.37)
T T T
where v =z — 1;
1
_ , _ d
A= =50~ [ 1O - %025
0 _
1
A== [ g©m -
0
e Near the trailing edge,
h hB hB
pu = g0 )ylnlx+—7r—1 72 (3.38)
where v = —z;
L 1oy 96 .

= Q 7:(0) — | [ys(ﬁ)—ys(o)]é,
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The solution of equations (3.32) with boundary conditions (3.33) and (3.34)
can be written as follows:

1
o = / 7.(6) dé = Tale) — 7a(1) = () — ;

d(ph =t dey, _ Q = .
E‘ - ys(l'), d.’L‘ - 5 - ys(l) - 1a
@1, =z, (0) + @1, (1) — ¢y, (0);
e1, = 21, (0) + ¢1,(1) — 1, (0).

Uniformly valid additive expressions for the velocity potential on the upper
and lower surfaces of the foil are

ot = o+ 2 [t (7) — = ()] + W0 (7) — () holin(er) — 1]}

+h{it () ~ ~9(0) hin[In(rn) - 1} (3.39)
o™ = o1+ 2 [gnlr) ~ 7+ 2] + o) — () (37 — )]
+hln (o) — kel 0) (37 — 20)], (3.40)

where 7 = (z — 1)/h, 71 = —z/h. Functions ¢, o5, ¢, ¢p. are calculated

by formulas (2.43) and (2.52), in which 7 has to be replaced by .
Differentiating (3.39) and (3.40) with respect to z, one can find uniformly

valid expressions for the pressures on the upper and lower surfaces of the foil

dpt d
_290 p- 2('0

It is convenient to take into account the following relationships:

dSan _ 1 d(pbe
di 1 —exp(T@ae)’ dp

We calculate the lift coefficient
' Yrdem  det
= ~—ph)dz =2 —— — X ) dx =2[¢T(0) = (0
Cy /O(p p*)dz /0<da: dx)x [¢™(0) — ¢~ (0)]

= 2[pu(0) — ¢1(0)] = —2(21(0) — ey, (0)] + O(h?).

Setting x = 0 in expressions (3.39) and (3.40) and representing the foil ordi-
nates as ys = h-+ef(z), where f(z) = O(1), we obtain the following formula
for the lift coefficient of a slightly curved foil in the ground effect:

c, [cl +hins -Gy +hCy+ O(hz)] (3.41)
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where

1
<h=gAf@Mm

Ca = 2 () + /O

- '(0)

1 / ~

+£'(¢)In T] dg}.

Here are some examples:

e For a flat plate at an angle of pitch 6, the form function f(z) = z and
formula (3.41) is reduced to that obtained by Widnall and Barrows [40]:
0 ( 4h . mw 2h )

Note that the same result can be obtained from the asymptotic analysis of
the exact solution of the nonlinear flow problem for a flat plate in the ground
effect derived by Tomotika et al. [27] for § — 0,h — 0 and 6/h — 0. Figure
3.1 illustrates the distribution of the pressure coefficient along the upper and
lower surfaces of the flat plate in comparison with the results obtained by
collocation.

(3.42)

e Parabolic arc
Let the foil have the form of a parabolic arc with relative curvature é.. In
this case, f(z) =4z(1—1z), a

20

-h pe
1.0

Suction Side

Pressure: Side N

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3.1. Distribution of the pressure coefficient on the upper and lower surfaces
of a flat plate [40], h = 0.1. The dashed line corresponds to a one-term asymptotic
solution. The difference between the three-term asymptotic solution and the results
of the collocation method (solid lines) is indistinguishable.
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3t g

4(5¢<1 2h 7r). (3.43)

e Flat plate with a flap

Let the flap have a chord equal to bs and a deflection angle ;. In this case
the form function is described by the equation f(z) = z, for 0 < z < by,
and f(z) = bg,for b < x. Generally speaking, the foil can be oriented with
respect to the ground at an angle of pitch 6, but in linear theory it is sufficient
to study the case § =0, 6; £ 0.

Note that in the vicinity of the hinge of the flap, the channel flow can-
not be considered one-dimensional no matter how small the relative ground
clearance h. Therefore, one has to analyze a local flow near the hinge. First
of all, use the local coordinate system x; = by — x, y¢ = y. Introduce stretched
coordinates §s = y¢/h, Tr = z¢/h. After stretching, the local region near the
hinge transforms into a strip (0 < g < 1,|Z¢| < o0), on the boundary of
which a normal derivative of the flow potential is known. Mapping the strip
onto a half plane and using the Schwartz formula (see Fuks and Shabat [131]),
one can write the expression for the flow perturbation velocity on the lower
surface of the foil near the hinge as

dpr 0

i —E[ln 11 — exp(—7Zs)| + 7Z¢] + R,

where R is a constant. In the immediate vicinity of the hinge (Zy — 0),

deps O .
E‘ —-ﬁ In Is
Far from the hinge:
e To the left,
_ dog - _ .
Tr — —00, T ~ R + Olexp(nZs)], pf ~ RZ; + Ry; (3.44)
o To the right,
der

1
Ff — 400, — > —F R, o ~ —532? + Rz + Ry, (3.45)

Turning to the variable x = by — hZy and setting x to by, we obtain the
following result:

d d
(b +0) = b —0), (b +0) =gy (br=0)  (3.46)
dzx dx

It follows from (8.46) that for h — 0, the magnitudes of both the potential
@1, and the perturbation velocity dyy, /dx in the channel flow are equal when
approaching the hinge from the left and right-hand sides.
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Here are uniformly valid formulas for the pressure coefficient, obtained
by additive composition of asymptotic solutions, derived in different parts of
the flow: ~

pt = 2 dow?)

—{ by =P 4 BfIn () - ‘n'(pae(ﬁl)}

- {p; 1>z > by

P = \p b>z>o0.
where
- _ % by dgse  _
= h(1-10 he Y2 _
Pr =70 {hln h|1 — exp(—nzy)] +h(1 —bs) + b ke m:f],
- _ 20f 7rbf _
P2 = ﬁ[ n h|1 — exp(—nZy)| — b+ mpa,e(yl))],

where @, is given by (2.43), » = (x — 1)/h,in = —z/h. Representative
distributions of the pressure coefficient on a foil with a flap are plotted in
Fig. 3.2.

Due to the fact that the perturbations under the foil induced by the
hinge decay exponentially, the lift coefficient can be derived from the general
formula (3.41) as

0 b 2h 1
= %y, = L B A
C, = Cl6; h{2bf<1 )+ Iz (1+b)
2h b 2
+?[1+(1+bf)ln7r+(1—bf)ln1_bf] +o(r)}. (3.47)
12 , ‘
Pressure Side f‘bf=0.3‘
ne?" . :
08 J 1h-0.103
'h=005
0.4( :
0.0
N/
-0.4 \
SuctionSide |
|
08 : : ‘
00 02 04 06 08 _ 10

X

Fig. 3.2. Distribution of the pressure coefficient on the upper and lower surfaces
of a flat plate with a flap for different magnitudes of the relative ground clearance,
b = 0.3.



3.2 Two-Dimensional Steady Flow Past a Slightly Curved Foil 57

Parameter hcgf versus ground clearance and the length of the flap is
plotted in Fig. 3.3. In Fig. 3.4 a comparison is presented of the results of the
present theory with calculated data of Shadrin [132] based on the method of
the 7-parameter.

Fig. 3.3. Parameter hCzf versus the relative ground clearance and the length of
the flap, A = oo.

Fig. 3.4. Comparison of the calculated results for a flat plate of infinite aspect
ratio, h=0.15. Solid line: MAE; circles: from [132].
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3.3 A Wing of Small Aspect Ratio
in a Steady Linearized Flow

Consider another limiting case of a wing of small aspect ratio A < 1. In
this case, due to elongation of the wing in the direction of the flow, instead
of a three-dimensional Laplace equation, a two-dimensional equation can be
considered: ) )

Po Po_,

o2 022
For a wing with a slow increase in local span chordwise, it is sufficient to
investigate a flow in a transverse plane passing through the trailing edge of the
wing. Here it is convenient to render the problem nondimensional by a semi-
span !/2 of the wing and speed U, and introduce relative ground clearance,
based on the span of the wing at the trailing edge hy = h/l. For a flat wing, the
corresponding velocity potential should satisfy the flow tangency condition
on the wing and on the ground:

9p 99

— =4, =2h; — =0, =0.

By Y 1 By )
Following the general algorithm, one can demonstrate the main stages of the
solution. For h <« A « 1, the channel flow is described by the following
relationships:

1
w1 =1, + 2k, In 2_h1 + 2hiep1, + O(h12)7

62Q01 _ 0

922 2y’
In accordance with the general scheme, the potential of the upper flow ¢,
is constructed by placing along the segment —1 < z < 1 a distribution of
sources with strength 6/h; with the addition of admissible point sources at
the points z = 1. These point sources model (in the upper flow) the leakage
of air from beneath the wing around its edges. Then

(3.48)

Q 2

= —1In(1l-2°%) —

2 n( z ) 2h1 ™

For a vanishingly thin and flat side edges, the structure of the edge potential

remains the same as earlier:

[(I1+2)In(1+2)+(1-2)In(1—2)—2].

Ve = 2h101Pae + dhagpre + 4h2ast + 2hay,
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where 7 = (z — 1)/2h) at the right tip and 7 = (=1 — z)/2h at the left tip of
the wing.

Asymptotic matching of the velocity potentials ¢, ¢y, and ¢, leads to the
following results

e Constants a;

_Q  dyy,
NnE=S TR

1 6
a4 = w{ a11n2h +§h—1(2—1n2)]’

e Boundary conditions for the channel flow potential under the wing

o1(£1) = 2hy (a4 - ‘;—1>

or a
e, (£1) =0, P, (1) = “?;

Pl (£1) = 71r[ 01(1+ln7r)+ihl( —ln2)].

For the problem of the leading order,

6 d?p)
Zh_l(ZZ - 1)> = 2hl Cle = 2h/l dz 21

w1, = = 07
wherefrom it follows that in the extreme ground effect, the span-
wise distribution of circulation for a wing of small aspect ratio
is parabolic. It is easy to see that the corresponding downwash distribution
is uniform. In accordance with Munk’s theorem, such a wing is optimal, i.e.,
has minimum induced drag for a given lift coefficient.

Including approximations of the order of O(h;), the following expression
for the lift coefficient of a wing of small aspect ratio can be obtained:

Cy =

(D) ( 6h1 7r> (3.49)

6l Bl h

To the leading order, the induced drag coefficient can be derived by using
formula (2.109) in the form

62\
Cp = ——
Y12k
or in Prandtl’s representation,
C? 1
Co=—L, pu=-—. (3.50)

T
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Fig. 3.5. Comparison of calculated results for a flat plate for different ground
clearances with experimental data (A = 1, solid lines: theory; circles: experiment).

Formulas (3.49) and (3.50) hold for a small-aspect-ratio wing of arbitrary
planform.3 Turning to a rectangular wing [ = \,hj = hy, = h/), one can
derive from (3.49), (3.50) that

C

- 60,1)\)\( 6h 7r> 9)\2( 6h 7r)\) (3.51)

T ) T T
L.
OV F= 5w
where h is the relative ground clearance based on the root chord, and A, is
the effective aspect ratio of the wing. Figure 3.5 presents a comparison of
calculated results for A = 1, obtained by (3.51), with experimental results of
Ermolenko et al. [133].

Within the assumption of a small aspect ratio, it is easy to consider the
steady flow problem for a wing with curvilinear lateral curvature. Let the gap
distribution be described as

Ae = A, (3.52)

Ty —

h*(z, z) = 2 H () + Oz,

where h; is the ground clearance based on the span, 8 is a pitch angle, and
H(z) is a function of the order of O(1) characterizing the form of the wing in
the lateral direction, H(0) = 1. In this case, the linearization of (2.22) results
in the following channel flow equation for a small-aspect-ratio wing with
a curvilinear lateral axis:

8 Strictly speaking, the theory of a wing of small aspect ratio implies that the local
span increases monotonically in the downstream direction.
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d ) 0
— /| = — <1. .
dz HE)Y } o Fs] (3:53)
This equation should be solved with boundary conditions
2}11 0 ™
)= (2-n2) - .
(L) = = [2h1(2 In2) al(j:l)(l-l—ln th)}

In the general case of a wing with a nonzero angle of heel a;(1) # a1(—1)

d
ay(£1) = :10; (+1).

The potential of the upper flow ¢, for a wing with a curvilinear lateral axis
has the form

(PU =~ 2h180u1 ’

Yu, = %al(l)ln(l —2z)+ 71—ra1(—1)ln(1 + 2)

6
_m[(l +2)In(142)+ (1 - 2)In(1 — 2) — 2.

To the leading order, the expressions for the coefficients of the lift and
lateral moment of wings of a small aspect ratio with a curvilinear lateral axis
are

(2D J? 73 Ji1Jo
Cy == 4_h1<J2 - 71>, My = 8—hl<-]3 - T), (354)
where
bodC b¢dC L ¢2de L ¢3d¢
J = T/ A\ Ji= TN Jy = ; J3 = .
L HE T L HEQ P /_1 HC) P / H(C)

Taking into account that, to the leading order, the lift coefficient of a flat
plate of small aspect ratio is equal to Cy,, = 8A/6h), we obtain the following
formula, which allows estimating the relative influence of the lateral curvature
of a wing in the ground effect

c?y = %(J2 - J712) (3.55)

Yip

Consider some simple lateral forms of the lifting surface. Lateral configu-
ration in the form of a “hat” is described by the function

Hiz)=1- (1 - ;—:)14, 2e[-1,1].

In addition, we introduce parabolic and elliptic lateral configurations, repre-
sented, respectively, by the functions

Hy(z) = 24 4 (1 _ &)(1 _2%),  Hay(e) =<t + (1 . )\/1—-23

T hy ha hx "~ ha
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@]

¥ip

Fig. 3.6. Relative influence of the form of the lateral cross section of the small-
aspect-ratio wing upon the lift coefficient in the extreme ground effect (1: “hat;” 2:
parabolic; 3: elliptic).

myx

mxfp

Fig. 3.7. Relative lateral moment coefficient versus heel angle for small-aspect-ratio
wings with different spanwise configurations (1: “hat;” 2 : parabolic; 3: elliptic).

Figure 3.6 illustrates the relative influence of the lateral curvature of the
wing upon its lift coefficient for different magnitudes of the gap &; between
the tips and the ground plane. Figure 3.7 shows the relative influence of
the angle of heel upon the lateral moment coefficient m, for small-aspect-
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ratio wings of different spanwise configurations. This parameter characterizes
the static lateral stability of the wing, i.e., the capacity to restore its upright
position after the action of heeling perturbations. Note that Fig. 3.7 compares
the behavior of the ratio of the lateral moment coeflicient m, for a given
configuration to that of a flat plate m,,, versus heel angle 3.

The induced drag coefficient for a wing with a curvilinear lateral axis can
be found by using (2.109) in the form

c? 1 J?
C, = 2L =—(Jy— L), 3.56
o 27rh1( 2 J) (3.56)

3.4 Steady Flow Past a Wing of Arbitrary Aspect Ratio

To avoid cumbersome algebra, consideration will be confined in this section
to the simplest case of the extreme ground effect for a wing with a straight
trailing edge. In the steady flow problem, the velocity potential does not
depend on time. Consequently, there are no unsteady free vortices in the
wake, and the corresponding flow model is substantially simplified.
Recalling the formulas for induced downwash ay, at the trailing edge, one
should mention that to the lowest order of approximation ay =~ a,, and
downwash does not depend on the abscissa x of the point in the wake, i.e.,

d2

O, = h df; 0, 2). (3.57)

Therefore, if the wing is in steady motion and its relative clearance is small,

then at all points of the wake with the same z coordinate, the downwash

is “almost”® the same as that behind the trailing edge. This important cir-

cumstance allows writing formula (2.109) for determining the induced drag

coeflicient (accounting for suction force) for the case of small relative ground
clearances in the following way:

ho['? ¢
Ca=g [ 09550, (3.58)

where, as earlier, S is the reference area of the wing related to the square of
the root chord. In addition, the condition of optimality of the wing (in the
extreme ground effect) can be written as a requirement that the downwash
distribution at the trailing edge should be uniform in the spanwise direction.

As indicated in 3.1, in the case of the extreme ground effect, it is sufficient

to solve the following problem:
e Equation:
e, | %, _ 0g
: = — ; 3.59
Ox2 + 022 Ox’ (z,2) € §; (3.59)

* With an asymptotic error of the order of O(h).
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¢ Boundary conditions:
@1, =0 at the leading edge [,

=9 a‘Pll

D, = 5 0 at the trailing edge. (3.60)

For a flat wing, ] = 6 = 0/h, where 6 is a pitch angle.
The lift and moment coefficients can be calculated by using the formula

o /2
Cy=—% o1, (0, 2) dz; (3.61)
S )i

me =3 / / a‘oh ) 4z de. (3.62)

We consider the example of a rectangular wing, for which the domain
S is a rectangle 0 < z < 1, |z| < A/2, where ) is the aspect ratio. At first,
suppose that the wing is flat, so that the right-hand side of equation (3.59)
is equal to @ = /h, where 8 is the angle of pitch. We seek ¢, in the form

o0

= éz Xn(z) cos gnz, (3.63)

where ¢, = 7(2n + 1)/A. Expression (3.63) should vanish for z = +£\/2.
Noting that
4 > (=1)"cos gz
oD tn
n=0
and substituting (3.63) in Poisson equation (3.59), we obtain an ordinary
differential equation for functions X, (z):
_4(-1)m

"no__ —
X" —¢2X a (3.64)

A general solution of (3.64) can be sought in the form

Xo(z)=a sinh ¢,z +h cosh g,z 3 4(-1)

" cosh g, " cosh g, g3

Bearing in mind that the boundary conditions for the function ¢, at the
ends of the interval 0 < z <1 are

91
(ph(l,Z) =0, _8~11_1(0,Z) =0,
we obtain the conditions for the functions X, (z) at the ends of the segment
0<z<1:
Xn(1) =0, X, (0) =0,
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A=0.5
Fig. 3.8. Distribution of the aerodynamic loading on a rectangular flat wing in the
extreme ground effect.

wherefrom
A(-1)"
Ag3
Finally, we find the following expression for the channel flow velocity
potential:

CLHZO, bn:

40 X (-1)» (coshqnac
A= g3 \coshg
The distribution of aerodynamic loading to this order of approximation is

_ o) 80 (—=1)" sinh gpz
S S ~ —_9o ¥ _ 77

wy = — 1) COS qp 2.

COS G 2.
cosh g,

— ¢
In Fig. 3.8 examples are given of the distribution of parameter h(p)/6, which
characterizes the aerodynamic loading, for rectangular wings of aspect ratios
A =1 and A = 3. The loading distributions have been calculated on the basis
of the leading-order solution.

The lift coefficient can be calculated as

ox 2 [M? 166 <X tanh g, tanh(q /2)
C, =C% = 99:__/ = L n
v =0y Cy A —A/2 on(0,2)dz hA2 = q;
(3.65)
The longitudinal moment coefficient with respect to the leading edge is
m:m90: 5 /)‘/2/ (Plldd
z z A2
1660 < tanh g, qn
= h)\2 m (———— + tanh g, tanh 5~ 1). (3.66)
The induced drag coefﬁc1ent is
ho 2 862 X tanh? g, tanh? (qn/2)
o = —— 0, 1 dz =
Ca, A /_>\/2 #n(0,2) 022 0,2)dz = hA2 — a

(3.67)
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As h <« 1, the formulas obtained above are valid for practical arbitrary aspect
ratio h € A < oo. The distance of the center of pressure from the leading
edge is defined by the ratio z, = —m,/C, and m, and C, are determined
by (3.65) and (3.66).

If A — o0, we obtain the formulas for a flat plate of an infinite aspect
ratio: 0 0 1
E, m, = ——'S—h', Tp = ':-3', CIi =0. (368)
It follows from (3.68) that for a plate of an infinite aspect ratio moving
in very close proximity to the ground plane, the center of pressure
is located at a distance one-third of the chord from the leading
edge. Recall that in unbounded flow the center of pressure of a flat plate
(A = 00) is located at one-fourth of the chord from the leading edge.®

For a small aspect ratio A — 0, the general formulas yield the following
results:

Cy=

6 )2 o
Cy = h  6hy’ (3.69)
_ 16aX®
Mz = T s
96
.’Ep = -7['_5,
212 C? A
67 Y = e, (3.70)

== T T3

Some results of calculations of the aerodynamic coefficients of a rectan-
gular wing versus the aspect ratio A are plotted in Fig. 3.9 with ten terms
retained in the corresponding series. The terms of the series in expressions
(3.65)—(3.67) decrease with the increment of n as 1/(2n + 1)%. For not very
large ), it is practically sufficient to retain one term, so that

16672
Cy~ —— o 2 tanh= ta,nh2)\,
16672
me 2= [tan h,\( +tanh 75) ~1],
862)2

s
272 tanh? Dtanh? T
o s A 2\
It is interesting to compare the influence of the aspect ratio in the ex-
treme ground effect and out of ground effect. Such an analysis is presented

® Note that the case under consideration corresponds to the order relationship
0 € @ € h <€ 1, complying with the assumptions of linear theory: both the
relative ground clearance and the angle of attack are small, and the latter is
always smaller than the former.
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Fig. 3.9. The aerodynamic characteristics of a rectangular flat wing in the extreme
ground effect versus the aspect ratio.

Relative Lift Coefficient and
Position of the Center of Pressure

Fig. 3.10. The influence of the aspect ratio of a flat rectangular wing upon the lift
coefficient and the distance of the center of pressure from the leading edge (solid
lines: extreme ground effect; dashed lines correspond to h = 00).

in Fig. 3.10, where the results of the present theory for h — 0 are compared
with those obtained by Belotserkovsky and Scripatch [130] for h = oo.

It is easy to determine the suction force coefficient Cs. Calculating the
factor a;
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Opiy |y _ 40 (1"

oz 17 = hX 2= g2

tanh g, cos g, z,

a; =

and substituting this expression in formula (2.113) with € = 6 and h* ~ h,
we obtain the suction force coefficient in the form

862 X tanh? qn

Cs =C%¢% = b (3.71)
sy
hA = q
In the limiting cases,
02
for A—> oo, C5=—;
h
622
for A— 0, Cs = m

Comparing the latter formula with (3.70), one can see that for the case of
the extreme ground effect, quite similarly to the case of unbounded flow,
realization of suction force on a wing of small aspect ratio reduces the induced
drag by half.

Now, assume a spanwise distribution of the pitch angle of the wing
sections in the form

0(z) = 6,0(z).

The solution of problem (3.59)-(3.60) can be readily constructed in the fol-
lowing form:

e Flow potential:

cosh gnz _m(2n+41)
ou = Z qn ( cosha, 1) COSqGnZ, Gn = ——y3— (3.72)

e Corresponding lift coefficient:

46, & ™tanh g, tanh(qn/2)
== Z; o (3.73)
e Induced drag coefficient:
62 < 62 tanh? g, tanh? (g, /2)
=2y , 74
= 2 (3.74)

o Coefficient of the moment around the leading edge:

m, = —

46, O (—1)" (tanhqn

hg, — — .75
2T g " + tanhg tanh 1) (3.75)

where 0,, are determined by the following formula
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9 M2
0, =~ O(z) cos qpz dz.
AJx)2

Following Widnall and Barrows [40], consider the case of the wing of
semielliptic planform with a straight trailing edge. In this case the domain
S is represented by a semiellipse with axes equal to 1 and /2, where [ is the
relative span of the wing. Equation (3.59) and the boundary conditions (3.60)
are satisfied, if the function ¢, is sought in the form

42*
o, = d(x2 + - 1), (3.76)
where d is a constant. Substituting (3.76) in Poisson equation (3.59), in the
case of a flat semielliptic wing,

612

d= FETD (3.77)

wherefrom
012 ( 2, 422 1)
=——(z°+ — —1).
TRz 1 ) 2
Taking into account that for vanishing ground clearances the distribution of
circulation spanwise is equal to

612 422
I'(z) ~ —¢,(0,2) = m(l - l—Q),

one can see that the loading of a semielliptic wing has a parabolic distribution

spanwise.
The lift coefficient becomes

8012

G = 3rh(2 + 4)°

(3.78)
For a semicircular wing (I = 2) the lift coeflicient is two times less than for an
semielliptic wing of an infinite aspect ratio (I — 00). It is interesting that the
limiting results for [ — co do not coincide with those for the two-dimensional
problem because in the limit the wing retains a semielliptic planform. In fact,
in the two-dimensional case,

0
Cy = ‘}—l,
whereas here for [ — oo,
8
Y7 37h’

It is worthwhile to mention that for a semielliptic wing in the extreme
ground effect, the induced downwash in the wake is constant spanwise:
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46

- g (3.79)

Qg

so that such a wing is optimal for any aspect ratio.® The induced drag coef-
ficient is given by

20C, C; 412 A

Coo=pmrg™ o P T smw T

(3.80)
Calculating the factor a; taking into account the equation of an ellipse, and
using expression (2.113), one finds the suction force coeflicient of a semielliptic
wing in the form - ,

002 _ 8071°(2+ %)
Use has been made of the formula A = 4l/7 for the aspect ratio of a semiellip-
tic wing. It is easy to check that expressions (3.78), (3.80) and (3.81) comply
with the evident requirement C,, = 6C, — Cs for a flat wing. The influence
of the aspect ratio on the lift coefficient and the induced drag coefficient for
semielliptic flat wing in the extreme ground effect is illustrated in Fig. 3.11
in comparison with a rectangular wing.

Now, we can turn over to the case of a rectangular wing with a flap.
Let the wing of aspect ratio A have a flap whose chord is equal to bf and
deflection angle is 6¢. The domain S bounded by the wing planform con-
tour consists of two rectangular subdomains S; (b < z < 1,|z| < A/2) and
S5 (0 < z < bt |2] € A/2). Due to the linear formulation, the effect of the flap
deflection angle can be studied separately from that of the pitch. Therefore,

0.8 — ===

06 /

0.4

! Fig. 3.11. The influence of the
planform of the wing on the lift

Lift and Induced Drag Coefficients
= .
o
< D

0.2 ! and induced drag coeflicients for

N h C?(e different magnitudes of the as-

% oo T2 pect ratio (dashed lines corre-

0.0 & | e T spond to a semielliptic flat wing;

0 1 2 3 4 5 6 solid lines to a rectangular flat
Aspect Ratio A wing).

€ This conclusion correlates well with an exact solution of the problem of the
optimal wing; see de Haller [134].
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it is possible to set § = 0. Consequently, on part S; of the wing area, i.e.,
between the leading edge and the hinge axis of the flap, the right-hand side
of the Poisson equation should be equal to zero. On part S, i.e., between
the hinge of the flap and the trailing edge of the wing, 0ys/0z = f¢, where
0; = 6¢/h. Within the mathematical model of the linearized extreme ground
effect, we find the following formulation:

_ fou(z,2) for (z,2) € Sy,
1 (,2) = {gplg(x,z) for (z,z) € Sy;

824%’11 329011 -0
0z 0z2 ’
v11(1,2) = pn(z, £A/2) = 0;

629012 32%2 =
Y + 922 =0f, (I,Z)E Sz,

(z,2) € Sy

_ 012 e
p12(z, £A/2) =0, 5 (0,2) =0

Accounting for the result of the solution of the local flow problem in the
vicinity of the hinge (3.46), one can formulate the additional conditions at

the hinge axis:

0 0
et 2) =o)L 2) = 20, 2).

Applying the same method as for the wing without a flap, we derive the
solution in the form

sinh{gn (1 — z)] cosgnz
=46
fz coshlgn(1 —bs)]

o0
~ coshgpz  4(-1)"
.y [b - ] :
P12 f 7;) " osh nbr v CcoSQqpz2
where the coefficients a,, and b,, are equal to
4(-1)»

an bn tanh anf) {1 + tanh ann tanh[qn(l - bf)]}AQn

The lift coefficient can be found as

c, = che 160¢ Z tanh g, bs tanh (g, b /2) + tanh[g, (1 — b¢)] tanh qnbf
hA? q2{1 + tanh[g, (1 — b¢)] tanh g, b¢}

(3.82)
The coefficient of the longitudinal moment with respect to the hinge axis

of the flap is
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Fig. 3.12. The lift coefficient
of a rectangular wing in the ex-
treme ground effect versus the
relative chord of the flap for dif-
ferent magnitudes of the aspect
ratio.

Fig. 3.13. The induced drag
coefficient of a rectangular
wing in the extreme ground
effect versus the relative chord
of the flap for different magni-
tudes of the aspect ratio.

m, = Gymd — 45f Z (=" { ( be tanhqnbf)_

“ cosh g, bs Gn
. tanh[q,;(l —b) o [qn(12— be)] } (3.83)

The coefficient of the induced drag

862 <~ {tanh(g,b;/2) + tanh[g, (1 — b¢)]}? tanh? g,.bs

3.84
h)\2 — gi{1 + tanh(gn (1 — b¢)] tanh g, bs }2 (3.84)

Cy, =

Figures 3.12 and 3.13 illustrate the dependence of the parameters hC@f , and
hCy, /62 upon the aspect ratio of the wing for different chords of the ﬁap
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3.5 Harmonic Oscillations of a Thin Foil
in a Two-Dimensional Flow

Consider a thin foil advancing near the ground with a constant speed U, and
simultaneously performing small vertical motions (heave, pitch or deforma-
tions). An unsteady wake, consisting of the shed vorticity, is formed behind
the foil in the process of such a motion. According to the general scheme
discussed previously, the channel flow in this case will be described by the
following relationships:

901(15,75) = (Pr(zvt) + O(hz)a

o 9ys _ 99s
- = <z< .
522 0<z <1, (3.85)

Oz ot’ =

= @s(z,t)

where )
1= (pf(mvt) =¥L (Ivt) +hln E(plz (:Evt) + h<,013(.’l:,t),

@ is a function of the order of O(e/h), characterizing the vertical component
of the flow velocity given on the foil.
The solution of equation (3.85) can be written in the form

o1 = / / 8s(z, t) dedz + C1(t)z + Ca(t), (3.86)

where C1(t) and Cy(t) are the functions of time to be determined with the
help of the boundary conditions for the channel flow potential at the leading
and trailing edges.

The lowest order induced unsteady downwash in the wake can be deter-
mined by using the formula

- o1 o1,
Gy 2 Oy, = 6I21 (z,t) = Bt*zl (0,t"),

where t* =t + z. In the case of harmonic motions,
¥y, (0,t*) = acos kt* + bsin kt™, Gw, = —k%p,(0,t%),

where a and b are constants determined in the course of solving the lowest
order problem, k = wC,/U, is the Strouhal number, and w is the circular
frequency of the unsteady process.

In the upper flow, the corresponding asymptotic expansion for the velocity
potential has the form

0 = hipu, + o(h2 In %)

Solution ¢y, is constructed by distributing along a semi axis < 1 sources
(sinks) whose strength is equal to the doubled local downwash, which is
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given on the foil and determined in the wake. At the leading edge, we place
an admissible point source (sink) solution that does not violate the flow
tangency conditions either on the foil or in the wake. Thus, at points on the
upper surfaces of the foil and the wake

Q

Puy = 5~
! T

In(1-2z)+ 51; / q(&,t) In(z — &) d¢, (3.87)

where (@.t)
| —2a4(z,t), 0<z<L1,;
q(z,t) = {-—2dwl (z,t), —0o <z <0.

Note that the strength of the point source (sink) at the leading edge has
to be determined by matching. Note that when calculating ¢,, with the help
of (3.87), the following integrals are encountered:

I1:/ cos k¢ In¢ d¢, Ig:/ sin k¢ In ¢ d¢;
0 0

These integrals are divergent in the conventional sense. Nonetheless, they can
be calculated in a generalized (Abel-Poisson) sense; see Fikhtengoltz [135].

I = lim exp(—d&¢) cosk¢In{ d¢
e 1 1 2 2 k o

o0
: . . k
I, = }1_&1(1)/0 exp(—d&¢)sink¢Ind¢ = ;1_% [5 arctan; —ky

(3.89)

+%kln(k2+52)] _ { (Ink —~)/k for k > 0,}’

0 for k =0,

where v ~ 0.5772 — the Euler constant.

From a physical viewpoint, the generalized integration means that we
consider slowly amplifying oscillations, turning in the limit into oscillations
with constant amplitude. An analogous approach was used by Theodorsen in
calculating integrals of the type

/Ooosinde(, /OoocosdeC

in the work on harmonic oscillations of a thin foil in an unbounded flow.
Taking into account (3.88) and (3.89), the expression for ¢, can be rewritten
as

Q

1 1
pu = gl =) - - [ a6 Oln - ) de
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k
+—[(aG1 + bG3) coskt + (bG1 — aG2) sin kt),
T

where
G1 = Lcoskx + Msinkx, Gy = Lsinkx — M coskz;

L =si(kz) —sinkzlnz, M =2Ink+ coskzlnz — ci(kz).

Functions si(kz) and ci(kz) are integral sine and cosine, defined by the ex-
pressions

si(kz) = — /:o Siz’c d¢;  ci(kz) = — /:o COCSC .

To match, one needs to know the asymptotic expansions of ¢,, near the
edges. These were found in the form

o Near the leading edge (v =2 -1 — 0)
q

2

as(1,1)

Inv+ —vinv+ Aw | A
T

Puy = -t 5 00
1
d
A = —ds(l,t) ‘/0 [dS(Eat) - O_‘S(l’t)]é

+(aGu + bGQl) sin kt],

— k%[(aGg1 — bG11) cos kt

1
Ay = — / 8s(€, 1) In(1—€) de-+E[(aC11+bCa1) cos kt+ (bG11 —aGlar) sin ke,
0

where Gll = Gl(l) and G21 = Gg(l).
e Near the trailing edge (v = —z — 0),

(Quw)

<duw> = &S(O’ t) — Otw, (0’ t),

B B
viny + 222 4 22 +O0(¥?);
m 7r

90‘-11 =

1
B, = lQ—ozs(o,t)_/ (e (€, 8) — (0, 8)] S + k{[a(kGao 1) — bkGio] cos kt
2 o 13
+[b(kG2o — 1) + akG1o] sinkt};

1
BQ = -/ ds(f, t) lnfdf + k[(aGlo + bGQo) cos kt + (bGlo - CLGQ()) sin kt],
0

T v—1Ink
= O = - — = =
Gio = G1(0) 5 Gao = G2(0) T
The following results can be obtained from matching the solutions determined
in the upper, channel, and edge regions.
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e Constants of the local solution at the leading edge (z = 1):

1
a; = EQa az = 17

1 _ T 1 T
agz;[A1+as(1,t)(1—ln—};>}, a4—;(A2—allnE).
o Constants of the local solution near the trailing edge (z = 0):
1 ™ 1
— + _ = ln + _ =
=1, b= [Bl + (auw>(1 In h)] b = —Bs.

e Application of the Kutta-Zhukovsky condition at the trailing edge (7 =
—z/h = 0) gives a relationship between b, , b3 and b, b7 :

_ Oby ., 0bF 1 _ m\ 0B,
b+ G =W+ = Bt @w) (1=l ) + T2,
e Boundary conditions for the equation (3.85):
At the leading edge,
h ™
ei(1,t) = = [Ag - (1 +In E)J

At the trailing edge (z = 0),

a‘Pl 01 _ h 0B, _ T

5~ =7 (TBi— T @),

As a result of matching, additional information was obtained that provides
uniqueness of the asymptotic solutions, determined in different regions of
the flow. Forming uniformly valid (additive) composite expressions for the
pressure coefficient on the upper p* and the lower p~ surfaces of the foil and
integrating these expressions, we obtain formulas for the lift and moment
coefficients

1
Cy =/0 (p~ —pt)dz,

where

Oz ot 0z ot
As a first example, consider heave oscillations of a flat plate, for which in-
stantaneous positions with respect to the ground are described by the equa-
tion

p+_2<3¢+ 3@*), p_:2<6<p‘ 3«)”)_

ys = h + h, sin kt,

whereas the vertical downwash on a plate

as = —ﬁk cos kt.

h
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The lift coefficient was obtained with an asymptotic error of the order of
O(h?) in the following form:

C, = hC} + hC}, (3.90)
24k h. 12(1+k?)2+2-k?
s, e n —_—
20+k%) =« h (14 k2)?

h{3k2(1 +k2) +2(1+Inm)[k2 + (2 + k2 (1 + k2)] — 3[(1 — k2)G11 + 2kGa] }

T 2(1 + k2)2

h
hCy = —

1

(3.91)
2k h 1(1-kA)2 1K)
60+ R Tx R (11 K2

h(2(1+1lnm) - 2207 (2 + K2) — K2[2kG1y + (K2 — 1)Gay]
{ ESL = 2L 69)

G11 = G1(1) =si(k) cosk + [2Ink — ci(k)] sin k;
Ga1 = Go(1) = si(k)sink — [2Ink — ci(k)] cos k.

.
hCH =

T

where

The solution obtained here is valid for a small clearance (h < 1) and a
large range of Strouhal numbers k < 1/h. Some calculated results based on
formulas (3.91) and (3.92) are presented in Figs. 3.14 and 3.15.

On the same graphs are plotted the numerical results of Efremov [104],
obtained by the discrete vortex method for A = 0.1. In a similar manner

04 ,
!
h i i
hCy |
;r
-0.8 :
12 .
i ‘ ,
16
0.0 04 0.8 1.2 16 20

Fig. 3.14. Aerodynamic derivative hC’;1 for a foil of infinite aspect ratio in
heave versus Strouhal number (solid lines: formula (3.91); dashed lines: colloca-
tion method).
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Fig. 3.15. Aerodynamic derivative hC;‘ for a foil of infinite aspect ratio in
heave versus Strouhal number (solid lines: formula (3.91); dashed lines: colloca-
tion method).

it is possible to derive formulas for the aerodynamic derivatives for pitch
oscillations around a point with abscissa a, and oscillations of a flap
around a hinge point. For briefness, the corresponding expressions for
aerodynamic coefficients will be written only for the extreme ground effect
(leading order):

e For pitch oscillations,

C, = 6C8 +4C?, (3.93)
where 5E2 4 9 — k? 1
12 4 5Kk2 + -

hC? = 2 1

V= are T sy TOMRR)

j 2 2+ k2 1

hCS = — O(hln<);
v = T3 TR FOMIng)

e For oscillations of the flap,

Cy = 6:C% + 4:C%, (3.94)
2b¢ — b? 4 k2be[1 — by + bZ(b — 4)/12] — k*b3(1 + 3b¢) /6 1
6 _ 2Uf — Uf f f T Y i f -
hCle = T +O(hln ),
i be(2bs — 2b2/3 — 1) + k2b2(1 — bs/2) 1
h09f — f f ).
" e +O(hln +)

The solution obtained above for the general case of harmonic perturbations
is valid both for oscillations of the foil as a solid body and for deformations
of the foil.
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3.6 Three-Dimensional Unsteady Linearized
Lifting Flows

For a wing of finite aspect ratio, all derivations can be carried out to the
order of O(h), which is practically enough to provide reliable information
for relative ground clearances up to 0.1-0.15. However, here the analysis will
be restricted to the least cumbersome (from the viewpoint of the algebra
involved) case of the extreme ground effect. Moreover, the concrete case of
an oscillating flat plate with a rectangular planform will be considered. Due
to linearization, the effects of camber can be superimposed.

Let a finite wing perform heave oscillations with the following description
of its instantaneous position with respect to the ground:

Ys = h + hy sin kt,

where h, is the amplitude of the heave and k = wC,/U, is the Strouhal
number. The downwash at points on the wing is given by the function
%5 %
T Oz ot
For a rectangular wing of aspect ratio A, the following boundary problem has
to be solved:

= —hok cos kt, hy = —.

62(101 82901 ho A

8z21 EQ_I = —%kcos kt, 0<z<1, |z|< X (3.95)
A
o (1, 2,8) = @1, (a: iE,t> =0; (3.96)
dp,, ¢

ox o 0 =70 (3.97)

For harmonic oscillations, the solution can be represented as
@1, = @11 cos kt + 1o sin k. (3.98)

Substituting (3.98) in (3.95), we obtain the following (time-independent)
problems for functions 17 and io:

o1 0%pn ho %12 0%p12 A
=0 = <r<l1 < Z.
FECRR ¥ R gtz =0 0sesl H<s
eu(Lt) =¢12(1,2) =0, oz, £A/2) = pra(z, £1/2) =0,
dp11 _ . Op12 . .
% kpi2; 9 ~kp11, x=0.

The solution of these problems was found in the form

h

o o0
h
P11 = —'ﬁk}:o Xin(z)cosqnz, @12 = _hg 320 Xon(z) cos gnz,
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where L ) L M1}
Xin = ain cosh g (z — 1) by coshgnz  4(— 3) ,
cosh gy, cosh gy, Agd
coshgn(z — 1) cosh gz ™
X n = U2n b n ’ n = —(2 1 ’
n = a2 cosh g, " cosh Gn 7 A (2n+1)
and the solution series coefficients are
4(—1)"k? tanh? ¢, tanh(g, /2) _ Gnai1n

A1n = — ) 2n

Ag2(q2 + k? tanh® g, ~ tanhgy’

4(-1)"
Agd

The lift coefficient for heave oscillations is obtained in the form

bln = bgn =0.

. .y ; 2 A/2 1 8(p
_ h h h _ = i1 .
C, =hC} +hey,  hC) =+ /—w/o (2t~ k) dedz;

. 9 A/2 1 a(P
h _ __“ 12
hCk = /\k2/m/o (522 + kony ) dedz,

where _ )
h = kh, cos kt, h = —k2h, sin kt.

C’;’ and C™ are the aerodynamic derivatives of the lift coefficient with respect

to the heave rate and heave acceleration:

16 = tanh g, tanh(g,/2)[1 + k? tanh ¢, tanh(g, /2)/q2]

hCh = -2
oo~ gi(1 + k2 tanh® ¢, /q2)
noh - 16 1 [tanh2 gn tanh(gn/2)(1 + k? tanh g, tanh(qn/2)/q2)
ooz o qa kqn(1 + k2 tanh? an/q2)
tanh g,
+ an q _ 1:|
n

. (3.99)

(3.100)

The results of calculating the aerodynamic coefficients for heave oscilla-
tions are presented in Figs. 3.16 and 3.17. Ten terms were retained in the
series. One does not have to retain many terms because the series under con-
sideration converges quickly. For not very large A, it is sufficient to leave just

one term, as in the steady-state case.

For the limiting case of an infinite aspect ratio, the above formulas yield

the two-dimensional results of Barrows and Widnall [136]:

1 —0.5k?
3(1+k2)

1+ 0.5k2

ho_
TrR o =

A—=oo, hCh=—
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Fig. 3.16. The aerodynamic derivative hC’{} for a rectangular wing in the extreme
ground effect versus the Strouhal number.

Fig. 3.17. The aerodynamic derivative thj for a rectangular wing in the extreme
ground effect versus the Strouhal number.

For small aspect ratios, the corresponding limiting formulas become

h_ N h 2 [1_ 222
hCp =%, WOy =—Z(1-—)).
The suction force coefficient of the wing performing heave oscillations can
be found with the help of formula (2.113) in the form

C, = CrR? + CMhh + CFR 2,
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where
.. 1 & 9 Q1n b b 2
chh — 2 ( — bt )
s 2h nzzo qn COSh qn 1n aln Qn bl
Cchh — 1 i Gna2n ( n tanh )
s h ~ k2 cosh ¢, \cosh g, In )

qna2n

s ~ o Z k4 cosh2

with coefficients a1, a2, and by, by, determined previously. In the limiting
cases of wings of very large and small aspect ratios, the above formulas can
be considerably simplified.

For A — oo,

o - LY g R 1
4h\1+k? 2h(1 4 k2)? 4h(1 + k2)2

For A — 0,

.. /\2 -
Ch =1 G =Cih=0

Note that in the case of heave, the suction force coefficient averaged through-
out the period of oscillation is not zero. This means that the wing experiences
a thrust. It is easy to see from the formulas for the suction force coefficient
that this thrust increases when the reference relative ground clearance h be-
comes smaller.

If the wing performs pitch oscillations, the instantaneous position of
the wing’s surface is described by the equation

Yy =h+ 0(z — a,) cos kt,

where 6, is the amplitude of pitch oscillations, and a, is the abscissa of the
center of rotation. The lift coefficient for pitch oscillations is obtained in the

form o
Cy = 8Cy +6Cy;

th = ; g Kaln ksz") tanhg, + (bln + ij") tanh ¢, tanh q?"
+ kQ;’l" (1- 2a0)] : (3.101)

X 1\n
hc? —)\i nzzo ( qi) [(azn + ks:ln) tanh g, + (bgn — k;:") tanh g, tanh %L

—2kb1n] , (3.102)
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Fig. 3.18. The aerodynamic
derivative th for a rectangular
wing in the extreme ground ef-
fect versus the Strouhal number,
Qo = 05

Fig. 8.19. The aerodynamic
derivative hC': for a rectangular
wing in the extreme ground ef-
fect versus the Strouhal number,
Qg = 0.5

where 6 = 6, cos kt,d = —6,k sin kt,

4(-1)" i
bin = )‘qg , bon = kbln(l - a0)7 qn = X(Zn + 1);
W1 — kW5 tanh qn/kn Wy + kW7 tanh qn/kn
A1n = y n — )
! 1+ k2 tanh® ¢, /q2 2 1+ k2 tanh® g, /g2
kzbln 1-— Qo kbln qn
W, = ™ (cosh - + ao), Wy = . (1 + tanh ¢, tanh ?)

Some results are presented in Figs. 3.18 and 3.19 that illustrate the behavior
of the aerodynamic coeflicients hC’g and hC’g versus the aspect ratio for
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different magnitudes of the Strouhal number. For A — oo, formulas (3.101)
and (3.102) yield results of the corresponding unsteady two-dimensional flow
problem. For A — 0, the following expressions are obtained:

hC? = %2[1+k2(1—2a0)(% - 5)] hC? = %2(%“—%).

™ ™



4. Nonlinear Flow Problems for a Lifting
System in the Extreme Ground Effect

4.1 A Curved Thick Foil
in a Two-Dimensional Ground Effect

First, we consider an example of a flow problem for a moderately curved
thin foil in the ground effect,! and then present some results for thick foils.
Essentially, as discussed at length in section 2, the procedure for the solution
uses the assumption that, for h < 1 and € = O(h), nonlinear effects exhibit
themselves mainly in the narrow channel under the foil. The foil and the
corresponding coordinate system are shown in Fig. 4.1.

y
U, ——
<= e A
1Y) Yy In
X

Coordinate System for a Foil in Ground Effect

7 7 AT SUr Sy ST Ay e

The Foil with Trailing Edge Touching the Ground

Fig. 4.1. A foil of moderate thickness and curvature near the ground.

! The term “moderately curved” implies that the distances of points on the foil
contour from the horizontal line y = h are of the order of O(h).

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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The complete problem for the perturbation velocity potential has the form

e 0%
527 T a7 =0 (4.1)
O _ cos(n, z) on the foil; (4.2)
on ’ ’ '
dp
— =0  on the ground; (4.3)
9y
Vo — 0 at infinity. (4.4)

The Kutta-Zhukovsky condition can be applied in the form of the require-
ment that the velocity (pressure) should be continuous across the trailing
edge.

The application of the general algorithm to the problem under consider-
ation gives the following:

o The upper flow region D,

We describe the local gap as ys = h{fs, where s = 75(£, x) is a function of the
order of O(1) and & = ¢/h, e = O(h) is the parameter of perturbation (e.g.,
maximum relative curvature, thickness, angle of pitch). We seek the upper
flow potential ¢, as

Pu = h(Pul + O(h2)a (45)
where ¢, satisfies the following problem:
62()0111 a2(10111
8.'1:2 + 6:[/2 - 0’ (.’E, y) E Dua (46)
%u _ g 4040, 0<z<l: (4.7)
6y ) 3 = = 4
6u1
B_y:()’ y=040, z>1 and z<O0; (4.8)
Vu, — 0, %+ y? = oco. (4.9)

The solution of the upper flow problem can be written in a straightforward
manner. The velocity potential at points on the upper surface of the foil is
defined by the expression

Q1 1,
pu = g In(l -2) - - [ (e, e - ) de. (4.10)
Asymptotic expansions of ¢,, near the edges are obtained in the following

form:
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o Near the leading edge,

Py, Qllnu%—lys()1/lnu~f—1/£——l—éz v—0, v=z-1,
, o oy 4€
AI = —ys(l) - [ys(g) - ys(l)]—7
0 1-¢
1
A== [ g -9
0
e Near the trailing edge,
<pul:1 (0 )ulnu+u£+% v —0, v=-—z, (4.11)
1
B=2 g0 [wo-so% 8= [ demnee @)
0

e The channel flow region D,

The nonlinearity of the ground effect exhibits itself mainly in D;. After
introduction of a stretched vertical coordinate § = y/h into the full problem,
we obtain the following channel flow problem with respect to the perturbation
potential ¢:

82<p1 1 (92(/71

2 TR =0; (4.13)
a(Pl 2 —r O iz N

o1 _

T 0, §=0. (4.15)

Note that in the upper flow limit, the influence of the condition at infinity is
lost.
We seek ¢ as an expansion

o1 =i + R +O(R?), (o}, ¢l™) = O(1), (4.16)

where )
1=y, +hin sy, + hoy. (4.17)

Substituting (4.16) in (4.13)-(4.15), we obtain
o1 = ¢ (€,7); (4.18)

d/_ d‘Pl —/
—gs— ] = <z < .
dz <ys dz ) Ys: Oszsl, (4.19)
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Le, for h < 1 and € = O(1), the flow under the foil is “almost” one-
dimensional® and is governed by the elementary equation (4.19). The solu-
tion of this equation can be derived in the form

Y11= + Cl 202, (4.20)

S
where the constants C; and Cy are found from the boundary conditions at
the ends of the interval z € [0, 1]. Because the function s can be represented
as

N
5s(8,7) =1+ _&fi(x), (4.21)
j=1
the function ¢} depends nonlinearly on &.
e The edge regions D,

Near the edges of the foil, we introduce isotropic stretching of coordinates

j=2 p=2
y_h7 v h‘

As previously discussed in a more general case, the distances of the points
on the foil from the horizontal line passing through the trailing edge are of
the order of O(h). So, with an asymptotic error of O(h?), the flow tangency
condition can be imposed on the lines §; = (1) (near the leading edge) and
¥s = ¥s(0) (near the trailing edge). This simplification enables us to formally
utilize the edge flow solutions obtained within the linear theory.

The leading edge flow velocity potential

Ple = a1hae + ash®ppe + ash?Gs(1)i + ash, (4.22)
where . 7 (0)3(1) e
- = VWY e 1y e
Poo = —for pre = T [0(fo— 1) = 32, (4.23)
U =v/ys(1), and fe is determined through the equation
70 =1-expfo+ fo (4.24)
Near the trailing edge,
2 2~ ~_ -V
Pte = b]h Pbe + b2h v+ b3h, V=V= E. (425)

The solution for gy is found from (4.23), substituting (1) and /(1) by 1
and 7,(0), respectively.

% To the order of Ofh, hIn(1/h)).
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Matching gives the following results:

d
a1 = % = 75(1) (‘f;, as = 1; (4.26)
1 » T )
as = ;{Ag - ys(l)[ln D 1} 8 (4.27)
1 _ T

ar == [Ag — a;5(1) In hys(l)]’ (4.28)

by =1 b—l[B 7. In— _ B
1=1 0=~ 1+ys(0)(1—nﬁ>}, b3+~—7r—. (4.29)

The boundary conditions to determine the constants of the solution (4.20)
were found in the form
al &p{ 1 1
1) =h(a - 2), 0) = h[=gi(0) - ba]. 30
i (1) = h{as = — e () = | ~9:(0) = by (4.30)
The lift coeflicient is obtained by integrating the composite expressions for
the pressure coefficients on the upper and the lower surfaces of the foil, i.e.,

¢,= [ 6 =p")as, (4.31)

where the upper and lower surface contributions to the pressure coefficients
are defined by the formulas

+_odet
pT = 2—d—— on the upper surface, (4.32)
T

and 4 4 ,
- _odY _(d¥v
p- =2 12 ( o ) on the lower surface. (4.33)
Neglecting the terms of the order O(h?) and higher, we arrive at the following
expression:

1
Cy=Ci+hln+Cy+hCs + O(h?),

where
Cy :1—/0 53%3; (4.34)
Co = Hﬂs(l) -1 er’;(O)/O1 ;/7(1(%] (4.35)
Cy = %{[ys(l) Y [gs(l) +In g:(rl)] + [ mr - B /01 %:25 +By— Ao},

Note that parameter @)1, entering By, is defined by the expression

Q1 =2[5(1) - 1].
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We consider some examples:
e Flat plate (, = 1+ 8z,0 = §/h, 6 — pitch angle)
0 hé 6) 1 -
+g_(2+ ) 2h (n ™ 1+ln7r)‘

In=+ 229(n = X
nyt 1+0 " 1+0

Cy:1+§ T (1+6) h = (4.36)

For vanishing § — 0, formula (4.36) yields the linear result of Widnall and
Barrows [40]; see formula (3.42). For the extreme ground effect (first term),

(4.37)

It follows from (4.37) that
for 6§50, C,~6; for 6—o00, C,=x~1.

These results indicate that when both incidence and ground clearance
tend to zero, permutation of the limits (6/h — 0 or 8/h — o0) yields different
results.

The limit §/h — oo implies that the trailing edge of the foil touches the
ground before the pitch angle becomes equal to zero. It can be concluded
from observation of (4.37) that, if one measures the ground clearance from
the leading rather than the trailing edge, i.e.,

hie = h+ 6, (4.38)

then 5 9 o
C == =
Y140 h+6 R’
that is, the lift coefficient of a flat plate found from the nonlinear solution
becomes linear in .2 This conclusion holds exactly to the lowest order.
Figure 4.2 shows some results, obtained by using formula (4.36), in com-
parison with calculated data of Grebeshov et al. [137]. B
_ The next example is related to a parabolic foil, for which g; =146z +
4. z(1 — z),0c = 6/h,0 = 8/h,

0y =1 L[LEBLLH W0k G40 tae 7)) (g

qC2 1+46 qc g—4gc+Qe

(4.39)

e = \/(§+ 46.)? + 164,

% Panchenkov (1974) was the first to notice this feature of a nonlinear solution for
a flat plate.
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1.2

1.0

0.8 R
\ NN

0.6 N -
\‘25 \\“\Q,.\

0.4 N =
i'\‘ s SN

o 1o \'&-‘_

]
0.0: -
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
h
Fig. 4.2. A comparison of the asymptotic theory (solid lines) with the calculated

data of [137] (method of discrete vortices: dashed lines) for a flat plate of infinite
aspect ratio.

_ T 1 — _ — ~
Qp=%P0n1+é—fiﬁ)+4&+{w+4&ﬂnwﬁ4&Kl—Cﬂ}
For § — 0 and J, — 0 we obtain the linear result (3.43).

Another example is a flat plate with a flap at the trailing edge. For
this case, 7s = 14+ (0 4+ 0;) z, 0 < = < by* and g5 = 1 + 6¢bg + 0z, by < x < 1,
where b; is the chord of the flap and & represents the flap deflection angle,
6 = 6¢/h, B ~

1+ bf(0 + bf(Sf)

Cl:l_(1+é+&mny+m@+3m; (441)

9 _ .
Cy = ;[6bf + 8+ (0+)(1 — Cy;

2(,= _ e 1
C3 = —q(osbs + 0)(1 - S S—
3 F{(ff+ )(n1+6fbf+0 1+0+6fbf)

5:[(1 = b) In(L — br) + by In by]
+[Sf(lnbf — b + 1) + (é—l— Sf)lnﬂ'](]. — Cl)}

If § = 0 and §; — 0, expression (4.41) yields the corresponding linear
results; see formula (3.47). Some of the calculated results for the lift force co-
efficient of a moderately curved foil-in-ground effect are presented in Figs. 4.3
and 4.4.

4 Note that in this formulation the ground clearance is measured from the trailing
edge of the flap.
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Cy
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Fig. 4.3. The lift coefficient of a parabolic foil-in-ground effect versus pitch angle
and relative curvature, h = 0.1.
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Fig. 4.4. The lift coefficient of a flat foil with a flap in the ground effect versus
pitch angle and flap deflection angle, h = 0.05, by = 0.3.

In what follows, some results are presented for a moderately thick foil®
in a steady ground effect. For a foil with maximum relative thickness d;, the
ordinates of the upper and lower surfaces can be defined as

5 As previously, this terminology implies that the maximum relative thickness is
of the order of the relative ground clearance h. This assumption is practical and
allows analyzing the influence of the thickness up to 10-15% of the chord.
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Fig. 4.5. The influence of thickness on the lift coefficient of a foil with a flat lower
surface and a parabolic thickness distribution, h = 0.05.

0.05

w

6

yu(z) =h+61:+6tfu(z)a yl(m) =h+01:_‘5tfl(z),

where 6 is the angle of pitch, and functions f,(z) and fi(z) describe the
positions of the upper and lower surfaces of the foil with respect to the chord
line.

The lift coefficient is found in the form

Cy=Ci+ C’zhln% + Csh, (4.42)
where )
dz
Ci=1- / -, g =1y/h;

Ca = Zlga(1) = 1+ 7L(0)(1 - C)l

Cs = %{Bz—A2+a1 [1-ai+in yL(l)] +(1-Cy,)[Gu(0)(In 7= 1)+5{(0)~By] };
1 —_
a1=%, By — Ay = / Ju(§)In lggdf,
)
By = - - 7,00 / [7.(6) 5-

For the limiting case of zero clearance (h = 0), one can deduce from (4.42)
the formula that corresponds to the situation when the trailing edge of the
foil slides along a flat ground surface:
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1.5
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1.1
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90
Fig. 4.6. A comparison of the asymptotic theory (solid line: formula (4.44); dashed
line: formula (4.44a)) with the exact solution [28] (circles) for the case when the
trailing edge of a flat plate touches the ground.

2.« 2 [, 1-¢

= —Iln—-+ - In —=d¢€. 4.43

Cy 1+ﬂ.]‘n9+ﬂ_/0yu(€)n 5 E ( )

In the particular case of a flat plate for which g, =51 =1+ 0z, = 6/h,
the third term of (4.43), vanishes, and the formula is reduced to

20, w

Cy=1+=Ing. (4.44)

Formula (4.44) is in satisfactory agreement with the exact theory of Tomotika

and Imai [27] and Détwyler [28] up to angles of pitch of 5-6°. We can extend

the range of validity of (4.44) by constructing an asymptotically equivalent

expression
20w 1

C,=1+—In—-~ ,

v + g1 201n(7/0) /7
which is in agreement with the exact theory up to angles 12-15°.
Consider a moderately thick foil with a flat lower surface and the upper

surface in the form of a parabolic arc. In this case 71 =1+ Oz, Gy =1+0z+
46,x(1 — z), 8 = 0y/h, where &, is the maximum relative thickness. The lift

coefficient is found in the form

(4.44a)

SSth =~ T
Cy = Copue + 25 (0 +In T - 1), (4.45)
where Cy_... is the lift coefficient of a flat plate, as given by (4.36). If the

trailing edge of the foil touches the ground, # = 0o, and it follows from (4.45)
that
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20 ™ 85t
C,=14+—In—-+ —.
Y +7r1n€+7r

4.2 A One-Dimensional Flow Model for a Flying Wing
with Endplates

The general formulation of the flow problem for a wing in close proximity
to the ground, presented in section 2, covers a wide range of aerodynamic
modes of the operation of ground-effect machines for h <« 1.

In what follows, attention will be attached to the particular case of a
flying wing with endplates in the extreme ground effect, when relative gaps
under the tips of the endplates are small.

In this case, the leakage of air from under the lifting surface is hampered,
resulting in a considerable improvement in performance. Whereas for h — 0,
the description of the flow under the wing is independent of the vertical
coordinate (see section 2), for vanishing gaps between the endplates and the
ground, the channel flow becomes almost one-dimensional. Accounting for the
fact that the upper flow contribution can be shown to be of the order of O(h),
one can conclude that for a lifting system in the extreme ground effect
and small clearances under the tips of the endplates, the dominant
nature of the flow is one-dimensional.

A simple one-dimensional model of channel flow with leakage was first
introduced by Gallington et al. and will be called the G-theory herein. It was
assumed therein that the flow parameters are independent of the chordwise
coordinate and that the leaking flow escapes into the external region of at-
mospheric pressure. To account for the intensive generation of vortex sheets
emanating from wing’s side edges, the G-theory implies that separation oc-
curs at the tips of the endplates. Though simple, the G-theory of channel flow
agrees qualitatively with experiments and provides useful similarity criteria,
convenient from the viewpoint of processing test data and designing vehicles.
As pointed out by Ando [62], Gallington’s flow model does not exhibit the in-
finite (logarithmic) increase of velocity at the gap encountered in other flow
models. However, due to the assumption that the flow parameters (veloc-
ity, pressure) are not dependent on the chordwise coordinate, the G-theory
cannot be used to predict the moments and characteristics of longitudinal
stability. Secondly, the model under discussion does not account for edge ef-
fects, thus preventing determination of such characteristics as, for example,
the suction force at the leading edge.

In what follows, an extended one-dimensional flow model is introduced
for a wing with small gaps under the endplates; see Rozhdestvensky [63].
This new model accounts for chordwise variation of the channel flow velocity
and incorporates unsteady effects. It can be used for evaluating the efficiency
and stability of a simple flying wing configuration in the extreme ground
effect. It also produces formulas, useful for processing of experimental data,
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identification of parameters of the lifting system, and eventually, can serve
as a tool of conceptual and preliminary design.

Below, follows a derivation of the governing equation for unsteady
flow past a lifting surface with small gaps between the tips of the endplates
and the ground.

We recall a general limiting problem, formulated earlier for the velocity
potential of the absolute motion of a fluid when A — 0; see paragraph 2.7.
This problem is governed by the quasi-harmonic equation

'a% [h*(a:, z,t)gii] + 5‘% [h*(m, 2, t)%‘:i] - —gt-h*(z, 2,t), (4.46)
which can be obtained from (2.115) by replacing the absolute potential ¢,
with the potential of relative motion ¢ and h* = h*/h, with h* = h*(z, z,t).
As previously, the latter quantity represents the local clearance under the
wing. All functions and parameters are rendered nondimensional by using
the root chord C, and a characteristic velocity U,.

Restricting the analysis to a rectangular wing (see Fig. 4.7), we average
equation (4.46) spanwise by using the integral operator

1 A2
L::X/ { }dZ,

—~)/2

where A is the aspect ratio of the wing.
Assume additionally that the clearance distribution function depends only
on the longitudinal coordinate and time, i.e., h* = h*(z,t). Then

%{h*(x,t)a—%[—; _1//22 qb(z,z,t)dz}}+—i—h*(z,t)[%(z,%,t)—g%(x,—%,t)]
=_.‘%[% /_ 1//22 h*(x,t)dz] (4.47)

Fig. 4.7. A rectangular wing
with endplates in the extreme
ground effect.
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and, introducing the spanwise averaged potential ¢A$, we obtain

;%[h*(z, )g¢}+ —h*(z, )[g‘f( )\t)—g—q:(m,-—%,t)] Oh*(z,t)

t
(4.48)

Equation (4.48) includes a function 0¢(x,+A/2,t)/0z that represents the
transversal velocity component under the wing in the close vicinity of the

endplate. For a practical case of symmetrical leakage, when 8¢/0z(x, ) /2) =
—0¢/0z(z,—A/2), we obtain from (4.48)

ar,, 041  2h*(x,t) B¢, A, ORh*(z,t)
5 @05 5 ) =
We relate the velocity vep of transversal leakage to the spanwise averaged

(4.49)

longitudinal velocity 8¢ /0z(z,t), assuming that the perturbed pressure out-
side of the endplate is equal to zero. Let dep(x,t) represent an effective gap
under the endplate (nondimensionalized with respect to the chord). Then the
velocity vep of the leakage is given by

Vep(T,t) = h*(m,t)%(x,t, %)/6,3},(1;,75), (4.50)

and the corresponding dynamic condition just outside of the endplate takes
the form

5.0) = U20) — 2 wt) - [ L) 22w =0, (asy

where U(t) is a function, describing the time variation of the speed of the
vehicle cruising. It follows from (4.50) and (4.51) that

_ 561)(31j )

T hr(zt)

where p(z,t) is the span-averaged pressure coefficient under the wing. Taking
into account (4.51), equation (4.49) takes the form

b (@) A Oh*(z,
% h*(z,t)g%(:c,t)] +ﬁ%\(£i)51gnp(x,t)\/|p(x,t) = ——%t). (4.53)

Equation (4.53) is a one-dimensional description of the flow in a
highly contracted channel under the lifting surface with endplates
that accounts for the lateral leakage of air through the gaps under
the endplates. Essentially, such a description corresponds to a small ground
clearance and small (with respect to the characteristic height h above the

sign p(z, t)/|p(z, t)], (4.52)
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ground) gaps under the tips of the endplates. Note that the plus in front of
the square root term in (4.53) corresponds to the outward leakage, whereas
the minus corresponds to the inward leakage. As accounted for by the signum
function in (4.53), the direction of leakage depends on whether at a given
moment and for a given station x along the chord, the pressure coefficient
under the wing is positive (pressure) or negative (suction). In the former
case, the leaking flow is directed from under the wing into the external area,
whereas in the latter case, it is directed inward.

Note that the definition of the effective gap dep under endplate depends
on the choice of the flow model of the leakage from under the endplate (or
flap).6

Two boundary conditions necessary to solve equation (4.53) ought to be
determined by smooth blending (asymptotic matching) of the channel flow
with local flows near the leading and trailing edges. It has been shown in
section 2 by using local flow solutions that for the extreme ground effect case
(h < 1), an appropriate boundary condition at = 1 (leading edge), has the

form R
$(1,) = 0. (4.54)

From the physical viewpoint condition (4.54) signifies that in the extreme
ground effect, the vorticity in the channel under the wing is accumulated
(due to the development of the boundary layer), counting from the leading
edge.

The boundary condition at z = 0 can be obtained from the requirement
of pressure continuity at the trailing edge and by using asymptotic estimates
for h — 0 of the pressure coefficient above the wing p = O(h) and in the
channel beneath the wing p = O(1). Introducing an effective gap 8¢(t) under
the trailing edge, we can write the corresponding dynamic condition as

2 2 99
p(z,1) = U3(t) — v3(6) - 250(0,2) =, (4.55)
where v¢(t) is the velocity of the flow leaking out from under the trailing
edge. This velocity is related to that of the channel flow in the immediate
proximity of the trailing edge by the flow continuity relationship

%(0, t) = %f%vf(t), (4.56)

wherefrom taking into account (4.55), we deduce the second boundary con-
dition for equation (4.53) at z = 0:

o - o

— = =6 |U%(t) —2—=]|. .

8 It may, for example, incorporate the factor of the contraction of the flow leaking
from under the endplate.
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In addition to boundary conditions (4.54) and (4.57), an approprate initial
condition should be imposed. For example,
04
b%(x, 0) = o(z). (4.58)
The lift and moment (with respect to the trailing edge) coeflicients can
be calculated by using the formulas

1 1
Cy(t) = / p(z,t)dz, m, = / zp(z,t) dz,
0 0
where the pressure coefficient is given by the expression

Bz, t) = U(t) — [g—j(x,t)]z _ 2%%@,0.

On the basis of the solution of a one-dimensional unsteady nonlinear flow
problem past a rectangular wing with endplates in the extreme ground effect,
we can derive the induced drag coefficient. As previously in the general
case, the induced drag is defined as the difference between the pressure drag
in inviscid flow and the suction force acting upon the leading edge. Hence,
the corresponding coefficient can be written as

Ca:i = Ca:p + Csv

where C; is a drag coefficient due to the action of the normal aerodynamic
loading in the longitudinal direction (ideal pressure drag) and C; is the suc-
tion force coefficient. To obtain C,,, we project the spanwise averaged pres-
sure forces, obtained within the present theory, onto the longitudinal direc-
tion. For a small rear flap, we can determine separate contributions of the
wing C,,, and of the flap C, , to the pressure drag of the lifting system.
Accounting for the coordinate system adopted in this book, one can derive
the following expression for Cy_:

Tpw

1 1 _
Ce,,, (t) = / p(z,t) cos(n,z)dz = —ho/ ﬁ(z,t)%ﬂdm, (4.59)
0 0

T

where g1 = y1/ho, y1 = yi1(,t) are the ordinates of the points on the lower sur-
face of the wing, measured from the unperturbed position of the underlying
surface. In the case of a flat wing, it follows from (4.59) that C,_, = —C,6.

The ideal pressure drag of the rear flap can be obtained by using the
solution of Gurevich [138] for the drag of a wedge with streamline separation.
Renormalizing the expression of the pressure drag coefficient obtained by
Gurevich with respect to the velocity on the (jet) free boundary and the
area, of the wing planform, we obtain a simple formula for the pressure drag



100 4. Nonlinear Flow Problems

coefficient of a rigid flap in separated flow 7
Ce,, (t) = ho[l — 5¢(2)]?, ¢ = 0t /h. (4.60)

Now, we can turn to the derivation of the coefficient of the suction force act-
ing upon the leading edge. This force presents an integrated effect of suction,
occurring due to the large curvature of streamlines in the vicinity of the lead-
ing edge. In principle, the suction force contribution should be determined by
integrating the projection of the local suction force over the contour of the
leading edge, but it is rather difficult to single out this force numerically. At
the same time, calculations show that, as the foil becomes thinner, the local
suction increases whereas the radius of the leading edge decreases. These two
factors vary so that their product remains finite and almost constant up to
the limiting case of zero foil thickness. That is why it is often assumed that
the theoretical value of the suction force determined at the leading edge of
zero thickness can be utilized for practical rounded edges with a finite radius
of curvature. By using formula (2.39), the asymptotics of the flow velocity
of the relative motion at the points of the leading edge of the wing in the
extreme ground effect can be written as

a¢1e _ 8()0&9 2
o = —U(t) + hoay Z12% + O(hY), (4.61)

where @, is determined by formula (2.42). Matching (4.61) with the channel
flow velocity ©(z,t) and accounting for the asymptotics of (2.47) leads to the
following expression for a;:

ay = h*(1,1)[U(t) +9(1,t)). (4.62)

Substituting (4.62) in formula (2.113) to determine the suction force on a
wing in the extreme ground effect, we obtain

Cs =Ny “al(t)z
h*(1,¢)

= hoh*(1,)[U(t) + (1, )% (4.63)
Eventually, the induced drag coefficient can be written as

1 _
- 0 -
Cai(t) = ho{B* (1, )[1 + (1, 1)) - / e, 20 dr — [1 (o)} (460
0
Examples of calculation of the induced drag coefficient for particular cases
will be presented later.
Thus, a one-dimensional nonlinear formulation has been found for the
aerodynamics of the longitudinal motion of a rectangular flying wing with

7 The assumption of the ideal fluid separation scheme on the flap is adequate for the
power augmentation mode at rest. It can also be considered practically adequate
for the cruise mode in a pronounced ground effect due to the domination of the
channel flow contribution.
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endplates in the extreme ground effect. This formulation includes equation
(4.53), boundary conditions (4.54) and (4.57), and initial condition (4.58).
This mathematical model accounts for unsteady effects, which can be caused
by motions of the wing as a rigid or deformable lifting body, the action of
control devices and wind-wave perturbations. Though sufficiently simple, it
retains the inherent nonlinearity of the aerodynamics of the extreme ground
effect with respect to the geometry and kinematics of the lifting system. The
common sense basis of simplifying the flow model consists of the observation
that when the endplate tip clearances are very small, the channel flow, already
"squeezed ” vertically for o — 0, becomes almost one-dimensional.

This formulation can be used to evaluate the aerodynamic characteristics
and preliminary design of a flying wing configuration for both cruise and
power augmentation performance. Note that equation (4.53) describes the
main contribution to the aerodynamics of the wing-in-ground-effect vehicle,
namely, that of the channel under the main lifting surface. The contribution
of the upper surface of the wing can be added, using the general asymptotic
approach presented in section 2. Alternatively, due to experimental evidence
that, in close proximity to the ground, the upper surface pressure distribution
varies insignificantly with variation of h, the upper surface characteristics can
be, with a certain degree of approximation, borrowed from the unbounded
fluid case.

4.3 Steady-State Solutions for Flow
Past a Wing with Endplates

In the steady flow case, the one-dimensional formulation for a wing with
endplates in the extreme ground effect can be simplified. We rewrite equation
(4.53) for steady flow as

ddx (A (@)o(2)] + Q—%P}Ei) sign[L — 9%(2)] /]I — 2(2)| =0 (4.65)

or, in a more compact form,

[h* (z)] + /\}E sign p(z)/|p(z)| =0, (4.66)

where 9(z) = d(jg/d:c is the spanwise averaged flow velocity under the wing,
h*(z) = h*/h, h*(z) is the chordwise distribution of the clearance between
the wing and the ground, h = h*(0) is the relative ground clearance at the
trailing edge, and d.p and 5 are the effective gaps under the endplates and
rear flap. Equation (4.65) is an ordinary differential equation of the first order
with respect to the function 9(z). The boundary condition follows from (4.57)
for U(t) =1 and takes the form
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5(0) = —8, 3 = o¢/h. (4.67)

Equation (4.66) with boundary condition (4.67) can be easily solved numer-
ically. In particular cases discussed later, it can be integrated analytically.
Writing dep as dep(z) = 02, A(x), where g, is the effective gap under the
endplate at the trailing edge of the wing and function A(z) = O(1) charac-
terizes the form of distribution of local gap in longitudinal direction, we can
rewrite equation (4.65) in the form

d

— [ﬁ(z)ﬁ(x)] +GA(z)sign[l — 5(z)Y/1 - 92(z)] =0, (4.68)

which incorporates a similarity criterion G,

289,

G= S

(4.69)

This criterion, which can be called a generalized gap parameter, reflects
the combined influence on the leakage from under the wing of three important
quantities, namely, the gap under the tips of endplates dg,,, the aspect ratio of
the wing A and the characteristic relative ground clearance h. It follows from
(4.68) and (4.69) that within the mathematical model under consideration,
the aerodynamics of the wing with endplates depends on G, rather than on
deps A, and h separately.

For G = 0, the flow under the wing in the extreme ground effect can be
viewed as almost one-dimensional. Note that function h*(z) in a sufficiently

general case can be presented in the form
B B N
Rr(z) =1+0z+ > & fi(2), (4.70)
j=1

where § = 8/h, 8 is the angle of pitch, e; = O(h) and f;(z) = O(1) are pa-
rameters and functions characterizing deformation of the lower surface of the
wing, £ = £;/h = O(1), § = O(1), and &; = O(1). For example, if the lower
surface of the wing has the form of a parabolic arc with a relative curvature
of 4, the corresponding contribution to the sum in formula (4.70) is equal to
456.2(1 — x), where &. = d./h. It follows from (4.68)—(4.70) that the channel
flow velocity 9(z) and, consequently, the other aerodynamic characteristics
(pressure coefficient, forces, and moment) should depend upon G and the set
of parameters ,6,;, (j =1,...,N).

The lift and moment coefficients, as well as the abscissa of the center of
pressure, are represented by the expressions

c, = /0 by da = /0 1[1 ~9%(2)) d, (4.71)
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m, = /01 zp(z)dr = /01 T [1 - ﬁz(x)} dz, (4.72)

m

T, = 5; (4.73)

As discussed previously, the leakage of the flow from under the endplates

leads to generation of vorticity and, consequently, induced drag. For a steady
lifting flow in the extreme ground effect, it follows from (4.64) that

1 _
Cy, = h[ﬁ*(1)[1 + o) - / 1- a2)%yx1 r— (1~ &)2] L (4T9)
0

We consider some analytical solutions of the main equation for
steady flow. In some practically interesting cases, equation (4.65) with con-
dition (4.67) can be integrated in closed form.

Let the effective gap under endplates dep, be constant chordwise. Note that,
if one defines the effective gap as a geometric gap under the endplate, the
above assumption implies chordwise uniformity of the latter. If one introduces
the outflow contraction model, the effective gap would depend on the ratio
of the geometric gap to the local ground clearance h*(z), and, consequently,
would vary chordwise even when the geometric gap is constant. However, for
small magnitudes of the relative geometric gap, the effective (contracted) gap
can be considered practically constant for a given setting of the endplate (or
flap) with respect to the ground plane. We set A = 1 in equation (4.68), so
that 0., () = d,, = const.

We consider some closed form results for the flow with leakage.
We turn to consideration of the simplest case of a flat rectangular wing at
zero pitch angle § = 0 with endplates and a rear flap. In this case the lift
of the wing is due to deflection of the flap (s # 0). Because both the local
ground clearance and the distance from the tips of endplates to the ground
are constant chordwise (h*(z) = 1 and Jep(z) = dop), equation (4.68) takes

the form &
i’gl + GV —9(z)? = 0. (4.75)

Note that both signum function in front of the square root and the absolute
value sign under the square root were omitted because in this case one expects
no suction under the wing, so that o(z) < 1.
The integral of (4.75), complying with boundary condition (4.67), is given
by
d(z) = —sin (Gz + arcsin ). (4.76)

The distribution of the pressure coefficient p(z) along the channel under the
wing can be obtained by the formula

p(z) =1 — 9(2)? = cos?(Gz + arcsin d). (4.77)
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The lift and moment (with respect to the trailing edge) are given by the
expressions

1
Cy= / plz)dz = 1 + L cos(G + 2 arcsin §¢) sin G, (4.78)
A 572D

1
1 —-
m, = /0 zp(z)dz = Z{1 + % sin(2G + 2 arcsin )

1 - .
+% [cos(QG' + 2 arcsin 0¢) — cos(2 arcsin &)} } (4.79)
With reference to (4.74), the induced drag coefficient may be found as
: S F 12 512 20ep
Co, = h{[l _ sin(G + aresin &) — (1 — &) } G=52. (480)

As seen from these formulas, in the example under consideration the aero-
dynamic characteristics of the wing depend on only two parameters, namely
G and &. At the same time, the original problem contained four parameters,
including the relative ground clearance h, the aspect ratio A, the effective
gap under the endplates 63, and the effective gap under the flap d¢. Thus, in
this example, the use of similarity criteria reduces the number of independent
parameters of the problem twofold! Generally, for a uniform distribution of
the gap under the endplates along the chord, the number of parameters that
characterize the flow problem for h — 0 will be n — 2, where n is the initial
number of parameters.

The lift coefficient C, and the abscissa of the center of pressure z, =
m,/C, versus the 51m11ar1ty criteria 0y and G = 282,/Ah are plotted in
Figs. 4.8 and 4.9. Plotted in Fig. 4.10 against the similarity parameter G
for different flap settings is the induced drag coefficient C;, related to h.

Another integrable case is that of a flat plate at pitch angle 0 with
endplates at a constant gap Jep(2) = dep and a short rear flap. In this case,
the ground clearance function h*(z) = 1 + 0z, § = 6/h, and equation (4. 68)

yields
= [(1+9m )] +G/I= ()2 =0. (4.81)
Rewriting (4.81) as
(1+6x) gg +0i(z) + G /1 - ()2 =0, (4.82)

we can separate the variables in the following way:
do . dz
Po+GV1i—0o2  1+0z

(4.83)
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Fig. 4.8. The lift coefficient of a wing with endplates at zero pitch angle versus
the trailing edge flap setting for different magnitudes of similarity criterion G =

262,/ Ah.
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Fig. 4.9. The abscissa of the center of pressure of a wing with endplates at zero
pitch angle versus the trailing edge flap setting for different magnitudes of similarity
criterion G = 263, /Ah.

Introducing the alternative similarity parameter Gy,

G 28,
Go=7 =7 (4.84)

we obtain from (4.84)
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Fig. 4.10. The induced drag coefficient of a wing with endplates at zero pitch angle
versus the endplate similarity criterion G = 28g,/Ah and the flap settings.

do _ fdx
b+ Gov/1 — 02 1+6z
It follows from the preceding calculations that the solution of the basic
equation is dependent on a pair of parameters, in particular, G = 24,/Ah
and @ = 6/h, or on an alternative pair of parameters Gy = 263,/20 and 6. It
is worthwhile mentioning that parameter Gy, discussed herein, is identical to
parameter H, introduced by Gallington et al. [61]. The integral of equation

(4.85) can be obtained in closed form. The result in the form of an implicit
relationship £ = z(?) can be written as

(4.85)

—Gyg arcsin?® — In | sin(arcsin © 4 arctan G’o)|) 1

0z =C exp( 1+C

(4.86)

Applying the boundary condition (4.67), we can determine the constant
C* as

—Gp arcsin 8¢ + In | sin(— arcsin 8¢ + arctan Go)|
cr = [ ] . 87
P 1+ G2 (4.87)
So, finally,
~ —Go(arcsind + arcsin 0¢) — L(9, G, d¢)
fz = exp[ e } -1, (4.88)
where

sin(arcsin 9 + arctan Gg)

=In

v+ Gy 1—v2'

6 — Goy/1 — 67

L(5,Go,8) =In

sin(— arcsin & + arctan Go)
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Fig. 4.11. The lift coefficient of a wing with endplates versus pitch angle for
different magnitudes of similarity criterion G = 25&, /Ah and flap settings.

Fig. 4.12. The lift and drag coeflicients of a rectangular wing with endplates versus
parameter Gy = 20,/ \0: theory and experiment (A = 0.5; circles: experiment [61];
solid lines: present theory; dashed lines: G-theory).

The structure of (4.88) shows that in the example under discussion the
solution (span-averaged velgcity and pressure coefficient) depends on a new
independent variable £; = 6z and the similarity criteria G and &, i.e.,

ﬁ:ﬁ(xlaGO)Sf)7 ﬁ:ﬁ(xlaGGagf)'
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Fig. 4.13. The lift-to-drag ratio of rectangular wings with endplates: theory and
experiment (empty circles: experiment for A = 2/3 [61]; black circles: experiment
for A = 0.5 [61]; solid lines: present theory; dashed lines: G-theory).

The coefficients of lift, longitudinal moment (with respect to the trailing
edge) and the abscissa of the center of pressure are calculated by the formulas
(4.71)-(4.73).

The flow model, described by equation (4.82) with boundary condition
(4.67), contains as a particular case the previously mentioned G-theory, pro-
posed by Gallington et al. [61]. The latter theory, based on elementary conti-
nuity considerations, implies that the pressure does not vary along the chord
of the wing.

To retrieve the governing equation of the G-theory from equation (4.82),
suppose that a solution of this equation exists, for which the span-averaged
velocity (pressure) is constant along the chord, i.e., #(z) = const. = 4. Then,
for a flat rectangular wing with a constant gap under the tips of the endplates
and pitch angle 8, equation (4.82) can be rewritten as

202
94+ Gov/1 —192 = 0, Gy = )\v;p' (4.89)

Equation (4.89) can be easily solved with respect to ¢ to give

b Co p=1— 12 1 C /1 5d L (490
N r——1 = — = —=, = r= —m—-=. .
vites b e ANRC A S e

It follows from (4.90) that the both pressure and lift coefficients in the G-
theory depend only on parameter Gy, i.e., are defined in terms of a certain
combination of the gap under the endplates, the aspect ratio and the adjusted
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pitch angle of the wing. On the other hand, (4.89) provides a simple tool for
designing a ram wing vehicle for a given pressure in the channel. At the
same time, the assumption of constant ¢ together with prescribed boundary
condition (4.67) necessitates the following equalities:

. 2. (%2 = _ &  Go p
p—l—éf“l (h)’ 5f—h—m—\/1—p,

indicating that the rear flap should be “tuned up” to ensure the prescribed
pressure in dynamic air cushion. These relationships show, in particular, that
an increase in the design ground clearance for the same magnitude of loading
should be followed by an opening of the gap.

The foregoing approach to determining the aerodynamic characteristics of
rectangular wings with endplates in the extreme ground effect remains valid
for foils with local suction. One example of such a foil is illustrated in
Fig. 4.14, which shows the lift coefficient versus the generalized gap param-
eter G for a foil with a parabolic lower surface and zero pitch angle. Other
examples of calculation of the aerodynamic parameters of foils with local suc-
tion are discussed in the next section in connection with the problem of the
static stability of longitudinal motion.

Now, we turn to the case when the generalized gap parameter is
equal to zero, i.e., G = 0. Note that this can occur either for zero clearance
under the tips of the endplates d., = 1 or when the wing has an infinite aspect
ratio (A — o). For 6 = 0, the latter case corresponds to the description of
the order of O(1) of the two-dimensional flow problem for a foil moving close
to the ground, as discussed in paragraph 4.1.

0.0 -
c, 8e=01] |
— L
-0.2 l ol // L
} =
Sl O =t Il e
04 Ve 7
/0 3 /
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5.5/0.4
08 ¢
10
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G :.2.52’;
rh

Fig. 4.14. The lift coefficient of a wing with endplates and a symmetrical parabolic
thickness distribution versus the similarity parameter G = 282, /Ah.
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In this case, the equations (4.65) and (4.67) can be rewritten as

L E@i@)] =0, 9(0) = (4.91)

The solution of problem (4.90) is elementary,
& R & 12
3 = e m— = 1 hd e .

The lift and moment coefficients are calculated by the formulas

1 1
= dz 1 - rdx m
C,=1-6 [ ——— z=——52/ — =2, (4.92
=) RmE ™% ey e, %)

Here are some simple analytical expressions for C, and m, for some par-
ticular cases:

e Flat plate with a rigid flap at zero pitch:
52 1 52 1
Cy:].—éf, mz:§(1—5f), .’L'p=§. (493)

e Flat plate without a flap & = 1 at a given incidence 6:

E

C, = - 4.94
Yy 1 9’ ( )

+

1 1

M=t ®a1g)
Note that for small perturbations these formulas yield corresponding ex-
pressions of the linear theory, whereas for moderate and large perturba-
tions, they reflect the inherent nonlinearity of the aerodynamics of the
extreme ground effect.
o Flat plate at pitch angle § with a rigid flap

[é —(1+8)In(1 + é)]. (4.95)

o, —1- 0 m~l+—5f2—{é—(1+é)l(1+0_)] (4.96)
YU 148 20 02(1+0) ! S

Employing formula (4.63), it is easy to find the suction force coefficient as

_ 8 \2
Co=h(1+0)(1- —=) . 4.97
L= h1+8)(1- 1 (4.7
Because for G = 0 (no gap under the endplates or an infinite aspect ratio)
there is no lateral leakage, the overall drag force acting on the wing in
potential flow should be zero. Taking into consideration the magnitude of
the pressure drag coefficient for this case,
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Cpy = —Cyf +Coy, = —h §<1 - 1‘?5) —h(1 - 52, (4.98)
we obtain the following result:
C, = Ci, +C
= —hf(1 - o ) — h(1=3)2 +h(1+6)(1 - b _)2=0, (4.99)
1+6 1+6

which confirms the correctness of the determination of the suction force
coefficient.

Flat plate with incidence and a jet flap at the trailing edge:

In this case, the corresponding effective gap under the jet flap entering the
problem can be determined from local analysis of the flow near the jet flap
(see section 6) as

0t =Yjoo=1—7 20_;1’ (4.100)
where Cj is a coeflicient of the total momentum of the jet and 7 is the
angle of blowing.

Substituting & with &; in expressions (4.96), as given by (4.100), we obtain
the following formulas for the aerodynamic coefficients of a a foil with a
jet flap at the trailing edge:

1- C./2h)?
c =1 L=TVG/2h" (4.101)
Y 1+0

1 (1——7’ CJ/Qh)Q - - —
10— (1+6)In(1 +6)|. 4.102
R s [0- (1 +8)m(1+0)] (4.102)
The induced drag coefficient of a jet-flapped rectangular wing with end-
plates at pitch angle 6 can be found from (4.74) with & replaced with the
effective gap under the jet flap Jj; see (4.100). In the particular case of
zero incidence, we obtain the following expression:

m, =

Cy, = h{[l — sin(G + arcsin ;)% — (1 — Ejf)ﬂ}, 8ie =74/ 2% (4.103)

It is interesting that introduction of the effective gap under the jet flap &j¢
renders identical the structure of the formulas for predicting the aerody-
namic coefficients in the cases of a wing with a rigid flap and wing with a
jet flap.
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4.4 Unsteady Flow Solutions
for a Wing with Endplates

To analyze the transient modes of motion of a wing-in-ground-effect vehicle
(takeoff, landing, variation of ground clearance, etc.), as well as to evaluate
the influence of wind-wave perturbations, it is useful to have the unsteady
characteristics of the main lifting surface. To obtain the corresponding solu-
tions for the case of a schematized flying wing configuration in the form of
a rectangular wing with endplates in the extreme ground effect, one has to
solve equation (4.53) with boundary conditions (4.54) and (4.57) and initial
condition (4.58).

4.4.1 A Nonlinear Unsteady Solution for Small Gaps
Under Endplates

If one assumes that the relative gap under the endplates is sufficiently
small at any moment, i.e.,

20ep(z,t)

10 =0(G) x 1,

where h(t) is the instantaneous distance of the trailing edge from a corre-
sponding point on the ground and G is the generalized gap parameter intro-
duced earlier, it is possible to derive an approximate solution of the nonlinear
unsteady problem of the flow past a wing with endplates, by iterating on a
leading-order solution for G = 0. If one assumes that

¢(x,t,G) = do(x,t) + d1(2,£,G) + O(G?),  ¢1(x,t,G) = O(G),

then the equation for the first-order contribution of the gap under the end-
plates to the velocity potential will be

68 [h*(m ) =di(a, t)] 2ep A D siango @D =0, (4.104)
where ) .
A a 0 2 a 0

Polz, t) = U@t)? — ( ;; ) —2 ;; . (4.105)

The boundary conditions for ¢; at the edges will be

0610, 530,
0r Oz ot
The appropriate initial condition for equation (4.104) is
9

Oz lt=0

qgl(]-at) = Oa

=0. (4.106)
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As seen from the preceding equation, to find the unsteady characteristics of
the lifting system for the case of a nonzero gap under the endplates, it is
necessary to begin with the solution of the unsteady aerodynamics with no
leakage from under the endplates (zero gap), i.e., find (ZASO(QS, t). Such a problem
in itself represents a certain practical interest for considering the takeoff of
a vehicle from water, because the gaps under the endplates are very small
from the begining of motion until almost the moment of detachment from the
water surface. In the case of zero gap under the endplates, the problem
of determining the potential (;So(a: t) of the relative motion of the fluid takes
the form

ar., 8, 0,
a[h (x,t)aqﬁo(a:,t)} = (3, 1) (4.107)
S2U(t)? — (%ﬁ")z — 257 %"% =0, z=0 (4.108)
p(1,t) =0, z=1 (4.109)

Integrating (4.107) twice, we derive the following expressions for the channel
flow velocity and potential:

9, 3 1 z Oh* Ci(t)
0= Gy Jy o I Gy

(4.110)

R _ £ odxy 1 Oh*
¢(a:,t) = —/1 m/o (&a d£+01/ h* +Cg(t), (4.111)

where, as previously, h* = h*(z, t) is a distribution of the instantaneous gap
between the lower surface of the wing and the ground. Functions of time
C1(t), Ca2(t) are to be determined by using the boundary conditions (4.108)
and (4.109). Imposing the leading edge condition, we obtain

Cy(t) =0. (4.112)

Satisfying the trailing edge condition (4.109) and taking into account ex-
pressions (4.110) and (4.111), we can obtain the following nonlinear ordinary
differential equation for determining the function of time C(t):

C1(t) + a(t)C1(t) + b(t)Cy(t)? + ¢(t) = 0 (4.113)

where the “dot” indicates differentiation with respect to time and functions
a(t), b(t), and c(t) are given by

a(t>=—/o e 5// Feg MO=-[ErOD /olh*?éw]_l’
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0= {oer =2 [ [ oo - (6O o ) )

/1] wea)

Differential equation (4.113) is known as a Ricatti equation and cannot be
integrated analytically. However, it can be integrated numerically with an
appropriate initial condition. To formulate the initial condition with respect
to the time function C(t), suppose that at t = 0 the vehicle is at rest and the
rate of variation of the ground clearance is equal to zero, i.e., h*(m,O) =0.
Then, the initial condition for C;(t), corresponding to zero relative velocity
of the fluid in the channel, should be

C1(0) = 0.

Having solved the Ricatti equation (4.113) numerically, we can determine the
aerodynamic coefficients. For example, the lift coefficient will be expressed
by the following formula:

Gy (t) —/ Po(,t) dz = U (1)’ —/ol[cl(t) B /0”” h(€1) dﬁ]zhrz(z,t)

! b * T * ] I * dé-dxl
2 [{[ [ weien—ieoh @ gD

® o dg T hr (&) dg
e A0 | s }d (4.114)
This solution permits calculating the unsteady nonlinear aerodynamics for
the different laws of motion and the deformation of a simple flying wing
configuration for a zero gap under the endplates. For example, for a flat wing
advancing along the ground and, at the same time, performing unsteady
vertical and angular motions, the instantaneous distribution of the relative
ground clearance chordwise can be represented by the expression

h*(z,t) = h(t) +6(t) x

+C1(t)

where h(t) is the time-dependent relative ground clearance at the trailing
edge and 6(t) is the current pitch angle.

4.4.2 Unsteady Perturbation of a Steady Flow

To analyze the linear dynamics of a lifting configuration in the ground ef-
fect one needs derivatives of the aerodynamic coefficients with respect to the
relative ground clearance h, the pitch angle 6, and their rates h and 6. To
determine these derivatives, we consider small unsteady perturbations of a
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nonlinear steady-state flow. Such a perturbation analysis enables us to re-
tain the nonlinear dependence of the aerodynamic derivatives upon basic
steady-state parameters, e.g., adjusted pitch angle, relative ground clearance
in cruise, etc. As an example of an application of such an approach, take the
case of a rectangular wing with endplates at h — 0. For simplicity, consider
full opening of the flap at the trailing edge, that is, 6 = 1. Represent the
velocity potential of the relative motion, the local ground clearance distribu-
tion, and the gap under the endplates in the following way:®

$(z,1) = ¢s(z) + $(=,1), h*(z,1) = hy(x) + h(z, 1),
bep(2,t) = Sep(x) + h(z,1),
where subscript “s” designates steady-state parameters, whereas the second
term in each equation represents unsteady contributions.

Substituting the perturbed quantities in (4.53) and accounting for the
description of the steady-state flow problem,

d des 26,
EZE[hS("”) dqj; (’3)] + i( )Slgnps )V Ips(2)| = (4.115)
_a des
$:(1)=0, —=| =-1, (4.116)
where
dgs

@) =1-u@?  w =32,

we obtain the following equations for the unsteady flow potential ¢~$($, t):

0 Thy()22 0 a3
5= @5 @ 8)] + o [ha, ) ]
+£(:_’i)signps(a:)\/ |ps(z)| = —%, (4.117)
$(1,t) =0, 5(0,1)= 2<g¢ %ﬁs N %)
N 2(% B %%) (4.118)

When deriving the trailing edge condition for unsteady flow potential in
(4.118), it was taken into account that d¢s/dr = —1 at = 0. Using the
steady flow equation, we obtain an alternative equation for the perturbed
unsteady velocity potential:

d¢>s} oh

8¢s T d¢s B( )
91 } [ = 2. (4119
(9:1:[ ()Bm}+3m[(x D&l 5, @) = 5 (4119)
Having fulfilled the linearization of unsteady flow with respect to non-
linear steady flow, we can consider separately two practical cases of height
perturbation and pitch perturbation.

8 The “hats” are taken off.
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Unsteady Height Perturbation. In the case of height perturbation,

h(z,t) = h(t). The perturbation potential can be represented as

b(z,t) = 3(@) h(t) + §* () h(t). (4.120)

Assume that the gap under the tips of the endplates in cruise is constant
chordwise dep () = dep = const. Corresponding equations for the components
of the perturbed solution can be derived in the form

d dghy A%, 1 d dsy

EE [hs(.’IJ)E] + '—'*de - S;a; [hs(l') d.’E J = 0, (4.121)
d dgh
H[hs(m)_d%} = 1. (4.122)

Imposing conditions at the leading edges, we arrive at the following boundary
conditions at £ = 1 for equations (4.121) and (4.122):

Fay=0, ) =o. (4.123)

Applying the Kutta—~Zhukovsky condition,

S S (T CY R} (4.124)

9

Assuming an oscillatory character of perturbations,” we relate heave accel-

eration and heave displacement, namely, h = —k2h, where k = wC, /U, is
the Strouhal number based on the chord of the wing. Therewith, we obtain
the following boundary condition for the derivatives of the unsteady velocity

potential with respect to i and h at the trailing edge:
déh 5 _ d‘lzﬁ h _
(Hx— +k*¢ >x=o =0, (—d? —¢ )zzo =0. (4.125)

Integrating equations (4.121) and (4.122) and accounting for the boundary
conditions (4.123) at the leading edge gives the following expressions for the
corresponding perturbation velocities and potentials:

g?ll — C1 _— US(‘T) + ’US_("I’.), hq';l_L —_ /z[cl :_ vs(f) + vi(&)] df, (4126)
1

dz hs(z) Sep hs(€) dep
d&fl_CQ—(E 5 [Fea—=¢
= e h" = G de. (4.127)

9 Aperiodic perturbations can be analyzed on the basis of the Fourier integral.
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To determine the constants ¢; and ¢y, we apply the boundary conditions
(4.124) at the trailing edge. This gives

a+k?By B—ay
Cl=—"T""7551 C2=71—75 o
1+ k242 1+ k242
where
o=l 2 f”dﬂ”, = /vs ; / dx
5ep 0 .’E ep h

In these expressions, h is the relative ground clearance measured from
the trailing edge, dep = dep/h = O(1), hs(z) = hs(z)/h = O(1), and vs(z) =
des /dz is the span-averaged channel flow velocity.

The derivatives of the unsteady pressure coefficient with respect to h and

;l can be derived in the form

- 7R
p(z) = —2[vs( )dd‘i 2¢h} (4.128)
. Tho .
p"(z) = -2 [US(w)C:i_z + ¢h]. (4.129)

It can be seen from equations (4.126)-(4.129) that the derivatives pﬁ(x) and
p"(z) are inversely proportional to the relative ground clearance in cruise,
i.e., are of the order of O(1/h).

Unsteady Pitch Perturbation. In the case of pitch motions around the
center of gravity h(z,t) = 0(t)(z — zg), the perturbation potential of un-
steady flow can be represented as

3(z,t) = 3°6 + 4. (4.130)
The derivatives of the unsteady perturbed velocity potential with respect

to perturbation in the pitch 6 and the rate of pitch 6 are governed by the
following equations:

2]+ - ] - S5 ] o, wam
E%: [hs(a:)cllif] = (2 — Teg). (4.132)

The boundary conditions at the leading and trailing edges for equations
(4.131) and (4.132) are

¢°(1) =0, ¢°(1)=0. (4.133)
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49 4250 i 5
—_ = —_- = =0. 4.
Solution of equations (4.131) and (4.132) is straightforward and leads to the

following formulas:

dg? 11 L ["; -
& == - mo] - /O B(Eue)de + 72,
. T 76
h () = /1 %(6) dé, (4.135)

dq;(.;7 (z — zeg) 4 -5 * 1 d¢
PR Gl VL S h9=/[ — (- 2]——_ . (4.136
dz Mhi(z) | (@) ¢ , L 5 (6~ %e) hs(£) (4.136)
The constants c3 and ¢4 can be calculated by using the boundary conditions
at the trailing edge.
The derivatives of the pressure distribution, induced by the unsteady
variation of pitch, can be determined by the following expressions:

258 ¢’ -5
-k ¢], D =—2[vs(x)—+¢]. (4.137)
dz
As in the case of unsteady height perturbations, these derivatives are inversely
proportional to the relative ground clearance h in cruise.
Derivatives of lift and moment (around the center of gravity z = z.g)
coefficients can be obtained by integrating the derivatives of the correspond-

ing pressure distributions:

- d~§
P =-2 [vs(x)}—lq;—

- & . A T _ . .
Cg,h,o,o _ / P00 (2) de (4.138)
0
a0l o~ 1 T 5 A
mih88 = [ (o )49 0) gz (4.139)
0

Note that in both unsteady height and pitch perturbations, the derivatives

of lift and the moment coefficients with respect to k, &, 8, and 6 are inversely
proportional to the relative ground clearance in cruise.

Now, we turn to determining the drag coefficient C, and its derivatives
with respect to height and pitch perturbations. The drag coefficient can be
written as

Cy = Cy, + Cy, (4.140)

with C;, and C;, representing, respectively, induced drag and viscous drag.
Later on, it will be assumed that the viscous part of the drag does not vary
with small perturbations of ground clearance and pitch angle.

As discussed earlier in this chapter, the induced drag coefficient can be
obtained by the formula
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Coy = Cy, + C,s (4.141)

where C, is part of the induced drag coefficient due to the longitudinal
component of pressure forces, and Cs is a suction force contribution. For flat
ground, C;, can be written as

Co,(z,t) = h /O p(x,t)dh(;(:x) dz. (4.142)

Substituting h*(z,t) = hs(x) + h(t) + 0(t)(z — zg) and the perturbation
expansion of pressure p(z,t) in (4.143), we obtain the following expressions
for the derivatives of C;, in height and pitch:

dz. (4.143)

The steady-state pressure contribution to the induced drag is given by

X _
2
C,, =h / pa(z) di"’) de. (4.144)
0

We consider the suction force contribution to the induced drag coefficient.
According to (4.63), it can be determined as

Cy = —hh*(1,t)[1 +v(1,1)]?

= —h[hs + (1, O)][1 + vs(1) + 3(x, 1)} (4.145)
where 7(z,t) = 86/0z. Expanding (4.145) to the first order,

Cs, = —2hhg(1)[1 + v5(1))%, (4.146)
CRh0 = _9hh (1)1 4 (1)]———dg’h’a’é’5 (1 4.147
s - S 5 Cl.’E ) ( * )

It can be seen from (4.144) and (4.148) that for h — 0, the induced drag
coefficient is of the order of O(h). Because hp® = O(1), it follows from (4.144)
and (4.148) that derivatives of the induced drag coefficient in the extreme
ground effect are of the order of O(1).



5. Compressible Flow Past a Wing
in the Extreme Ground Effect

It is practical to extend the analysis of the aerodynamics of a wing in the
ground effect to account for the dynamic compressibility of the air. In fact,
the cruise speed of ground-effect vehicles can amount to half or more of the
speed of sound. At the same time, it is known that the problem of unsteady
subsonic flow is one of the most challenging in lifting surface theory; see
Belotserkovsky et al. [139]. The complexity of the problem partly stems from
the fact that in a compressible fluid the perturbations propagate with finite
speeds.

The problem of compressible flow past a wing in the extreme ground
effect can be treated on the basis of the approach, similarly to that applied in
section 2 for an incompressible fluid. Here one adopts the same assumption as
previously, stating that both deviations and slopes of the surfaces of the wing,
vortex wake, and the ground should be small, i.e., of the order of the relative
ground clearance; see (2.1). In this case, it becomes possible to linearize the
flows above the wing and the wake and introduce linearizing simplifications
into formulations for edge flows. As earlier, with an asymptotic error of the
order of O(h?), channel flow can be shown to retain almost a two-dimensional
nature and incorporate nonlinearity. In what follows, the derivation of the
solution will be confined to the leading order of O(1) and the case of constant
speed U(t) = 1. Then, some examples are considered, including linearized
steady and unsteady compressible flows past a rectangular wing and the
nonlinear flow problem for a two-dimensional foil in the extreme ground effect.

5.1 Channel Flow in a Compressible Fluid

In three-dimensional, compressible, isentropic flow, the following relation-
ships can be shown to hold (see Ashley and Landahl [161]):

e Equation of fluid motion

Qs 2 82¢ 0 1
(5‘) Ap — M7 [537 + 5;(V¢)2 +5V¢ V(w)?} =0. (5.1)

e Energy equation

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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(20 =14 5y - 1) M2 1~ (V9)? -

Qas,

a¢]

o (5.2)

where ¢ is the velocity potential of relative fluid motion related to the per-
turbed velocity potential ¢ through the equation

d=—-x+p, (5.3)

as and as, are, respectively, the local velocity of sound and the velocity of
sound at upstream infinity, M, = U,/as, is the Mach number in the unper-
turbed oncoming flow, and + is the ratio of the specific heat of gas (isentropic
parameter); for air, v = 1.4;
0 0 0
=i—+j—+kr—, A=V'=V.V.
V=4 52 +J By + 5
Excluding (as/as,)? from (5.1), we can derive the following equation to de-
termine the relative velocity potential:

{1 + %(7 — 1) M? [1 — (V)2 - 2%‘?] }A¢
[‘Z,t‘f = (V9) + %v¢-v<v¢)2] —0. (5.4)

In the channel flow region D1, we introduce stretching of the vertical coordi-
nate § = y/h and seek ¢ in the form of an asymptotic expansion

¢ = ¢} + h2e}, (5.5)
where 1
(¢1*, 1**) = 0(1)7 ¢1* = ¢11 +hln E¢12 + h‘(rbla' (5'6)

Passing over to the channel flow variables and accounting for the adopted
asymptotics (5.5) of the potential in the gap between the lifting surface and
the ground, we obtain the following relationships with respect to the potential
function ¢;:

o Continuity equation:

O%pr 1 OPr\?
32 ( dy ) =0 (5.7)
¢ Boundary conditions:
967 - -
—%—0 for y=% and §=7 (5.8)

A solution, satisfying both (5.7) and (5.8), has the form

o = 6i(z,2). (5.9)
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The corresponding equation for ¢{* can be obtained by taking into account
(5.6) and (5.9):

s [Malo)
VYA

where N o are nonlinear differential operators in the two variables z and z:

- a1, (510)

MmO ={tto-nm2fi-wOr-22 a0, 6

ot
M) =m2 [Z e 2w w0 v )
Ay =V3, Vy= 168 +k; (5.13)

Integrating (5.10) once with respect to § and using the flow tangency condi-
tions for ¢* identical to (2.15) and (2.17), where ¢* — z should be replaced
by ¢;*, we obtain the following channel flow equation for compressible isen-
tropic flow (Rozhdestvensky [41]):

1 o} - oh*
(14 2= ) M2 [1 = (V26 22V [V, - 0agt) + 0]
92 1
—h* M2[ a:;l + = (V2¢1) +§v2¢1*-v2(v2¢;)2] =0, (5.14)

where

. O¢r 0 /+,00"
. h*v * (h* 1 ) __(h* 1__).
Vo (R7V297) = oz + 0z 8z /)’
h* = h*/h,h* = h*(z,2,t) is a prescribed instantaneous gap distribution.
To solve the lowest order problem (the extreme ground effect), one has to
replace ¢y by ¢1, and apply the following boundary conditions at the planform

contour:
v, =z + ¢, =0 at the leading edge, (5.15)

1, =0 at the trailing edge. (5.16)

Inspecting the expression for the pressure coefficient in compressible flow,
(see Ashley and Landahl [161]),

p= =2 { [1 - 5 M0~ 1 (250 + (Va0)? - ) R MR

To satisfy (5.16) for compressible case, it is sufficient to require that

3¢11

+(Vy9)2 =1 =0 at the trailing edge. (5.18)

For small perturbations, linearization of equation (5.14) leads to the following
lowest order problem with respect to the perturbed velocity potential ¢y, :
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¢ Equation:

ot? Oz Ot

2% 2% 8%, 8% oh*  Oh*
(1= M) 33;211 + 82211 M2< -2 1) oz ot (5.19)

¢ Boundary conditions at the planform contour:
1, =0 at the leading edge, (5.20)

o) 0
P =2 ( Py Pl

e W) =0 at the trailing edge. (5.21)

5.2 Steady Linearized Compressible Flow Past a Wing
of Finite Span

A linearized version of a steady compressible flow around a wing at arbitrary
relative ground clearances is described by the following boundary problem:

¢ Equation:
0%p 0% 0%
2 —_— =
(1 M)32+a +822 (5.22)
e Flow tangency conditions on the wing and the ground:
Oy OYu,1
— =—-—— at S, =h+0; 5.23
ay BIE a (:E’ Z) E bl y ) ( )
Oy
3y =0 at (z,2)e@G, y=0+0, (5.24)
where M, is the Mach number of the oncoming stream. Using the Prandtl-
Glauert transformation for the y and z coordinates, y' = y/1 — Mg,

2" = z4/1 ~ M2, ' = z, we obtain the following problem for an equivalent
incompressible flow:
¢ Equation:
32<p 0%p %
ox' 2+ oy’ * 8212

Note that the original Prandtl-Glauert rule implies that only the z coor-

dinate is transformed into 2’ = z/4/1 — M2. Here we prefer to retain the

same chord length. In fact, both transformations lead to identical results.
e Boundary conditions

=0. (5.25)

890 1 8yul 7
— t =hfy =0 .
By ~ By 0z VY Pm £ 0, (5.26)
0
X _0 at (z,2Ye G, y' =0+0, (5.27)

oy
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where By = /1 — M2. As seen from (5.25)—(5.27), in a linearized steady
state approach we account for compressibility by utilizing the results obtained
previously for incompressible flow, but in a space “squeezed” both vertically
and laterally. In particular, we consider an equivalent incompressible flow for
a wing of smaller aspect ratio A’ = A - By. In addition, the downwash on the
surface of the equivalent wing is 1/fy times larger than in a corresponding
compressible flow problem.! The aforementioned two factors are the same as
in unbounded flow. A distinctive feature of the flow in ground effect is that
the equivalent wing moves at a smaller ground clearance b’ = h - fy. To
compare the influence of compressibility upon a wing in an unbounded fluid
and in the extreme ground effect, we consider the simplest cases of a flat
plate of infinite and small aspect ratio. For a two-dimensional incompressible
flow the following are the expressions for the lift coefficient:

e In an unbounded fluid,

Cy = 2ma. (5.28)
e In the extreme ground effect,
o
C, = 7 (5.29)

Turning to the compressible flow case by the of Prandtl-Grauert correction,
we can obtain the following formulas for the lift coefficient:

e In an unbounded fluid,

2ra C
Ol ="—=_—_"¥ 5.30
o B J1-M2 (5.30)
e In the extreme ground effect,
C
Cl=m =Y 5.31
e V7 (5:31)

Now, it is easy to see that for a wing of large aspect ratio in both unbounded
and bounded flow, there is an increase of the lift coefficient due to compress-
ibility. However, in the ground effect, the influence of compressibility
is more pronounced. For example, for a Mach number equal to a 0.8, an
increase of the lift in the extreme ground effect is almost twofold compared
to unbounded flow. It should be noted that Efremov [71], studying a thin foil,
also came to the conclusion that, in proximity to the ground, the influence
of compressibility leads to a noticeable increase in the lift coefficient. Such a
conclusion can be easily interpreted in terms of the Prandtl-Glauert trans-
formation, if one accounts for the fact that the equivalent wing flies closer to

the ground, A’ = hy/1 — M2.

L If, for example, a wing in compressible flow has an angle of attack «, then the
angle of attack of the equivalent wing becomes o’ = a/+/1 — M§.
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Fig. 5.1. The compressibility correction to the lift coefficient of a flat rectangular
wing in the extreme ground effect versus the cruising Mach number.

Figure 5.1 features a compressibility correction in the form of the ratio
of the lift coefficients in compressible and incompressible flows versus the
Mach number for wings of different aspect ratios in the extreme ground effect
(Rozhdestvensky [41]). This correction can be shown to hold for a practical
range of ground clearances (up to 0.15) with an asymptotic error of the order
of O(h). For comparison, the curve corresponding to the unbounded two-
dimensional flow compressibility correction factor fv = /1 — M2, is plotted
in the same figure (dashed line).

Now, we can proceed to the case of the small aspect ratio, for which in
incompressible flow

e In unbounded flow, as predicted by the Jones theory,

A
C, = % a. (5.32)

e In the extreme ground effect, see formula (3.69),

ar?
Cy = ﬁ-

Using the Prandtl-Glauert correction, i.e., replacing respectively A, h,
and a by X' = fuA, M = Buh, and o = a/By, we obtain a result, which
reads similarly for both unbounded and bounded flow, namely, for wings of
a small aspect ratio, the influence of compressibility upon the lift
coefficient becomes negligible.

(5.33)

2 Here instead of the notation for pitch 8, we use a.
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5.3 Compressible Linearized Unsteady Flow
Past a Wing of Finite Span

In paragraphs 5.1. and 5.2., both nonlinear and linear compressible flows
around a wing in the extreme ground effect were discussed, and corresponding
approximate mathematical models were proposed. In this paragraph based on
a linear formulation, the flow problem for a rectangular wing in the extreme
ground effect will be treated for harmonic dependence of perturbations on
time. Recall equation (5.19) for linear compressible flow past a wing in the
extreme ground effect, omitting subscript “ly”:

2 2 2 2 7 * 7 %
0%p 0% 2(3_<p_26<p)_8h _8h (5.34)

—_ 2—— ———— e .
(1= M)z + M\ 3 ~%5z0t) = 35~ B

With the intention of investigating a representative example of heave oscil-
lations of a rectangular wing, we represent the instantaneous local gap and
velocity potential as

h*(z,z,t) = h — hoiexp(ikt), o(z, z,t) = P(z, z) exp(ikt), (5.35)

where k = wC, /U, is the Strouhal number, i = v/—1. Taking into account of
(5.35) equation (5.34), yields

o?2p  0%¢ 0P hok
— MY+ % + M2 (K +2ik 2L ) = - 2=, 5.36

(1 M°)6x2 +8z2 + M; cp+21k8372 W (5.36)
We express the complex amplitude of the channel flow velocity potential ¢
in terms of a series that satisfies the condition of zero loading at the tips of

the wing:

G(z,2) =Y Xn(z)cosqz, gn=<(2n+1), (5.37)
n=0

>0 3

where Xn(x) is a complex function of real argument z. Simultaneously, we
expand the right-hand side of (5.36) into a series accounting for the following

expression: -
1= TLZ:% 4(;(] i)n. (5.38)
The resulting equation with respect to functions X, (z) can be written as
(1-MHX!+2iM2E* X'+ (*M2 -¢2)X =Q, Q= —ﬁ"h—k/\(—qil—): (5.39)
The characteristic equation for (5.39) is
2 2ikM? | KMZ —aqi _ 0 (5.40)

1—M2H T T2 ’
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Fig. 5.2. The aerodynamic derivative hC’;” of a flat foil heaving in the extreme
ground effect versus Strouhal number for different Mach numbers and A = co.

with roots

—ikMZ2 +ivD
Pingn = ——"=m—, D =k"M; - ¢ (1~ M). (5.41)
1— M
We write the solution of (5.39) in the form
Xn(z) = An exp(p1nz) + Bn exp(ugnt) + anm (z), (5.42)

where X,, .. (z) is a particular solution equal in this case to Q/(k*MZ — ¢2).
Recalling that the perturbed flow potential to this order should satisfy
two boundary conditions, namely, ¢ = 0 at the leading edge (z = 1) and

% 9% _,
Oz Ot
at the trailing edge (x = 0), we can write, respectively,
#(1) =0, Xn(1)=0 (5.43)
and
%% _ikp=0, X' —ikX,=0 z=0, z€ (—g%) (5.44)

Applying the requirements (5.43) and (5.44), we can obtain the following
expressions for the coefficients of the solution series

A ik exp(pan) + pon — ik

An = Xn artin — TMpart : : ’
? exp(pen)(pin — ik) — exp(p1n) (Hon — ik)

(5.45)
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Fig. 5.3. The aerodynamic derivative hC’;L of a flat foil heaving in the extreme
ground effect versus the Strouhal number for different Mach numbers and A = oco.

ik exp(pin) + pin — ik
- —. (5.46)
exp(kan)(M1n — ik) — exp(p1n)(Hi2n — ik)
The lift coefficient is obtained by integrating the loading

B,=X

*
npartB’n - _anart

A/2 8 o A/2 1 H%
O¢ _¢) 6 ...
dzdz = = exp(ikt) 9 _ikg) dzd
Cyl(t /)\/2/ o 3t rdz exp1 /)\/2/0 (81‘ i cp) rdz
_ f‘.exp(lkt) Z 1) / (X' — ikX) dz = G, exp(ikt). (5.47)

The final expression for the complex amplitude of the lift coefficient is

i npm{1+ik+A;[1+ike_’§)_(ﬁ}"___1)]+B; [1+ik_°l’iw] }

1n H2n
(5.48)
Introducing derivatives with respect to the rate and the acceleration of
the heave, we write the lift coefficient as

Cy(t) = Ch + Cl b, (5.49)

where )
i, RC i SC
h_ Ty h_ SYy
Gy = hok’ G hok?’

where R and $ are real and imaginary parts of the expressions.

(5.50)
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Fig. 5.4. The aerodynamic derivative hC;L of a rectangular wing heaving in the
extreme ground effect versus the Strouhal number for different Mach numbers and
A=1.
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Fig. 5.5. The aerodynamic derivative hC;” of a rectangular wing heaving in the
extreme ground effect versus the Strouhal number for different Mach numbers and
A=1.

Some results for heave derivatives of the lift coefficient, multiplied by the

steady state ground clearance, i.e., hC’{} and hC’g are presented in Figs. 5.2—
5.7 versus the Strouhal number and for different Mach numbers for a rect-
angular wing of aspect ratio A = 1,2, 3,00. The characteristic feature of the
curves of (_hCz’;) as a function of the Strouhal number consists of the oc-
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Fig. 5.6. The aerodynamic derivative hC’;} of a rectangular wing heaving in the
extreme ground effect versus the Strouhal number for different Mach numbers and
A=2.
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Fig. 5.7. The aerodynamic derivative hC’;} of a rectangular wing heaving in the
extreme ground effect versus the Strouhal number for different Mach numbers and
A=2

currence of pronounced maxima that tend to decrease and shift to smaller
Strouhal numbers with increases in the Mach number and the aspect ratio.
The analysis of the curves representing hCS versus the Strouhal number
shows that for the range of Strouhal numbers, corresponding to the max-
ima of (—hC{;‘), points of “loss of vortex damping” appear, i.e., zeros of the
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Fig. 5.8. The aerodynamic derivative hC’;L of a rectangular wing heaving in extreme
ground effect versus the Strouhal number for different Mach numbers and A = 3.
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Fig. 5.9. The aerodynamic derivative hC;l of a rectangular wing heaving in the
extreme ground effect versus the Strouhal number for different Mach numbers and

A=3

quantity hC{I‘. These features of the unsteady aerodynamics of a wing in an
unsteady compressible ground-effect flow can be interpreted as an “acoustic
resonance.” The theoretical possibility of the occurrence of acoustic resonance
was discussed by S6hngen and Quick [140] in connection with unsteady gas
flows through axial compressors and within a more general formulation of
flat plate cascade oscillations in compressible flow by Gorelov et al. [141].
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The same conclusions were drawn by Efremov and Unov [142], who studied
oscillations of a foil in a two-dimensional flow in the presence of the ground.
Acoustic resonance may take place when the frequency of oscillations of a
wing in a restricted compressible flow? coincides with some of the fundamen-
tal frequencies of oscillations of compressible flow with the same boundaries.

5.4 Nonlinear Steady Compressible Flow Problem
for a Foil

Consider a moderately curved foil in a two-dimensional steady compressible
flow near a flat ground. To the lowest order, the corresponding channel flow
equation, formulated with respect to the relative motion velocity potential
¢1,, can be derived from the more general three-dimensional equations (5.14)-
(5.16) in the form

[14 26 - DM )] gl — Lpl@ Mo =0, (5.51)
where 7s(z) = ys(z)/h,
u@) = h @)=zt o) (5.52)

where ¢y, is the perturbed velocity potential of the fluid. Equation (5.51) has
to be solved subject to the following boundary conditions:

e At the leading edge (z = 1),
o, (1) =—-14¢,(1) = -1 (5.53)

e At the trailing edge (z = 0),
p,(0) =0. (5.54)

We introduce p = 1 — u?, p = (y — 1) M2/2. Multiplying (5.51) by u, we
obtain

dg. 1. d 1. d
22 vt ) — G M —u? =0 5.55
(1+“p)(u & 3%a" > 2 Mo dz " (5.59)
or, in terms of p,
dgs 1_dp 1, dp
(14 pp) [(1 Py 2ys£] + M7 (1-p)7- =0. (5.56)
We divide both parts of (5.56) by s. Hence,
dlnygs 1dp 1, , dp
(1 + pp) [(1 —-p) = 53—5} + 2M° (1 —p)dz =0. (5.57)

3 In this case, in a highly constrained channel under the wing.
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Grouping with respect to dIn s and dp,

1 1
5(1+up)dp + 5 M7 (1 - p)dp =0,

1+pp—(1-p)MZ
Grmip (5:5)

(14 pp)(1 —p)dings —

dlngs = %[

Integrating (5.58),

2
Ings = ——% In(1—p) - %£ In(1 + pp) +InC*. (5.59)

Applying the trailing edge condition 35(0) = 1,p = 0, we find that C* =1 so

that
1

U4
We introduce the pressure coefficient

P2 {[1- it -t -] 1),

= (1= p)(1 + pp)Mo/n. (5.60)

and express in terms of function p:

2 v/ (v=1)
P = M2{[l+ M2y = 1)p)] -1}, (5.61)
The lift coefficient of a foil can be determined by using the following
formula:

146 7
Cy = A P (s )ys( 5 (5.62)
where § = 8/h, and 6 is pitch. For a flat plate
Js(z) =140z, g.=0 =ze[-1,1],
so that the lift coefficient is given by
C,(6, M) = % " Pw.0.m )dys (5.63)

where p; = p(f) is determined by using formula (5.60).
For a flat plate in incompressible flow, the expression for the lift coefficient
to the leading order is ~
0 0
Co = 53R T4
Some calculated results, corresponding to the case of a flat plate, are pre-
sented versus the relative pitch angle 8 for the Mach numbers M, = 0.5 and

M, = 0 (incompressible flow case) in Fig. 5.10.

(5.64)
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Fig. 5.10. The lift coefficient of a flat plate of infinite aspect ratio in a compressible
extreme ground effect versus the relative pitch angle 8/h (solid line: compressible
M, = 0.5; dashed line: incompressible M, = 0).



6. The Influence of Endplates, Flaps, and Slots

6.1 An Estimate of the Influence of Endplates

A definite pecularity of the wing-in-ground-effect vehicle compared to the
airplane consists of the presence of endplates. Endplates are mounted at the
wing’s tips and are intended to decrease leakage of air from under the lifting
system. Consequenly, the mounting of endplates results in the augmentation
of lift or in a decrease of the induced drag for a given lift. In practice, the
configuration of the endplates can vary. Figure 6.1 illustrates schematically
some of the possibilities.

According to the approach adopted herein, to account for the influence of
the endplates upon the flow past a wing in the ground effect, one has to solve
the corresponding local flow problem in the vicinity of the order of O(h) of
the tip of a wing equipped with an endplate. Strictly speaking, the local flow
solution includes both homogeneous and nonhomogeneous parts, as is the
case for a wing without endplates. However, it can be shown that the ratio of
the nonhomogeneous to the homogeneous component is of the order of O(h).
Therefore, to the leading order, the analysis can be restricted to constructing
only a homogeneous (circulatory) component of the flow around the wing tip
of a given geometry. Such a solution will be reduced to the conformal mapping
of the local flow domain onto the interior of the unit strip 0 < Sfoe = Yae <1
in the plane of the complex velocity potential fae = @ae + i¥ae.

The solution procedure for the problem will be illustrated for the flow
past a rectangular wing with vanishingly thin endplates.

Fig. 6.1. Various schematized configurations of endplates.

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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At first, consider the local flow problem for an edge with a thin lower
endplate of height hep. Introduce a complex variable { = U+ig in the physical
plane. Map the domain of flow in the ¢-plane onto the upper half plane &g =
g2 > 0 by the Christoffel-Schwartz transformation; see e.g. Lavrient’ev and
Shabat [129]. The point-to-point correspondence for the conformal mapping
is shown in Fig. 6.2. The mapping is obtained in the form

—_ }_ (t + 1)(7ep - t) 2(1 — 'Yep)t
TR0 ) -2 (6.1)

where

A+rplg+2 = T F

The parameter vep, is related to the height of the endplate through the
following equation:

1+7ep)g + 273
e

hep = hep _ z[arctan Dep — D)/ 2ep (1= ep) v 20ep + 1] (6.2)
PR w 3Vep + 1 2Yep(1+7ep) 17 7

where h* is the local ground clearance, i.e., the distance from the wing’s
surface to the ground near the endplate. The mapping of the upper half
plane Sg > 0 upon the interior of the unit strip 0 < $f.e < 1 of the plane of
the complex potential is performed by the function

g = g1 +ig2 = exp(7 fae). (6.3)
For points on the wing,
e on the upper surface,
<=D+17 ag=aq <_/Ba fae:‘Pae+ia ‘Pae>0; (64)
cBAB [ ¢
e
p 1 P

Fig. 6.2. The correspondence of points for the conformal mapping of the flow field
in the vicinity of an endplate onto the auxiliary upper half plane.
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e on the lower surface,
C:D+1a O>g:g1>———ﬂl, faezsoae"l'ia ‘Pae<0- (65)
At the points on the endplate for 7 = 0,

e on the exterior surface of the endplate,

he ~
C:lgv Ozgz_hf:_hepv _ﬁ<gl<_1a
fae = Pae T i7 Pae = 0; (66)

e on interior surface of the endplate,

. h z .
Czl% _hef —hepSy§07 —-1<gl< /3
fae = Pae + i, Pae <0. (67)

To match the local flow solution for the endplate with the asymptotic
descriptions of the upper flow and channel flow, we need to know the far-
field behavior of the edge flow potential at § — —o0, § = 1 & 0. These
estimates are readily obtained in the following form:

e Far from the endplate on the upper surface of the wing (7 — —o0, § =
1+ 0),

1 -
Pae = — In(yepm?). (6.8)
e Far from the endplate on the lower surface of the wing (7 — —oo, § = 1-0),

(1+ '7ep) 2
| - . 6.9
" 872 7!'(1 + 'Yep) ( )

3=

Pae =2V —

The general form of the solution valid near the wing tip with an endplate has
the following asymptotics:

®e = ha1pae + hag + O(R?). (6.10)

Recalling that the upper flow potential in the immediate vicinity of the wing’s
edge has the following asymptotic behavior,

h@Q1 h
puy = 5 = In(h"0) + —Ap + O(h?), (6.11)
and matching (6.11) with the asymptotic representation of (6.10) far from

the edge, one obtains taking into account (6.9),

1 enT
=51 as =—A2——1 n 2EZ, (6.12)
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In similar fashion, matching in the region of the flow below the wing, we find
a; and the boundary conditions for the channel flow equation (2.22) for a
wing equipped with endplates:

_1 _'*69011 T* _ p* _n.
ay = EQl =h o y h*=h /h, I/—-O, (613)

1
¢12 g1, +pphln o+ he,

hai [ . (1 4+ Yep)? 2 ]

- _ - h =0 6.14
- ['nl/ In 8%2‘) T 70 + hag, v ; ( )

a
oL =0, @, =—=; (6.15)

s

ai 2 7!'(1 + ’Yep)3:| 1
E—— 1 —A = 0. 6.16
‘plg T [1 + ’Yep + n 8’yep + T 2 1% ( )

Thus, in the problem under consideration, the channel flow potential can
be found, as previously, by solving the quasi-harmonic equation (2.22) for
the nonlinear case and the Poisson equation (3.14) in the linearized case.
However, here, the boundary conditions to be applied at the wing’s planform
contour, incorporate the influence of the endplates. Note that in the linear
case, the local clearance of the wing near the endplate should be substituted
by h.

A relatively simple solution can be derived for a rectangular wing of a
small aspect ratio A; see Rozhdestvensky [44]. In this problem, the upper
flow potential outside of the tips is constructed in the same way as for the
small-aspect-ratio wing without endplates. The channel flow is determined
by using the equation (3.48) with boundary conditions

* 2% 1 149 3m
(p1=2h)\|:ﬂ_( Tep —'—h’l( ’YP) ],

z = %1, 6.17
1+ 'Yep) ™ 8hrYep ( )

where hy = h/). The lift coefficient for the lower endplates was obtained in
the form

o 6hx [, T(14+Yep) Yep—1 9
Cyep—GhA{l—i— = [ln — %p+1]+0(h )}, (6.18)

where hy = h/)\ and parameter vep is linked to the endplate height hep by
equation (6.2). For hep, — 0, the lift coefficient becomes equal to that for the
small-aspect-ratio wing without endplates, i.e.,

c, = 2 (1 + % 1). (6.19)

In Fig. 6.3, some calculated results are compared with experimental data for
A =1, hx = h=0.057, hep/h = 0.875.
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Fig. 6.3. A comparison of theoretical and experimental results for a rectangular
flat wing of small aspect ratio (A = 1, h = 0.057, hep/h = 0.875; solid lines: formula
(6.18); dots: experiment).

The augmentation of the lift coefficient of the wing resulting from the
installation of endplates can be characterized by the coefficient

Cy 6hr [, (14 Yep)®  Yep—1
R PO PO Y MRS P
Fer = 72, {1+ |m Srenhy | vep F1 }

Gh)\ ™
/(1 +—2In hA>' (6.20)
Some calculated curves, showing the behavior of this coefficient versus the
relative height hep of the endplate for different clearances hy of the wing-in-
ground effect are presented in Fig. 6.4. It can be observed from Fig. 6.4 that
the utilization of endplates may result in a considerable increase in the lift.
In other terms, for a wing with endplates, the effective aspect ratio may quite
noticeably exceed the geometrical aspect ratio.

We turn to the consideration of endplates of a more complex configuration;
see Fig. 6.1b. Suppose that the upper part of the endplate has a height h;,,,
whereas the lower part has the height hj_ . The local flow velocity potential
can be obtained by the same technique as for the simpler lower endplate.
The lift coefficient for the wing of small aspect ratio with endplates under
consideration was found in the form

2 6hr [, T(1+m)*73 | B3
—1+—=1
Gh)\ { + iy [ n 4ﬁ/’)’%h)\ + ’}’%

where parameters y; > 2 > 1/’ are related to the dimensions of the end-
plate by the following relationships:

Cy., = - 1] + O(h,\)2}, (6.21)
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Fig. 6.4. The dependence of the relative increment of the lift of a small-aspect-ratio
wing on the ground clearance and the relative height of the endplates.

. hi, 1 [8'Bnu(yi—3) B(1-m)
hlep = 3 = ; [-——73——— + 2 arctan m] y (622)
< ha 11An Alm —1)
Fy, = e":—[— ' 1) +2arct ——} 6.23
2ep . o s (B ) + 2 arctan A (6.23)
) 2(n1 —73) 7 -1 Blvi -1
- . B= BT 4= /20" (624
n(1+7f —-273) -7 1-p (6.24)

Some results illustrating the influence of the lower and upper parts of
the endplate upon the lift coefficient of the wing are presented in Fig. 6.5.
It is easy to see from the analysis of the graph that the upper parts of the
endplates have an insignificant effect upon the increase of the lift. The same
conclusion was drawn by Ermolenko et al. [133].

Now, return to a more general problem of the influence of endplates upon
the aerodynamics of a wing of arbitrary aspect ratio. As shown above, when
the wing tips are equipped with endplates, a change occurs in the bound-
ary conditions, starting from an approximation of the order of O(h). Conse-
quently, functions ¢, and ¢),, which characterize, respectively, the first and
the second approximations for the channel flow potential, are not dependent
upon the parameters of the endplates. On the other hand, the influence of
channel flow upon the upper flow is defined by the strength Q; of the source
(sink) singularities, distributed along the wing’s planform boundary contour.
Due to the fact that

0
Qi=2a1=2-2%,  v=0, (6.25)
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Fig. 6.5. The relative increment of the lift of a small-aspect-ratio wing versus the
heights of the lower and upper parts of the endplates, hx = 0.1.

within the approximation considered, the endplates practically do not affect
the upper flow.

The previously mentioned considerations lead to the following conclusion:
to account for the variation of flow past a wing in the ground effect
due to the presence of endplates, it is sufficient to solve the problem
just for the corresponding increment of the channel flow potential.
The corresponding boundary problem with respect to this increment ¢,
for unsteady linearized' flow around a lifting surface with endplates can be
written as follows:

1, N o,

52 T =0 12220 [ <A (6.26)
ha1
Solep(l’ Z) = 0’ solep (.T, :t)\/Q) = m G
0
= :F_}}_ﬂ‘ia) 2 = ’_‘l:>\/2, (627)
7w 0z

O 0y
—2 _ % =0 6.28
Oz ot ’ T ’ (6.28)

where for thin lower endplates the function G is given by

1 -9 1 en)>
G ) = o2y (L)

T 1+ Yep 8%ep

, (6.29)

1 Nonlinear version can be handled in a similar fashion.
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and parameter 7., is related, as earlier, to the height of the endplate by
equation (6.2). Having at our disposal the lowest order flow problem solution,
we can readily obtain information on the influence of the endplates for both
the steady and unsteady motions of a wing near the ground.

Consider, as an example, the steady motion of a flat rectangular wing with
lower thin vertical endplates at given angle of pitch 8. The relative increment
of the lift due to the endplates is found in the form

C
Kop = <52 =1+ hG{ep) A) + O, (6.30)

where A is a function of the aspect ratio

A(/\) _ i ZZO:O(_'I)H tanhz(QnA2/4)/q§L
T A2 Yoo o tanh g, tanh(q, /2) /¢

Some calculated results for the coeflicient x.p versus the aspect ratio A and
for different hep/h are presented in Fig. 6.6. In the limiting cases of large and
small aspect ratios of the wing and for hep, < 0.5h, the expression for kep is
simplified:

(2n+1). (6.31)

n =

>3

e For A — 0,
6h 128 he _
Rep 1+ = [1n(ﬂ—46—4-) ~1], ep=1- P 1=y (632)
ep
e For A\ — oo,
2h 128
Rop = 14 == [In(FI%;> -1]. (6.33)
20 @ ‘
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Fig. 6.6. The relative increment of the lift of a rectangular flat wing with thin
lower endplates in extreme ground effect versus the aspect ratio, h = 0.1.
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It is not difficult to verify that with an asymptotic error O(hy) (where hy =
h/A) the first of these formulas is compatible with expression (6.18), which
was derived from a straightforward solution of the flow problem for a small-
aspect-ratio wing.

It follows from the analysis of the formulas presented and Fig. 6.4 and 6.6
that, for a wing near the ground, the efficiency of endplates increases with a
decrease in the aspect ratio and/or a decrease in the gap between the lower
tip of the endplate and the ground.

In the case considered before, the endplates were assumed to be vanish-
ingly thin. Inclined and/or thick endplates can be handled in a similar fashion.
Consider an endplate of a more general polygonal configuration (Fig. 6.7).
We map the flow domain around the endplate onto an upper half plane & > 0
by the Christoffel-Schwartz transformation so that the point A3 corresponds
to ag = —1 (the point-to-point correspondence is shown in Fig. 6.7). The
mapping function is

oo L [PF(g)dg
C—x+1y—wF(O>/a2 Pt (6.34)
where
F(g)=(g9—ag)™ Mg+ 1)% - (g — ap_y) ™71, (6.35)

where @ = ai /7 are the external angles of the polygon.

The Christoffel-Schwartz constants ag, aq, ..., ax_1 are determined taking
into account the point-to-point correspondence in the planes ¢ and ¢ and
depend on the parameters that characterize the geometry of the endplate. The

Fig. 6.7. The correspondence of points for conformal mapping of the flow domain
in the vicinity of the endplate of a polygonal cross section onto the auxiliary upper
half plane.
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lift coefficient for a small-aspect-ratio wing-in-ground effect with endplates
of polygonal cross section was obtained in the form

Cyep = %

O\ {1 LN [l o) T _ 2] +O(h§)}, (6.36)

7 L7 aghy T F0)

where

_ [P F(@)-F©)
T_A;——?—~%. (6.37)

The endplate configurations presented in Fig. 6.1a,b,c,d can be derived as
particular cases from the polygonal shape considered.

6.2 A Lifting System with a Jet Flap
in the Extreme Ground Effect

From the viewpoint of use in the transitional modes of motion (takeoff and
touchdown) the so-called jet flaps have a certain practical interest. These
flaps are formed by high-speed jets, utilizing the reserve of the air exhaust
of turbojet engines blown through narrow slots of the trailing edges of the
lifting system. Whereas the increment of lift due to the deflection of rigid
flap is always accompanied by a certain increase of drag, jet flaps do not
have this deficiency because the major part of the jet momentum gives rise
to the thrust. Consequently, jet flaps favorably combine propulsive and lifting
properties. One should also point out another reason that justifies the use of
jet flaps. When the vehicle is operating in transient modes above rough seas,
rigid flaps can touch the sea surface, thereby experiencing considerable hy-
drodynamic loads. The latter circumstance can lead to failures in operation
of the flaps and the corresponding flap control systems. The use of nonrigid
devices, based on jet blowing, gives the possibility of controlling the lifting
properties of the lifting system, including the cases when the jets touch the
water surface. Assuming that the relative ground clearance is small the prob-
lem of determining the aerodynamic characteristics of a wing with a jet flap
can be effectively solved by the method of matched asymptotic expansions.

We start with the formulation of a nonlinear flow problem for a
jet-flapped wing in the ground effect.

We consider a wing in steady motion with a jet flap along the trailing
edge; see Fig. 6.8a.

In what follows, it is assumed that the jet is vanishingly thin. The latter
assumption was introduced for the first time by Spence [143], who studied
the two-dimensional problem for the flow past a foil with a jet flap in an
unbounded fluid. No account was taken in Spence [143] of the ejection effect
of the jet upon the surrounding fluid. However, both the results of Spence
and other works, see, for example, Maskell and Spence [144], utilizing the
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b.

Fig. 6.8. Scheme of the flow past a wing with a jet flap in the ground effect:
(a) general view; (b) near the jet flap.

hypothesis of the thinness of the jet, are in fair agreement with the experi-
mental data even for large deflection angles up to 60°. These considerations
justify the validity of the adopted mathematical model of a thin jet, in which
expansion of the jet due to involvement into the motion of particles of the
surrounding fluid is neglected.

The velocity potential of the flow past a wing with a jet flap should
satisfy the Laplace equation, the flow tangency conditions on the wing and
the jet sheet, the condition of the decay of perturbations at infinity, and
the dynamic condition upon the jet surface. The Kutta-Zhukovsky condition
at the trailing edge should be replaced with the requirement that the jet is
blown at a given angle to the chord of the wing.

As in the general algorithm of the solution of the flow problem discussed in
section 2, the flow field is conditionally subdivided into characteristic regions:
the channel flow D; under the wing and the jet sheet; the upper flow, including
the region D, above the wing; the jet sheet and part of the ground outside of
the “shadow” of the wing and the jet on the ground; the regions of local flows
near the leading and side edges De; and the local flow region in the vicinity
of the trailing edge with a jet flap D;. Below, based on the assumption of
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the smallness of the relative ground clearance h < 1, the main stages of the
asymptotic solution of a steady flow problem for a wing with a jet flap will
be shown. In accordance with the general hypothesis, the deflections of the
jet sheet from the plane y = h are assumed to be comparable to the ground

clearance, that is,
Ih— 4] = O(h). (6.38)
As indicated in section 2, such an assumption enables us to account for non-
linear effects, at least in channel flow, with an asymptotic error of O(h?).
Special consideration is required of the local flow near the trailing edge
with a jet flap. As for the rest, the solution procedure does not differ signifi-
cantly from the approach discussed in section 2 for a wing without a jet flap.
Therefore, corresponding modifications of the velocity potentials in regions
D, Dy, and D, will be discussed very briefly.
At first, consideration is restricted to a vanishingly thin flat wing with
a straight trailing edge moving at zero incidence. The full problem for the
perturbed velocity potential ¢ is described by the Laplace equation
62(,0 62(,0 8290

—r —_ — =90 .
522 T o T o =0 (6.39)

and the following boundary conditions:

o Flow tangency conditions on the wing, ground plane and the jet sheet:

9 _0,  y=h+0, (z,2)€S; (6.40)
Ay
9p
Z=0 y=0x0, (6.41)
¢ (0 dy; | 9p Oy; -
9~ (5 Vot orae VUl €5 (64)

e Dynamic condition on the jet:
Interacting with the oncoming stream, the jet experiences deformations.
As a consequence, centrifugal forces occur proportional to the local lon-
gitudinal curvature. These forces are balanced by the pressure difference
across the jet surface

p-—-p"=KC,, (z,2)€S, <0, (6.43)
where the pressure can be calculated by the formula
SO0 r0pNZ 1 Op\2
=25~ (%) ~(5)-

K is the curvature defined though the coordinates y; of the jet surface as

K(z,z) = %(x, 2) /[1 + (%)Q] v (6.44)
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Cy = Cu(2) = 21 (2)/pUZ-1 is the sectional coefficient of the jet momentum,
I(2) is the sectional jet momentum, plus and minus correspond to the upper
and lower surfaces of the jet sheet, and Sj is the area of the jet sheet. The
total jet momentum coefficient can be calculated by the formula

1 2
Cy= —/ Cp(z)dz, (6.45)
S S

where [ is the relative span and S is the area of the wing related to the
square of the root chord.

Rewriting the dynamic condition (6.43) taking into account (6.44) with
asymptotic error O(h?%), we obtain

— + 62%
P —Pp :Cu—a—.'lfi, Y=, (.’L',Z)ESJ

In what follows, it will be shown, that for small relative ground clearances
h, the main modification of the jet surface takes place in the downstream
direction within a distance of the order of O(v/h).2 Farther on, the jet sheet
loses longitudinal curvature, the pressure difference across it vanishes, and
(in the case of a finite aspect ratio of the wing) generation of a vortex sheet
begins. It can be easily seen that the dynamic and kinematic conditions
work automatically in the case of a vortex sheet.

e The requirement of a jet blowing at a given angle 7 with respect to the
chord of the wing:
As noted before in the problem under consideration, the Kutta-Zhukovsky
condition at the trailing edge is replaced by the requirement that the jet
should be blown at a given angle 7 = 7(z) with respect to the chord at
cross section z = const., i.e.,

arctan -2 = 7(2), for x; =0, (6.46)
Oz

where z; is a local = coordinate, directed upstream.

e The condition of the decay of perturbations at infinity:

Vo -0, 224+y*+22 - . (6.47)

Now, we turn to the asymptotic solution of the local problem of
flow near a trailing edge with a jet flap. Consider a local flow in close
proximity to a trailing edge equipped with a jet flap. Introduce local coordi-
nates stretched in vertical and longitudinal directions, i.e.,

. zj - Y
T (0,2)] P wh(0,2)

z; 2z =z,

2 The ground clearance is measured between the hinge of the flap and the unper-
turbed position of the ground surface.
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where h*(0, z) is the local distance of a point on the trailing edge from the
ground at a given cross section z = const., in our case of a wing of zero lateral
curvature one can set h*(0,z) = h.

The stretching functions o7 and o, are to be determined by the least
degeneracy principle. Note that, depending on the choice of the stretching
functions and the lowest order asymptotics of the local flow potential in the
region Dj, it is possible to distinguish different local subdomains for which
the local flow descriptions would have corresponding distinct limiting forms.
The subdivision of the jet flow domain Dj into different subdomains, as well
as respective orders of coordinates, are shown in Fig. 6.8.

In the subdomain Dj,, independent variables are of the order z; = O(h)
and y; = O(h), so that one can set 1(h) = h and o2(h) = h. Substitution of
stretched variables in the full flow problem leads to the local flow problem in
the immediate vicinity of the hinge of the jet flap. The solution of the latter
problem was obtained in the following form:

e On the upper surface of the wing-jet,

dpt  h
% = —?T Ingj, + R} (6.48)
J1

e On the upper surface of the wing-jet,

dp;, h
T T In[1 —exp(72;,] + R,

oz, - (6.49)
where ¢;, is the flow velocity potential in subdomain Dj,, Z;, = zj, /h, R, ,
and R;, are unknown parameters to be determined by matching.

It follows from expressions (6.48) and (6.49) that the flow velocity near
the point of blowing has a logarithmic singularity with different signs on the
upper (acceleration) and lower (deccelaration) surfaces of the wing-jet. In
subdomain D;,, the jet degenerates into a segment of a straight line, so that
the kinematic boundary condition coincides with the requirement that the jet
is blown at a certain angle. The solution obtained in D, is two-dimensional
and describes the local flow at distances of the order of O(h) from the hinge
of the jet flap. The most complete description of the jet can be obtained in
subdomain Dj,. Under the wing and jet D;, C Dj,, it is convenient to choose
the stretching function in the vertical direction as o3(h) = h. Longitudinal
stretching oy (h) should be selected so that the mathematical description
of the jet is the least degenerate. It means that to the lowest order, one
has to retain both the dynamic and kinematic boundary conditions on the
jet. We analyze in more detail the procedure of constructing the solution in
subdomain Dj,. To retain the channel flow for ~ — 0, it is logical to assume
later on that for h — 0

o9 = h K g1(h). (6.50)

Equation (6.50) implies that in the limit h — 0, we will obtain a one-
dimensional description of the flow under the wing and jet in the vicinity
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of the flap. In this case, the dynamic boundary condition on the jet acquires
the form

. 1 700 \2 24,
2 Oy (%) — () 00 (6.51)

o or. 72 \am Pl
o1 0%, o0f \0zj, of 07§
The governing Laplace equation, it can be shown as previously, reduces to

h 0

_ o\ 0p1 b By
;%‘Bj‘j[yj(%l) ] s (6.52)

ijl 01 a:fjl

The distinct limit for the system (6.51) and (6.52) is secured by the following
choice of the stretching function o(h) and the lowest order asymptotics of
the local flow potential:

oj ~01(h)@g; and oy(h) = Vh. (6.53)

With this in mind, equations (6.51) and (6.52) can be rewritten as

0p; 0% \% 9%
28:Ej1 B <8a‘cjl) = Cul2) oz2’ (6.54)
0 . %1 _ 0
01;, {yl(mh)fjl] - ox, (6.55)

To obtain an equation describing the configuration of the jet sheet, we first
integrate (6.55). We determine the constant of integration by requiring that
at downstream infinity (Z;, — —o0), the jet becomes horizontal at any given
cross section z = const. Therewith §; — ;. (2), and the perturbation ve-
locity in the channel flow between the jet and the ground vanishes, i.e., for
Zl_fjl — —0

55

240, (6.56)

ijl
where g, () has to be determined by matching. Therefore,

00 _ 1 _ Y«(2)
0z;, (%5, 2)

("Ejuz) € Sj- (6.57)

Using (6.57) to exclude 0¢;/0z;, from (6.55), we derive the following differ-
ential equation for determining the jet configuration:

%3 7
C,(2)—2 =1 2=, 6.58
()52 7 (6.58)

Multiplying both parts of (6.58) by y;, we can rewrite this equation as

sl (om) -] =0 69
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and

( o5 )2 = l( yj“’) e (6.60)
9z;, Cu Yi

Consistent with the previous requirement that for g; = 3;(z;,) for any given
z = const. the jet becomes horizontal, its slope must vanish too, i.e., for
.’Z‘j — —00

61/)

6le — 0. (6.61)

Hence, we can determine the constant

cr=-= (6.62)

Thus, the differential equation governing the form of the jet becomes

6@)2 2 (s Ve o 2 (G~ §i)’
0)t 2 T g ) 2GR g
(3% Cu,\7 g T Cu 3 (
Selecting the appropriate sign of the square root, we can reduce (6.63) to

99 _ |25V (6.64)

0z, \C V&

It is not difficult to integrate (6.63) to obtain the following implicit equation
for g; = 5;(Z;,):

2 VI~ Viie) (1 + Vi)
=z =2 + /T In o =<|.  (6.65)
oA Vo - : [\/y’ﬁr\/yjm )(1 - V)
Now, we can apply the requirement that the air should be blown from the

trailing edge at a prescribed angle 7 = 7(z). Using (6.46) and accounting for
the order of magnitude of the jet coordinates, that is,

Y= hgjj, Ty = \/E.’i'jl, (666)

we obtain that for z;, =0,

Oy _ h  9y; ayj -
arctana—xj arctan(\/_axh) an =7(2) (6.67)
or
95 (0,2 = T2 (6.68)

6:T:j1 \/ﬁ .
We apply (6.68) to (6.64), keeping in mind that for Z; — 0, g — 1
(trailing edge). Then
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7(2) 2

N A

and the distance of the jet from the ground far downstream is

1 -%i..), (6.69)

C'“(z)
2h

Uie(2) =1—7(2) (6.70)
Setting gj.. = 0in (6.70), we can determine for which combination of sectional
magnitudes of the parameters C,, 7, and h the jet would touch the ground
at a given cross section z = const.:

() a2 = 1. (6.71)

For a uniform spanwise distribution of the jet deflection angle, the ground
clearance and the jet momentum coefficient, equation (6.71) can be inter-
preted as a condition of blockage, i.e., the situation when the jet touches
the ground everywhere spanwise

Cu _ Cj _
- /EE =74/ = 1, (6.72)

where for uniform jet momentum distribution, C,, = Cj, where Cj is the total
jet momentum coefficient.

The equation of the jet sheet in the case of blockage follows from (6.65)
for g, =0:

2
Tz + 1) : (6.73)

yj_(ﬁ?“) :<5ﬁ

and the blockage occurs at a distance

z = Q‘F ~V2C,, xj:_¥:— 2hC,, (6.74)

from the trailing edge.

The longitudinal velocity in a narrow channel under the jet sheet is given
by equation (6.57), where @;_, is described by (6.70). The spanwise distri-
bution of the longitudinal perturbation velocity at the trailing edge can be
obtained by setting Z; = 0, 7; = 1, wherefrom

9%; =1-G(2) =7(2) 0’2‘22). (6.75)

623j1

_ 9%
=0 O

Zj =0

Due to the conservation of mass, the magnitude of Oy;/0x; is practically
the same as the perturbation velocity under the wing in the vicinity of the
trailing edge. Therefore, to the lowest order, the boundary condition for the
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channel flow equation at a trailing edge equipped with a jet flap can be

written identically as
a(pll _ CH(Z)
p (0,2) = 7(z)y/ T (6.76)

This can also be shown through the matching process.
The flow potential in the upper part of subdomain Dj, (Z;,) was found in
the form

_ 0y;
o = hot + h\/ﬁ(yﬁ +¢F) +0(k), (6.77)
J2
where ¢} and ¢ (Z;,) are unknown functions to be determined by matching.
The next characteristic subdomain of the flow near the jet flap is Dj,, which
is located above the wing and jet; see Fig. 6.8. In this subdomain, y; = O(vh)
and z; = O(v/h). The expression for the flow potential in Dj, was found in
the form (hy [
g - _ — _ —
0y = o / g(&) n[(z5, — > + g7 ]dE+ -, (6.78)
—00

where g(h) is an unknown gauge function of A, ¢(£) is an unknown function,
and Zj, = %j, = zj/vh. Thus, as a result of the asymptotic analysis of
the flow field in D; near the point of jet blowing, we can determine the
characteristics of the flow in subdomains Dj,, D;,, and Dj, with the help of
expressions (6.57), (6.77), and (6.78). The unknown parameters and functions
are determined by matching.

Continuing the discussion of particular features of the asymptotic
algorithm for a wing with a jet flap in the ground effect, some cor-
rections will be shown briefly, which have to be introduced into a general
algorithm of the solution in the particular case of a wing with a jet flap. In
the upper flow region Dy, the expression for the potential ¢, (2.31) has to
be supplemented by the term

‘ﬁ/h%dt, r=VE-0P et (-8 (679)

which represents the potential of the distribution of sinks with strength Q;
along the trailing edge I, and models the influence of the jet flap upon the
upper flow. In subregion D, near the leading edge and side edges, the velocity
potential is given by expression (2.39), in which the coefficients a; depend on
characteristics of blowing. If the wing has endplates, their influence upon the
aerodynamics of the lifting system can be determined in the same fashion as
for a wing without a jet flap.

In the channel flow D; the equation for determining the potential ¢, has
the same form as that for a wing without a jet flap. For zero pitch angle, the
equation for the lower flow potential is
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%o 0%

5;2_ + 52_2 =0, (:L‘, Z) €S, (6.80)
with boundary conditions at the leading edge and side edges to be determined
by matching. Below, without going into details, some results are presented
of the matching needed for further calculations. Matching the upper flow
potential @, valid in region D,, with solutions <ij; and (pjt in subdomains

D;, and Dj, enables us to find the quantities g(h), ¢j, ¢ and Q; in the form

g(h) = h, (6.81)
{26%/?%2, i;]z ; 8 (682)

1 oy o
o = ;/_oo 6;;1 In(z;, — €) d§, (6.83)

0 _ 0 8_

%@ = [ a@d=-2] D 43,
2C

= 205 (=) ~ 1) = ~7()y 2, (6:84

where g describes ordinates of the jet for large z;, — —oo. Note that
7;.. depends on z, i.e., varies along the span, and Qj(z) is negative, i.e.,
represents the productivity of sinks, modelling local effects in the upper flow
subdomain, connected with deformation of the jet surface from the trailing
edge downstream.

6.3 Nonlinear Steady Flow Problem for a Foil
with a Jet Flap

Consider a jet-flapped foil with the upper and lower surfaces described by y,
and y; moving above the flat ground at incidence 6. The jet deflection angle
is designated 7, and the jet momentum coefficient C;. In the simplest case
of the extreme ground effect, that is to the lowest order, we have to solve a
simple differential equation

0<z<1. (6.85)

dz u dz

Equation (6.85) has to be solved with the following trailing edge condition:

d‘Ph
dz

L =rn=T5 (6.86)
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Solution of the flow problem in an approximation of the extreme ground effect
is straightforward. The lift coefficient was obtained in the form

Cy =1~ (1 - ;)31 —Cy), (6.87)

where Cy,, the lift coefficient of the same foil without a jet flap is given by
the formula

1

dz

et [ 2 e o9
. o G(z)

In the concrete case of a flat plate of infinite aspect ratio with a jet flap in

the extreme ground effect, expression (6.88) yields

— k)2 1—7+/C,J2R)?
o, =1-L=m) _y (1=TVO/2 (6.89)
s 1+0 1+0

where 6 = 6/h and h is the relative ground clearance. The general algorithm
of the flow problem solution enables us to proceed to higher approximations.
Omitting intermediate calculations, one can present the following formulas
for the lift coefficient of a moderately thick foil with a jet flap:3

cg:ﬂ+fmm%+ﬁm+mmL (6.90)
where .
dx C.
.ﬂ=1—u—@f1;ﬁay w =1\ 5 (6.91)
2 _ 3 1 q
Fo= 2104 o5+ 7,001~ ) / : (6.9
2 N [2
fg_;{Bz—A2+w+4m(1+M4Jq +nﬁn G~
(1 - 5)[B1 — F(O)(1 - x5) + F(O)(1 - )] / =) 6)
with .
Iw) = [ medg, (6.94)

Yoo

ﬂ%%=%¢ﬁ—1%+VE:1\¢E V%ZXL+¢%DM (6.95)
VT + Vi) = Vi)

For x; = 0, these formulas for Cy, yield corresponding formulas for the foil
without a jet flap, obtained in paragraph 4.1. In the case of a jet-flapped flat
plate in the extreme ground effect, when g, = 4, = 1 + 0z,

3 That is, with thickness of the order of the ground clearance.
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Fig. 6.9. The lift coefficient of a flat foil with a jet flap versus the angle of pitch
for different magnitudes of the jet momentum coefficient, 7° = 30°,h = 0.1.

(1—+)?
2r- 3 0
]:2—;[9+§’i]+1—+_9(1“’§j)]a (6'97)
27571~ kK; = T
f3'%[6<1+nj)(1+1m—“J)H()Jrk”)ln1+é!

+x;1In \/62.; - J(nj)]. (6.98)

Figure 6.9 presents the lift coefficient C, of a flat plate versus the angle
of pitch 6° for different magnitudes of the momentum coefficient Cj and the
angle of blowing 7° = 30° for h = 0.1.

Figure 6.10 shows the dependence of the lift coefficient of a jet-flapped
plate upon the relative ground clearance for 7° = 15°, §° = 2° for different
magnitudes of the jet momentum coefficient Cj. Linearizing the expression
for the lift coefficient Cy, of the flat plate, we obtain the formula

c, =2r %{1+%[1+%+1n(%\/—h—%)]}, (6.99)

where v, = 0.5772 is Euler’s constant. This formula is identical to the ex-

pression derived within assumptions of the linear theory in Kida and Miyai
[50].
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Fig. 6.10. The lift coefficient of a flat foil with a jet flap versus the ground clearance
for different magnitudes of the jet momentum coefficient, 7° = 15°,6° = 2°,

6.4 Steady Flow Past a Jet-Flapped Wing of Finite Span

If perturbations in the flow are small, we can apply the linear theory to obtain
some useful practical results. Linearization admits separate investigation of
the effects of angle of pitch, curvature, and the jet flap. Therefore, when
considering the flow problem for a flat wing with a jet flap, it is sufficient to
treat a flat jet-flapped plate at zero incidence. Within the approximation of
very small ground clearances, the flow problem is described by relationships
derived from the general formulas of the theory developed in section 2. The
equation is

o1 0Pp
22 T 9.2 = 0, (z,2) €S. (6.100)
The boundary conditions are
¢1 =0 at the leading and side edges (6.101)
and
O _ Cu(2) _ s
5. =T\ o = H at the trailing edge. (6.102)

It follows from the more general nonlinear jet description that for small per-
turbations, the equation of the jet becomes

gi=1-71 %[1—exp(ij2\/—g;)], %, < 0. (6.103)

The jet becomes horizontal far from the trailing edge, and its ordinate far
downstream is given by
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=1l—-kK=1-7 % (6.104)

_ Yico
B =

It is easily seen from the latter expression that the condition of blockage
in the linear case is identical to that obtained from nonlinear theory; see
formula (6.71). Turning from stretched to natural coordinates y; = hg; and
T, = \/E.’ijz, we can obtain

g%j =7 eXp(xJ’z \/;%—:) zj, <0, (6.105)
Y = h—T\/@[l —exp(avjz\/%)]. (6.106)

It follows from expressions (6.105) and (6.106) that within the small pertur-
bation theory, the form of the jet behind the trailing edge is exponential. The
jet becomes horizontal at distances of the order of O(v/A) from the point
of blowing. Note that due to the dependence of 7 and C,, on the spanwise
coordinate the magnitude of y;_ also depends on z. We consider a partic-
ular case of a rectangular wing of aspect ratio A with a jet flap in the
extreme ground effect. We let the jet have an arbitrary spanwise distribu-
tion of the momentum coefficient C,,(2) and jet blowing angle 7(z). Note
that we can rather speak about a given spanwise distribution of the quan-
tity kj(2) = 7(2) v/Cu(z)/2h = k;,K;(z). The solution of the lowest order
problem (6.100)-(6.102) can be obtained in the form

hk,(z -1
1Py = Ky Zan sinh fn (2 )cos KnZ, K, (2n+1). (6.107)

cosh Kk,

>4=\

The lift coefficient, the moment coeflicient around the trailing edge, and the
coefficients of the induced drag and suction force for a rectangular wing with
a jet flap were found in the form

M2 9 4 X (—1)"a, tanh
901 an tann gy,
dzedz=<+) —-——, 6.108
/ /,\/2 Ox )\:L:{) 4n ( )
1 pA/2 9
m, = —g/ / —ﬂx dzdz
AJo Joaje Oz
4 X (—1)"a, tanh g, tanh(g, /2)
Z"XZ p , (6.109)
n=0 n
1o 32 2
Cy, = 3 Zanqn tanh® g, (6.110)
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a2q?
C, nn 6.111
T2 Z cosh®q,’ ( )
where the coefficients a,, are determined by the formula
9 M2
an = —-—/ K;i(2) cosgpzdz. (6.112)
Adn —X/2

Note that these formulas do not include the reactive vertical and horizontal
components of the force due to the jet momentum. For example, the reactive
component of the lift coefficient can be calculated by using the formula

1 M2

C, == C,(2)1(2)dz. 6.113

Y 7
oA

When considering the horizontal projection of the balance of forces acting
upon the wing, we have to account for the reactive thrust of the jet. Within
the frame of linear theory, the latter is equal to the coefficient Cj of the
total jet momentum. In the particular case of uniform distribution of the jet
momentum and the jet blowing angle C, = Cj = const., 7(z) = 7 = const.,
the formulas (6.108)-(6.111) yield

\/7 Z tanh In, (6.114)

_ 16 \/— Z tanh g, tanh(qn/Z) (6.115)

472C; tanh? ¢,
C:zi = )\2 : Z q2 ) (6116)
n=0 n
4720, & 1
Cs = ] . 6.117
A2 nzzzoq,% cosh? g, ( )

For not very large aspect ratios, one can truncate the series to one term, that
is,

16\ Cj T

Cy =~ —7-;3'—7' 5’; tanh X, (6118)

].6)\2 Cj ™ ™
m, =~ -——7?4~T Q—htanhxtanh 2—):, (6119)

47'26’- o™ hmt
Cuy = 3 tanh® T = 507, (6.120)
A

" (6.121)

37k’
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4T2Cj

Cs = S ooshi(r N cosh(r /)’ (6.122)
An important conclusion about the approximate equality of effective aspect
ratios for a wing with and without a jet flap follows immediately from com-
parison of expressions (6.121) and (3.70). It means that the influence of the
relative ground clearance on the effective aspect ratio is the same no matter
how the lift is generated, by a jet flap at zero angle of pitch or by the angle
of pitch without jet flap. Passing to the limit A — oo in (6.114)—(6.117), one
obtains corresponding results for two-dimensional extreme ground effect:

20 .
CszH—hi, mz:T”%, Cy, =0, Cs=%7'2cj- (6.123)

For a wing of small aspect ratio A — 0,

16x (G A2 g 1, _
Cy = 77-—37- -QE’ m, = —6—7' %, Czi = 57’ C’j, CS =0. (6124)

Consideration of the expressions (6.114)—(6.117) shows that the aerodynamic
coefficients Cy, m,, Cq, /h, and Cs/h depend on the aspect ratio A and the

parameter
[C.
Ky =T Ehi’ (6.125)

whereas the quantities Cy/kj,m./k;j,Cx, /hs? and Cs/hx? depend only on
the aspect ratio of the wing. Thus, for a wing of given aspect ratio it is suffi-
cient, once and for all, to calculate the quantities Cy/k;,m. /K, Cy,/ h/-cJ? and
Cs/ h/{f. Based on the data calculated in this way, it is easy to determine the
aerodynamic characteristics, corresponding to different magnitudes of the jet
momentum coefficient Cj and the relative ground clearance h. The parameter
k; can be viewed as a similarity parameter that characterizes the aero-
dynamics of the wing with a jet flap in the extreme ground effect. Figure 6.11
illustrates the influence of the aspect ratio of a jet-flapped rectangular wing
in the extreme ground effect upon the lift coefficient, related to the similar-
ity parameter «;.* The calculation was performed by using formula (6.114)
with ten terms retained in the series, which converges very quickly. In the
same figure there are plotted corresponding results for a wing of semielliptic
planform; see Kida and Miyai [50].
We let the jet momentum coefficient distribution vary as

Tz
)\ 3
which is identical to the variation of the velocity of blowing along the span

in proportion to cos(mz/\). Then, the following formulas hold for the lift and
the moment coefficients:

C,(z) = 2C; cos® (6.126)

4 Here, the reactive component of the lift coefficient is substracted from the total
lift coefficient.
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Fig. 6.11. The influence of the aspect ratio on the lift coefficient of a jet-flapped
flat wing of rectangular and semielliptic planform (solid line: rectangular planform,
see formula (6.114); dashed line: semielliptic planform [50]).

4\ C; T 4/2)\ T
C, = 7 ftanhx =55 tanh T
aXir |G s ™
m, = =\ 7 tanh X tanh 7%

Comparison of the lifting properties of a rectangular wing with a uniform
jet momentum distribution and the jet momentum distribution, given by for-
mula (6.125), shows that for the same angle of blowing, ground clearance,
and the total jet momentum coefficients Cj, nonuniform blowing results in
somewhat larger magnitudes of the lift coefficient than that of uniform blow-
ing.

In section 9 a law of blowing is discussed, which leads to a minimum
induced drag for a given lift coefficient and also the influence of optimization
upon the lift-to-drag ratio of the wing with a jet flap in the ground effect.

When the jet-flapped wing has endplates, the calculation of the lift co-
efficient and other aerodynamic coefficients can be performed taking into
account the results presented in paragraph 6.1. Application of the approach
set forth in paragraph 6.1 leads to the following formula for the relative lift
coefficient of a jet-flapped wing with endplates:

C,
Ky = CLy =1+ hG(7vep) A;(A) + O(R?),
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where the function G(7.p) accounts for the configuration of the endplate and
the function A;, depending upon the aspect ratio, was found in the form

AN = 71_4)\ [Zc tanh(gn,\?/4) /qn/z tanh qn/qn]

n=0 n=0

where

c*=§:——i_—1)l—— q:z(2n+1) k= —(20+1).
n P 2 ) n /\ )

>4|>!

Leaving one term (I =

= 0) in this series, we can obtain the following
approximate formula fo A;(N):

16 tanh(mw\/4)
A(N) ~ mA(4 + A2) tanh(m/))

It is remarkable that the magnitude of A; from these formulas does not depend
on the jet momentum.

Now some results will be discussed of the nonlinear theory of a jet-
flapped wing of a finite aspect ratio in the extreme ground effect. For
a wing of rectangular planform, the aerodynamic coefficients can be derived
in analytical form. Taking into account the trailing edge condition obtained
earlier,

0 C

afcl =1-0e =75 =5
the nonlinear problem is formally described by the same set of equations
except for the fact that the pressure distribution should be calculated by
using the following nonlinear differential operator:

- (%)2. (6.127)

p_pgﬁ Oz

Integrating the pressure difference (p) = p~ — p™ on the wing surface taking
into account the expression (6.127) for ¢, we can derive the following expres-
sions for the lift coefficient of a rectangular wing with a jet flap in the case
of moderately large flow perturbations:

,\/2
/ / p)dzdz
,\/2

=3 ia;——ta“hq“ (- fad], w

. (2n+1),  (6.128)

>I=l
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9 [M2
=g [ sEeosaueds ) = e o

The moment coeflicient calculated around the trailing edge has been found
in the form

tonlhg, n  af tanh guAg?
=*Z“ anng [ 1)"tanh%—%]. (6.129)

For constant &; = 7./C,/2h = 7,/C;/2h, the following expressions were

obtained for the coefficients of the lift, moment, and induced drag:

K\ 16 > tanh g,
6 t n n
— ”J Z anhq ( hq———%njtanhqn), (6.131)
8 <= tanh®g,
Co = i (1= r) 35 D anq 2 (6.132)
n=0 n

As earlier, retaining just one term in the series (6.130)—(6.132), we obtain the
following simple approximate formulas:

~ 16[‘\'/1(1 — K',J/Q)A m

c, = tanh T, (6.133)
IGKJAZ s ™ 1 s
z o ta nhX<tanh§X - ZKJ tanh —)\—), (6134)
8hk?(1 — k) ™
~ J J 2

Passage to the limiting cases of wings of large and small aspect ratios results
in the following formulas:
Kj

A — o0, Cy=2fﬁj(1——-’?2i), mz=Kj<1—5>, Cy, = 0; (6.136)

Cz, = kel (1 — Ky). (6.137)
For small magnitudes of «; these formulas yield the corresponding formulas of
linear theory. Of practical interest is an estimate of the maximum magnitudes

of the lift coefficient of the a jet-flapped wing in the extreme ground effect.
This maximum is achieved when the jet touches the ground, i.e., in the case
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of blockage. In accordance with the blockage condition x; = 1 and equation
(6.130)

tanh In
Comax = 33 Z (6.138)

n=0

The magnitudes of the lift coefficient for other ° nonblocking” magnitudes of
parameter k; can be determined by taking into account (6.130) and (6.138)
in the form

C, = nj(1 - gi)oym. (6.139)

It is interesting to compare the magnitudes of Cy__ , predicted by the non-
linear (6.138) and linear (6.114) theories. Due to the fact that the condition
of blockage is identical for both the linear and nonlinear theories it follows
immediately from (6.114) that for «; =1,

lin _ 16 tanhqn

Ymax 32
AL~ g3

(6.140)

Comparing expressions (6.130) and (6.138), we see that the linear theory
predicts magnitudes of the maximum lift coefficient which are twice as large
as those predicted by the nonlinear theory. It can be readily shown that the
nonlinear description of the blockage phenomenon is closer to reality than
the linear one. For instance, in the case of the wing of infinite aspect ratio,
it follows from equations (6.138) and (6.140) that

nonlin _ 1, Clin =9,

Ymax Ymax

At the same time, it is clear from the physical viewpoint that for zero or
vanishing incidence the blockage of flow near the trailing edge of a wing of
infinite aspect ratio moving near a wall, results in complete stagnation of the
flow under the wing. In very close proximity to the ground, this situation
corresponds to magnitudes of the lift coefficient close to unity.

To conclude the consideration of the jet-flapped wing in the extreme
ground effect, a comparison is presented in Fig. 6.12 of the results of the
asymptotic theory with the experimental data of V.P. Shadrin, obtained in a
wind tunnel for a rectangular wing with endplates. Note that, when conduct-
ing calculations by using the asymptotic theory, account was taken of the
jet reaction force and the presence of the endplates. For large magnitudes
of the blowing angle, the reactive components of the jet in the vertical and
horizontal directions have to be predicted by the formulas

1 M2
Cy, = ——/ C,.(z)sinT(z) dz,
oA
A2
¢ =1 / Ciu(2) cos 7(2) dz. (6.141)
. WY
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Fig. 6.12. The additional lift coefficient of a rectangular wing with endplates due
to a jet flap (7° = 30°,C; = 0.01,0 = 0, solid line: asymptotic theory, circles:
experiment, Shadrin (1975)).

It is worthwhile to mention that in the experiments conducted by Shadrin
a model of a rectangular wing of aspect ratio A = 1 with a “Gottingen”
type foil section with an almost flat lower surface was tested. The relative
thickness of the foil was equal to 11%, and the width of the jet injection slot
with respect to the chord was 0.0053. Specially designed changeable trailing
edge elements provided variation of the angle of blowing 7, measured with
respect to the flat lower surface of the wing. The injection of air was provided
by special fans built into the model.

6.5 A Wing with a Rotating Flap

It is known that rotor devices in the form of rotating cylinders and rotating
flaps attached to the main foil can be used as one of the possibilities to
enhance and control the aerodynamic efficiency of lifting systems.

In connection with the importance of edge effects for the aerodynamic
behavior of wings operating in the ground effect, rotor devices can be fitted
on the leading, trailing and side edges to form rotating forward and rear flaps
and rotating endplates.

In what follows, we discuss some simplified mathematical models of ro-
tating devices fitted near the edges of a lifting surface in the ground effect.
It is assumed, in particular, that when a rotating device is operating near a
sharp edge, the Kutta-Zhukovsky type condition is satisfied at this edge at
all times.
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Fig. 6.13. A wing with a rotating flap at the trailing edge in the extreme ground
effect.

In the case of a rotating flap mounted in the vicinity of the trailing edge,
this assumption implies that a supercirculation arises around the wing, which
should eliminate large velocities induced at the trailing edge. It should be
noted that the lift resulting from this supercirculation is much larger than a
simple Magnus lift acting upon a rotating cylinder or a flap. The lift-to-drag
ratio is significantly larger that for an isolated rotating flap due to a large
chord to thickness ratio.

In the case of a rotor endplate, the mechanism of enhancing the lift is
somewhat different. Here the requirement of finite velocities at the side edge
of the wing (or tips of conventional endplates used for wing-in-ground-effect
vehicles) slows down the leakage from under the side tips. Hence, we expect
an increase in lifting capacity.

It should be noted that for both rotating flaps and rotating endplates, the
resulting lift-to-drag ratio should be estimated accounting for the additional
energy required for the rotation of the devices.

From the viewpoint of applying matched asymptotics techniques to the
problem of flow past a wing-in-ground effect with rotating devices, the scheme
of the solution should incorporate the analysis of the corresponding local flow
in the vicinity of the wing tip with a rotor (rotating flap or rotating endplate);
see Fig. 6.13.

We turn to the derivation of the boundary condition for channel
flow at the trailing edge with a rotating flap. Consider the case when
the main lifting surface of a wing-in-ground-effect vehicle has a rear flap that
can rotate around an axis located at its midchord. Replace the rotating flap
by a vortex of circulation I'. In a local stretched trailing edge region, this

vortex has a complex coordinate {, = 7, +if,y, where 7 = —Z; see Fig. 6.14a.
We define the nondimensional circulation I" as
C,
I =212 = onr2k, (6.142)

0
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Fig. 6.14. (a) The stretched local region near the trailing edge with a rotating
flap, (b) The auxiliary plane in the local problem of flow past a trailing edge with
a rotating flap.

where r, is the nondimensional radius of an equivalent rotating cylinder equal
to the semichord of a rotating flap, w is the circular frequency of rotation,
C, is the chord of the main wing, U, is the cruise speed of the vehicle, and
k = wC,/U, is the Strouhal number based on the chord. The local flow
potential ¢, of the relative motion of the fluid can be sought in the form

$e = a1¥a + a2hpy + I'py + azhi + ay.

The local flow near the trailing edge without a rotating flap was considered
in section 2. Therefore, we have to determine only the additional term due to
the rotor, that is, ¢,. To solve for ¢.,, we map the flow field onto an auxiliary
complex plane g = g; +1ig, shown in Fig. 6.14 b. This mapping is realized by
the function

¢= %(g+lng+1). (6.143)

We find ¢, = R{F,(¢)}, where the complex potential F., of the vortex in
the g-plane can be written as

_ L1, 9-9y
Fy(g) = 5—1In P (6.144)

where § is the complex conjugate with respect to g. The complex coordinate
9~ of the vortex in an auxiliary plane can be found from the equation

1
v = (97 +1ngy +1). (6.145)

Assume further that the rotation of the flap results in supercirculation around
the wing. The magnitude and direction of this supercirculation is governed
by the Kutta-Zhukovsky condition at the trailing edge. With this in mind,
after complementing the right-hand side of (6.144) with a supercirculation
term, we obtain

1 -
Fyg)= =IO Ing. (6.146)

2m g — Gy
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Accepting the previously mentioned mechanism of the operation of a ro-
tating flap, we find the constant C, from the condition of no flow across the
trailing edge of the main wing. Accounting for violation of the conformity of
the mapping at point g = —1 (image of the trailing edge), we can satisfy the
Kutta—Zhukovsky condition by requiring that for g = —1,

dF, 1 1 1 c,
—_—t = - — )+ — =0, 6.147
dg 27rz(g—gv g—g'y) ( )

g
wherefrom
1 1 1
Cy=—( e . ) (6.148)
2mi\—1— g1y — 1924 -1 - g1~y + 192+
or, finally
c, 2y (6.149)

w1+ g19)? + 63,1

We consider the outer asymptotics of the flow velocity due to the rotor at
some distance from the trailing edge along the upper and the lower surfaces
of the lifting surface. We calculate the complex velocity in the physical plane

dF, dF,dg 92+ Cy1 g
Rintle APt - A — 4+ L . 6.150
d¢  dg & [ﬂ(g -9v)(9-3y) g ] (1+9) ( )

On the surface of the wing in the vicinity of the trailing edge, we have to
replace g with g;, so that

dF, dF, 92401 wC,

—_— === + . 6.151
d¢  dov [(g1—91y)?+ 95 )(1+q) 14a (6.151)
The upper surface asymptotics follows for g1 — —oc:
dF, 7C, O( 1 )
¢ & 9/’
1
(=p+i=—(q+im+In|g|+1), 17:97-}+0(1). (6.152)

It follows from (6.151), (6.152) that for # - —o0, §=1+0 (g1 = —00, go =
0+ 0), the flow velocity behaves as

dF, Jd¢, C, 1
S2=Fro o). 6.153

d¢ oo 1 7 ( )
We turn to consideration of the outer asymptotics of the local flow velocity
on the lower surface of the wing inside the channel, i.e., when gy — 0—0. In
this case we can obtain from the expression for the mapping function

1
v+im ;(1-|—i7r+1n[gl|), (6.154)
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wherefrom
g1 = —exp(nv), (6.155)

so that far upstream in the channel, g; vanishes exponentially. Hence

dFy _ 0py _ 92491 _

—L =2 =" 4+ 7C, =7C, + Olexp(n)]. 6.156

ac a5 g%’y +g§7 v ¥ [exp(n7)] ( )
Accounting for the obvious relationships # = -z = —z/h,0p,/00 =
—hOy.,/0x, we can represent the contribution of ¢, to the channel flow
boundary condition at the trailing edge as

Oy 1 0y 1

Y Y ZeC,. 6.157

o0~ how K" (6.157)
The corresponding boundary condition for the velocity of the relative motion
of the fluid accounting for the structure of the local flow potential ¢, can be
written as follows:

. =0p Igy
0)=—1-Ir2=-1-—20 6.158
0 o (1+914)? + 93, ( )
where
_ T wC,y\ 2 wCorg\ _ _
Ir= 5= 27r( T, )—h— = 27r(—-—[—]—0——)7'0 =21k, To. (6.159)

In the previous expression, 7, = r,/h is an equivalent radius of a rotating
flap (identical to a half-chord of the flap) related to the ground clearance and
kry = wCor,s/U, is the ratio of the flap edge linear velocity to the characteristic
flow velocity U,. The parameter k,, can be interpreted as a Strouhal number
based on the radius of an equivalent rotating cylinder. Formula (6.158) should
be used instead of formula (4.67) of section 4 as a channel flow boundary
value of the spanwise-averaged velocity at a point £ = 0, when solving flow
equation (4.66) for a wing with a rotating flap. Observing that the structure
of the flow problem (hence the structure of its solution) for the rotating flap
is identical to that of a traditional rigid flap, we can interpret the quan-
tity oy, .

- _ B 2y

or =14+ I fy(Ty,yy), fy= (1+g1,)° +g§7’ (6.160)
as a relative effective gap behind the rotating flap. For example, for a wing
with zero pitch angle, a rotating flap at the trailing edge, and nonzero clear-
ances under the endplates, we can determine the lift and moment and induced
drag coefficients by formulas (4.71), (4.72), and (4.74), replacing &; with 4,
given by expression (6.160). It is easy to see from (6.160) that to diminish
the effective gap §,, that is, to increase the lift, the flap should be rotated in
the clock-wise direction (I < 0).
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6.6 Slotted Wings in the Ground Effect

When the lifting surface is slotted, the same formalism can be applied to
account for the influence of gaps upon its aerodynamics in the ground effect.
As indicated in Durand (1934), the problem of the slotted wing is of practical
importance for several reasons. In the case of lateral slots with a proper choice
of the adjusted angles of attack of portions of the wing, separated by the slots,
a better lifting capacity can be achieved. On the other hand, introduction of
longitudinal slots especially near the root section of the lifting surface, can
result in an increase in induced drag.

It should be mentioned that numerical solutions of the flow problem for a
wing with narrow slots can bring about computational difficulties and even
divergence of the computational processes. In any case the number of control
points should be considerably increased in the immediate vicinity of the gap
to avoid numerical errors.

An exact solution for a two-dimensional foil with one small gap in an
unbounded fluid was developed by Chaplygin. Bleviss and Strubble [145] ob-
tained some exact solutions for longitudinal gaps on a wing of small aspect
ratio in unbounded flow. Application of the method of matched asymptotic
expansions opens certain possibilities for a simplified analysis of the flow
problems for slotted wings both in and out of the ground effect. White and
Landahl [146] handled corresponding 2-D problems by the matched asymp-
totics technique. In what follows, we use the asymptotic theory set forth in
previous sections of this book to evaluate the influence of a lateral gap of
small width 8, = dzh, &g = O(1), located at a distance l; = O(1) from the
trailing edge, upon the aerodynamic characteristics of a thin rectangular wing
of aspect ratio A, moving at very small distances from the ground ~ <« 1; see
Rozhdestvensky [45, 46].

As discussed previously, to account for the influence of the gap, we have
to analyze the local flow near it, find the corresponding asymptotic solution,
and subsequently, match it to the main flow. This procedure can be shown
to be applicable in nonlinear case, but here analysis will be limited to a
the linearized case. In compliance with the linear theory it will be assumed
that the vortex sheet emanating from the leading edge of the lateral gap
stays in the same horizontal plane. Sufficiently far from the intersection of
the slot with the side edges of the wing, we will consider the local flow as
a two-dimensional flow in the planes z = const. which are normal to the
gap’s axis. Near the gap, the local stretched coordinates gy = y/h,Zg =
tg/h = (x—1)/h, z; = z are introduced. In the plane of the complex variable
Z = Iy + iJg, the complex velocity potential F; and the complex conjugate
velocity
_ dFy _
=37 =
of the flow near the gap are analytic functions, satisfying the following bound-
ary conditions:

Wg ug — vg
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e on the ground (gg = 0+ 0),
a) SFp =1, =0, b) Swg = —v; =0; (6.161)
e on the wing behind the gap (§; =1%0, Tz < ~3g/2),
a) SQFy=19g=1, b) SQwg = —vg = hos(lg +0,2,t);  (6.162)
e on the wing in front of the gap (g, = 1 £0,%; > 64/2),
a) SFp =19 =17, b) Swg = —vg = has(lg £0,2,t). (6.163)

Here v, is an unknown constant associated with the rate of the fluid passing
through the gap;
o = s _ Ous
Oz ot
is a prescribed downwash near the leading and trailing edges of the gap. The
superscripts plus and minus correspond to points on the upper and lower
surfaces of the wing, respectively. According to the scheme already discussed
above, the gap flow solution will be decomposed into (a) homogeneous and
(b) nonhomogeneous solutions. To proceed with the solution of the local
problem, formulated above, we map the flow region onto an upper half plane
of the auxiliary complex plane. The point-to-point correspondence is shown
in Fig. 6.15.
The mapping function was obtained by application of the Christoffel-
Schwartz integral

2 (1-£%In -li-c-] (6.164)

1-¢

g1
2

Z-i= ol t

Fig. 6.15. The correspondence of points of the flow field near the slot and auxiliary
half plane.
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where parameter f is related to the width of the gap by the relationship

-6 1+8
% =7 = 52){ +ﬁ]

Note that for sufficiently small §; < 0.5, we can approximately set 8 = 70y /8.
The solution of problem (a) was found in the form

(-1 ¢
+ e ln =), 6.166
It is easy to verify that this solution does not violate the flow tangency
condition at points on the wing. The velocity potential on the surface of the
wing is calculated by taking the real part of the complex potential and setting

¢ =£. Then,

Fg = B2+ (1 ~ %) In (6.165)

Fuy = %(m

1/ 1-
Gag = ;r—(ln TS +7gIn 1%) (6.167)

The solution of problem (b) was found with help of the Schwartz integral for
a half plane, which enables us to construct an analytic function by using its
imaginary part, given on the real axis; see Fuks and Shabat [131]:

1 />3
Whg = Ubg — l’Ubg / ~hg dCI +C
0o Cl C
(- ¢
¢ ¢+1

Omitting the real constant C' and separating the real part of expression
(6.168), for points on the surface of the wing near the gap,

1
+ as(l +0)In

- g [as(l ~0)ln ] el (6.168)

¢ ¢ e
+ as(lg +0)In 1—4], Pog = / Ubg AZ.
- 0
(6.169)
The general solution for the perturbed velocity potential in the vicinity of
the gap, that is, in region Dy, can be written in the form

h 1-—
Upg = p {as(lg ~0)In c

g = llgoag + lgtpbg + lgh!l_:g + 1y, (6170)

where parameters [; must be determined by matching procedures. Parameters
I3 and I take different values above (§; = 1 + 0) and below (gz = 1 —0)
the gap, that is I3 # 137 and IJ # I;. The real constant v, was found by
accounting for the requirement that the perturbation velocity should be finite
at the leading edge of the gap (point C in Fig. 6.15 ) as

_1-8
’Yg—m~

It can be readily demonstrated that for such a choice of <4, the perturbation
velocity at the trailing edge of the gap (point B in Fig. 6.15) has a square

(6.171)
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root singularity, i.e., behaves as s~!/2 (where s is the distance of the point
from the trailing edge of the gap in the downstream direction). Asymptotic
representations of the gap velocity potential (6.167) far from the gap, which
are needed for matching with the main flow solution, can be written as follows:

e far from the gap on the upper surface of the wing (§ =1+ 0),

28 w(1-pA)z
LT
s — 1_ Hz —
+ <C:r>ha:g [1n ult 2ﬂﬂ2 JZs _ 1} +ly + Tgh + s, (6.172)

(as) = ag5(lg — 0) — as(lg +0).

e Far from the gap upon the lower surface of the wing (g, = 1 —0),

. (1=8 26 B h ymas(lg +0)Z2
wg—l[xg(l+ﬂ)+W(1+ﬂ)(ln2—m)]+;{—2 g
2

:fg[(“sﬂn?_as(lg*‘o)i‘?‘_@‘@]}+13hfg+l4, g 00, Pg=1-0;
(6.173)

~1 [a‘: +—2ﬁ——-(ln2+—-—ﬂ——)] +ﬁ{——~m5(1g—0)5:2+

e S ) 1-p8/1 " n 2 g
2
Tg [(as) In2 + as(lg — 0)%2—” + I3hZg + Uy,

g — —00, fg=1-0. (6.174)

The velocity potentials of the upper flow, channel flow, and leading and
trailing edge flows can be constructed in a manner explained in detail in
previous sections. For briefness we discuss only the changes to be introduced
into the procedure for solution when the wing has a lateral gap.

The upper flow potential in region D, is represented by a straightforward
distribution of sources (sinks) over the projection of the wing plus the wake
onto the ground with the addition of the admissible contour distribution of
the sources (sinks) along the edges of the wing (wake) and along the axis of
the gap. Expression (2.31) of section 2 for the upper flow potential should be
supplemented by the term

__1_ A2 Qg(zmt)
47T _)\/2 ’l"g

dz,  rg= /@l +(z— )2, (6.175)

which represents the potential of a linear distribution of the sources (sinks)
with a strength Qg and models (in the upper flow region) a leakage of the fluid
through the gap from beneath the wing. The strength @, of the singularity
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distribution has to be determined by matching with the gap flow poten-
tial @g.

Taking into account expression (6.175), the asymptotic representation of
the upper flow potential near the gap is found in the form

~ Yz t),

z—)l +0 2

N AN

Inzg + (as)
Here, parameters L; and Lo characterize the influence of distant sources
(sinks). Corresponding expressions for L o are not presented herein for brief-
ness.

The channel flow potential satisfies the same Poisson equation as that
for the wing without slots. However, this equation, strictly speaking, has to
be solved separately in two portions of the wing planform divided by the
gap axis. The boundary conditions at the leading (side) and trailing edges of
the wing are given by the same formulas as previously discussed. The only
difference is that the constants Ay, By, and Bs comprise contributions from
the additional term (6.175) in the expression of the upper potential.

A special feature of the channel flow for a slotted wing is that both values
of the potential ¢; and the corresponding pressures are, generally speaking,
different when one approaches the line z = I ,|2z| < A/2 from the left and
from the right. Physically, this is connected with mass and vorticity transport
through the gap. Rewriting expressions (6.174) and (6.176) in terms of the gap
variable x; = hZg enables us to find asymptotic structure of the parameter
Iy when x4 tends to 0+ 0 and 0 — 0:

1
li =l11 + lighln 7 + hlyz + O(h?), (6.177)

as well as the behavior of the channel flow potential and pressure in the
vicinity of the line /g + 0:

(I +0) = g, (I — 0) — —— (6.178)
ISR R (ROl D) |
1- 4 61—
26 0l11 B
trp(l -0 + e 2 - ﬂ[as(l +0)
1-3 _ 59011 dip1,
vaslls =) (5) |1 mo=2(5 - ) (6.179)
and a parameter 5
_ 9y
=22 (6.180)
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Matching the upper flow ¢, and the gap flow potentials is identical to com-
paring of the expressions (6.172) and (6.176) in the same variables and leads
to the following results:

441 1 1-p?
Qg = 1 +1/;, l; = ;{Ll - (as> [].Il '7r—('2/62—h) — 1] }, (6181)
1 26l w(1- %)
lj_;[L2—1+ﬂln 2 ] (6.182)

Finally, applying the Kutta~Zhukovsky condition at the gap trailing edge
(point C) in the form of the pressure continuity across the gap, we can find
oly olf

I+ =1+ 6.183
Taking into account (6.181)—(6.183), the relationship between py, (Ig +0) and
1, (Ig — 0) becomes completely defined. The solution in region is constructed
similarly to that of a wing without the gap. To the leading order (the extreme
ground effect), the problem acquires the sufficiently simple form

0"~ +O(hhIng), gt =0(), (6.184)

where @), should satisfy the following equation and boundary conditions

¢, o, A
—ri -1 > - > < I
522 + 5.2 os(z,2,t), 1>x>0+0 and [—0>zx>0, |2|< X
(6.185)
A A
¢, =0, r=1, |z < 3 and 1>z>0, z=:i:§; (6.186)
O, Oy, A
_ = = < — .
E ot 0, =0, |2|< X (6.187)
with the following boundary relationships at the gap centerline:
o1, (lg +0) = ¢, (I — 0), (6.188)

— 1- ,8 _ 6(,011 6(»011
py (lg + O) =Dy (lg - 0) (m): by = 2( or - '—at—) (6189)

Now, consider some examples.

o For a slightly curved thin foil (infinite aspect ratio),
Ys = h +ef(z), 1<z2<0,

we can write the lift and moment (around trailing edge of the wing) coef-
ficients in the following way:
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C, =< [01 + Cghln% +hCs+ o<h2)}, (6.190)
_ _4Bfg) g
ar=2 [ seae- gy,
2= 2[5t ) - 1))+ (5) 70 + )],
Cy = %{Bg — il — 1)8;13 (g +0) = Az + (1 +Inm) [ £(1) - i-i-_@—ﬁ-f(zg)]
4/62f( g) ! nmw—
+<1 +ﬁ)(1 _/32) +lg[f (0)1 Bl]}v
m, = % {ml + mghln% + hms + O(hz)], (6.191)
my —2/ ££(€)dg ~ Qfﬁ(ﬂ)(l—@,

ma = { Z 110 - 260+ (155) £O + 20},

dei, 1 ,
mg = (1 12) (f; (lg+0)+;{l§[f (0)Inm — Bl — 24, + Qi In7

+QgllgInly + (1 —lg) In(1 —lg) — 1]

8621 (lg)lg }
(1+p)(1-p27)"

1
-2 [ Feleme + -9l - 9 - 1de -
0

where

46

145

d(plz 213 1_ﬂ !
e+ 0 =g+ {(m)[f(o)lmr—Bl]

48y oy 0]

where (') = f'(ls +0) — /(g —0).

Parameters I3, By, and A, are calculated by the formulas

o= Y- a2 )

Q. Fl), Q=2 - 221y,

1+8

By=—-+ 2= f(0)- [ [f(&) - O+
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Ly = f/(lg + 0)[1 +1n(1 — )] — f'(lg — 0)(1 +Inly) — 2(1Q_1 5
- [re-re-o - [ire- oo
To the leading order (the extreme ground effect),
2e / £(€)de - ﬂf(l—l(-ﬁ———)] (6.192)
m, = %;[Jclﬁf(ﬁ)d£<— %ﬁf%?(l-—léﬂ- (6.193)

The relative influence of the gap upon the aerodynamics of the wing can be
conveniently described by ratios of the lift and moment coefficients for a wing
with a gap to those for a wing without a gap, that is, for §; = 0. These ratios
are

kg =Cy/Cy, and Kkpm =m,/m,,.

To the lowest order, that is, with an asymptotic error of O(hln(1/h), the
magnitudes of k; and &, are not dependent upon the relative clearance of
the foil h and have the following form:

26f(le)(1 — L)

=1 6.194

* (1+8) f, £(&)de (6134

o A1) (6.195)
(1+8) [Fef(e) de

In the particular case of a flat plate at an angle of pitch 6, f(z) = z,e = 4.
It follows from the general results that

RC, WBl(l—1) 4k 7w
Doy oo =1 el T
5 = hCy 115 ‘traspt

2:{ +—f—ﬂ[(1 —21g)1nll“glg ~ ]
4p°

Yo ar [lg(zg —1) - Tf_ﬂ] } (6.196)

hm,

1
= hmg =m; + mzhln E + hmg, (6197)

34621 -12) -1
1+ 8 ’
1 lg

g

(1 —l§)7 ma =

& _9-9l,
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Fig. 6.16. The lift coefficient of a flat plate of infinite aspect ratio versus the
ground clearance for different magnitudes of the relative width of the slot dg/h,
lg =0.5.
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Some results, calculated by using formulas (6.196) when the gap is located
at the midchord of the plate (I; = 0.5) for different A and 8¢ are given in
Fig. 6.16.

As seen from this figure, within the range of clearances under considera-
tion, the presence of the gap brings along a certain reduction of the lift and
moment coefficients.’

Analysis of calculations of the factors kg and Ky, for different 0 < A <
0.12 shows that these quantities are only weakly dependent on the relative
clearance. The latter circumstance provides a sound basis for using much
simpler formulas, using leading order contributions (6.192) and (6.193). In
particular cases, these expressions take the following forms:

o flat plate:
4Bl (1 — 1) 3Bl (1 - 12)
—1- e\ "' =1-— 8 .198
kg =1 T Km =1 155 (6.198)
e parabolic arc, f(z) = 4z(1 — z):
12ﬁlg(1 - lg) 12Blg(1 B lg)(l B lé)
Kg 1+IB ’ Km 1+B ( )

® These coefficients are based on the length of the chord without a gap.
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o flat plate with a flap f(z) =z for 0 <z < b, f(z) =0 for by <z < 1,
where bf is the chord of the flap. When the gap is located near the hinge
of the flap, I = by,

. 4sa-b) . 6B(1—bf)
I . (R M R () N

It follows from the expressions for k; and K, that for a foil with a given
camberline f(z), a position of the gap exists for which the decrease of the
aerodynamic coefficients due to the gap is most pronounced. For example,
for a flat plate, the minimum of kg is reached at l; = 0.5, whereas for an arc
foil, this minimum is achieved at | = 1/3. Figures 6.17-6.19 illustrate some
results for kg. It can be seen from analysis of the figures that the influence
of the gap for a given width 6, and location l; depends on the shape of the
camber line. For example, at [; = 0.5 and Eg = 0.3 for a flat plate, kg = 0.9,
whereas for a plate with a flap and Iz = bs = 0.5, k; = 0.85.

o flat plate of finite aspect ratio A and rectangular planform:

“g=1—%, ﬁm=l—%§, (6.201)
61 = Y anlyf) tanh(anly),  Go= y tenhan t;nh(q"/ 2 (6.202)
where - "
Ry = i In [tanh(ing) + tanh gn(1 2_ lg)] tanh;:"lg),

n=0
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Fig. 6.17. The relative influence of the width and the position of the slot in a flat
plate upon the lift coefficient.
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Fig. 6.19. The relative influence of the width and the position of the slot in a flat
plate with a flap upon the lift coefficient.

_ tanh(g, (1 — lg)]
g5 cosh gn[l + (1 ~ ) tanh(gnlg) tanh(1 —Ig) /(1 + B))’

qn = §(2n+ 1).

gn
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Some calculated results using formulas (6.201) and (6.202) are given in
Table 6.1 for l; = 0.5 and J; = 0.3.

These data demonstrate that the influence of the lateral gap upon the
aerodynamic coefficients diminishes quite noticeably with a decrease in the
aspect ratio.

Table 6.1 The influence of a lateral slot upon the lift and moment
of a rectangular wing in the extreme ground effect.

A 1 2 3 4 5 00
kg | 0.991 ) 0.959 | 0.938 | 0.926 | 0.920 | 0.901
Km | 0.985 ) 0.949 | 0.927 | 0.915 | 0.908 | 0.888




7. The Aerodynamics of a Lifting System
Near Curved Ground

7.1 The Influence of Waves on the Aerodynamics
of a Lifting Surface

A large seagoing ground-effect vehicle has to combine sufficient seaworthiness
with acceptable magnitude of the lift-to-drag ratio, when flying above rough
seas. The approach of matched asymptotic expansions furnishes a simplified
mathematical model of the unsteady aerodynamics of the wing-in-ground-
effect vehicle, based on the idea of domination of the channel flow in the
extreme ground effect. This concept seems to be promising for wave per-
turbations, because the influence of waves upon the aerodynamics of such
a vehicle is in fact predominantly due to the corresponding variation of the
geometry of the gap between the wing and the sea surface.

Following Rozhdestvensky [56, 57], we consider the schematized problem
of a thin flat rectangular wing of aspect ratio A, advancing with constant
speed U, and an angle of pitch @ above a still, solid, wavy boundary.!

The wing and the coordinate system are presented in Fig. 7.1, where ay
is the amplitude of the wave, L,, is the length of the wave, h is the clearance,
measured from the trailing edge of the root section to the unperturbed level
of ground surface, and (3 is the course angle measured in the horizontal plane
y = 0 as the least angle between the direction of the wing’s motion and
a normal to the front of a sinusoidal cylindrical wave.? As previously, one
assumes that at any time the gap between the wing and the wavy ground is
small compared to the chord. With these assumptions in mind, we can write
the gap distribution between the wing and the underlying surface as

h*(z,t) = h + 0x — ay, cos[k(z cos § + zsin B + t cos 3)]
= hh*(z,t) = 1 + 6z — @y cos(kz + pz + Kt), (7.1)

1) It is common to assume that due to the very small ratio of densities of air
and water, the surface under a lifting system in the ground effect behaves as if it
were solid. ii) The assumption of stillness of the wavy boundary implies that the
speeds of propagation of sea waves are small compared to the cruising speed of
a wing-in-ground-effect vehicle. It is not difficult to introduce the effects of wave
speed into the model.

2 As earlier, all lengths are related to the root chord of the wing.

K. V. Rozhdestvensky, Aerodynamics of a Lifiing System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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Fig. 7.1. A lifting surface moving in proximity to the wavy ground.

where § = 0/h, ay, = aw/h, k = kcosfB, p = ksinf3, and k = 27/L,, is the
Strouhal number based on the ratio L, of the wavelength to the root chord
of the wing.

Using the lowest order model of the flow, we have to solve the problem
described by relationships (2.114)-(2.117) with the gap distribution input
given by (7.1). One of the approaches to the solution of this nonlinear problem
for the motion of a wing over a wavy wall may be based on a consistent
expansion of the velocity potential in terms of the two small parameters 8/h
and ay/h; see Barrows and Widnall [136] and Rozhdestvensky [42]. In line
with this approach, we seek the solution of the problem in the form of a series
and leave only terms that are linear in the angle of pitch

¢ = 8¢5 + Oawpg,, + - (7.2)

Function 5 characterizes the linear (in angle of attack) part of the potential
for steady motion above an unperturbed underlying surface. As shown in
3.4, the expression for ¢ can be readily derived for the uniform spanwise
distribution of the angle of pitch in the form

4 o (-1)" (coshqnx 1) oSO 2 _ W(2n+ 1) (7.3)
¥o=3 = 43 \ coshgy, % dn =3 ' '

Writing h*(z, z,t) for convenience in a complex form,
h*(z,2,t) = 1 + bz — @y, expli(kz + pz + kt)], i=+v-1, (7.4)

and substituting (7.2) in (2.114)-(2.117), we obtain the following problem for
the “wave-induced” component Poa,:

05s., %05, 0 . dpy
B2 2 = B2 [exp(mx + pz + mf)E}
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0 . g
+57 [exp(mz +pz + /-:t)%?} ; (7.5)
A A
Poa, (1,2,t) =0, z e (—5, 5), (7.6)
0vga,  Ovga, A A
e - e —0,  2=0, z¢(-5,5), (7.7)
where
8<p9 ot ™ sinh(gn )
nz:: /\qn cosh(qy,) c0s(4n2),
(9909 _ > cosh(g,x) .
Z [ cosh(gy,) - 1] sin(gnz). (7.8)

n=0 "

Writing the wave-induced contribution ¢gz; = ¢g; exp(ixt) and differenti-
ating, we obtain the following problem for the complex amplitude $g, —of
the potential:

0% 8%p;5. Hos

g;?w + aiezaw = exp(ikz) [exp(ipz) + ik exp(ipz)%
+ipexp(ipz) ?ﬁ] ; (7.9)

0z I’
. AA
‘Péﬁw(lvz) =0, zE (‘5, 5), (7.10)
9%ga, . . A A

e ikgg, =0, ©=0, z€ (—5, 5). (7.11)

The procedure for the solution for the arbitrary course angle 3 is some-
what cumbersome and is presented in more detail in the Appendix. Here
the description of the solution is restricted to a simpler case when the wing
moves normally to the wave front. In this case the equation for the complex
amplitude of the wave-induced contribution of the order of fay/h? can be
derived from (7.9) in the form

6

8 <)0911,,\. a ‘Peaw . a(p .
9.2 T 752 =(1 +1k~a—;)exp(1kx). (7.12)

We write (g, in the following form, satisfying the requirement of zero loading
at the side edges of the wing:

[o0)

Paa,, ( Z ) coS ¢ 2. (7.13)

Substituting (7.13) in (7.12) yields

R 2%, = 4(;(11) (1- ﬁ&}’qﬂ) exp(ikz). (7.14)

an cosh qn
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We rewrite the second term at the right-hand side of (7.14) in the alternative
form

4(—1)™ik sinh ¢,z . 2(—-1)"ik )
( /\q)2 cosh g exp(ikz) = /\—q%—c—o—);};&—{exp[(qn + ik)z]
— exp|(~gn + ik)x]}. (7.15)

We seek a particular solution, corresponding to the right-hand side of the
equation, in the form

Xopore (T) = A1n exp(ikz) + Aoy exp[(gn + ik)z] + Azn exp[(—gn + ik)z].
Parameters Ay, As,, and Az, were found in the form

Ay, 2(—1)n
Mn(k2+¢2) ™ N2 coshgn(2qn + k)’

Aln -

2(—1)"

Aan = A2 cosh ¢, (2¢, — ik)’

The general solution for X, (z) is

A~

Xn(z) = an exp(gnz) + by exp(—gnz) + A1, exp(ikz)

+ Az, exp[(gn + ik)z] + Asn exp|(—gn + ik)z]. (7.16)

Applying the boundary conditions (7.10) and (7.11) with x = k, we obtain
the requirements

X.(1)=0,  X"(0)—ikX,(0) =0, (7.17)
wherefrom
" - _Xn,,m(l)(qn +ik) + exp(—ga)[ X}, . (0) — ik X, , (0)] (18)
" exp(gn)(n + ik) + exp(—gn) (gn — ik) Ak

exp(gn)[X, . (0) = ikXn,, . (0)] = Rn,...(1)(gn — ik)
o exp(qn)(gn + ik) + exp(—gn)(gn — ik) , (7.19)

where
Xn,,m (1) = Ain exp(ik) + Az, exp(gn + 1k) + Asp exp(—g, + ik),

Xpurs(0) = Aty + Agp + Asp,

X, (0) = ikA1n + (gn + ik) Azn + (—gn + ik) Agn.

Npart

The complex amplitude of the wave-induced lift coefficient can be determined
by the formula
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& _ 20ay /*/2 /1 P54
= — —ik¢g,. ) dzdz
O =Tax | ds (T =kt )

400y = (=)™ [t 5
- hQ"A Z( ) /O(X;—ikxn)dx

n=o I
= 4:;; ni:% (—qi)" [~X,.(0) — ik /01 X (z) dz] (7.20)
or, finally,
Con = Ciny = —LfTa; Z:O (_qi)n {anf1+ ikip_(%’;_):_l]
+b, [1—ike_)ﬂ)_(:::"_).—_l} A+ Ag + Ag,
ik [Alnip(%;l N Aznw_p%_iil;c)—_l
+ A3z, eXp(:(;ZiIIIZ) — 1] } (7.21)

This formula for é'yw = éwa corresponds to the case when at time ¢ = 0,
the crest of the wave passes under the trailing edge of the wing; see equation
(7.1). To pass over to any other reference point with the abscissa a (for,
example the center of gravity of the vehicle), we have to use the formula

C

Ywa

= C'yWO exp(—ka) (7.22)

where éywo corresponds to the case when the reference point coincides with
the trailing edge, i.e., a = 0. Eventually, the lift coefficent for a wing in
motion over waves can be represented by taking into account the expansion
(7.2) in the form

Cy(t) = Cyy + Cy,, () (7.23)

where Cy, = éCZ is a lift coefficient in cruise and Cy, (t) is an additional
time-dependent lift coefficient of the order of O(f@) due to the presence of
waves on the underlying surface. As follows from the preceding analysis, the
latter can be represented as the real part of the expression

Oay -
— Cwexp(kt), (7.24)

Cou(t) = Cy. exp(kt) =

where C,, is a complex quantity of the order of O(1). The wave-induced lift
coefficient, expressed by (7.24), can be written alternatively in a amplitude-
phase form
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Cyo (1) = —= R[C\ exp(kt)] = %Fcos(kt ~0), (7.25)

where F = F(k,A\) = IC'WI and ¥ = ¥(k,\,a) = arg C,, is the phase angle,
which characterizes the shift in time between the moment when the crest of
the wave passes under the reference point with the abscissa a and the moment
of action of the maximum wave-induced lift.

For an arbitrary aspect ratio and very long waves k — 0, the general
expressions derived above yield the following result:

16 <X tanh g, tanh(g, /2)

et s

F=F = . U=0.

Taking into account the preceding equation and recalling formula (3.65) for
the lift coefficient of a flat rectangular wing in steady motion near a ground
plane, we can rewrite expression (7.23) for the total lift coefficient as

w Cuw.

w F
0 h| o cos(kt — ¥ }, (7.26)

C() Cyo+Cy hF

=q, [1
where Cy, = 0F;,/h is the lift coefficient in cruise. Based on (7.26), we can
define the relative wave-induced lift, i.e., the ratio of the wave-induced lift to
the lift in cruise in the form

Cy.(t) aw F

Cr =L E cos(kt — ). (7.27)

Hence, the maximum of the relative wave-induced lift is given by

max [Cg(t)] - 9}-:1% (7.28)

Yo

Expressions (7.27) and (7.28) provide the basis for some simple practical
conclusions. In particular, within the approximation considered here
the magnitudes of both the instantaneous and the maximum wave-
induced lift coefficents are directly proportional to the wave am-
plitude (wave height) and the cruise lift coefficient and inversely
proportional to the relative ground clearance.

We consider some limiting cases for a situation when the reference point
is located at the leading edge (a = 1). Moving from general results to the
limit of a wing of an infinite aspect ratio (A\ — oo0), we obtain the
known result of Barrows and Widnall [136)

o bay, [i(k? — 2) + 4k] exp(—ik) +i(2 + k2) + k(k? — 2)
w = 2 Rk —1) , A=o00.

(7.29)
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For the case of a wing of small aspect ratio, we obtain the following
formulas for the amplitude and the phase angle:

16 1
Pyl aw g
16 & (i 1 ) B z,}i{l B 2tanh(k>\/2)J (7.30
w2 \g TR TR T T R ) -30)
ky(4m2 — k2)
!p = arctan [w] (731)

where k) = k. In deriving formula (7.30), it was taken into account that
(see Gradshtein and Ryzhik [147])

o

1 )2 > A \k
ZE__S_, ;k2+q ktanh——

n=0

For waves, which are long in comparison with the span of the wing, i.e., for
kx — 0, it follows from (7.30) and (7.31) that
2 k

F=F=% gR_5

: 7.32
X = (7.32)

The maximum relative wave-induced lift for wings of a small aspect ratio can
be determined by the formula

Cy, awF  12ay [1 _ 2tanh(ky/2)7

C,o h Fy hkZ kx

For k) — oo (waves are short in comparison with span of the wing),
272 2
~ (1

™
F~—
K2 kx

) — 0, P — 5"
Figures 7.2 and 7.3 present the amplitude-phase characteristics of the wave-
induced lift coefficient Cy,, (t) versus the relative wavelengths (Strouhal num-
bers) for different aspect ratios of a rectangular flat wing. The dashed lines
correspond to calculations performed by using the formulas (7.30) and (7.31)
for wings of a small aspect ratio. It follows from Fig. 7.2 that at a certain
relative wavelength for a wing of a given aspect ratio the amplitude of the
wave induced unsteady lift is minimal. With a decrease in the aspect ratio,
this minimum shifts toward the range of shorter waves. For example, for a
wing of an infinite aspect ratio, the minimum amplitude of the unsteady lift
is reached at k ~ 2.4, Ly, ~ 2.6.

For a rectangular wing of aspect ratio A = 2, this minimum is reached
at k ~ 3.1, Ly, ~ 2,3 and for a square wing A = 1 the minimum occurs at

3 For L, = 2, the wave is two times longer than chord of the wing.
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(dashed lines: small aspect ratio approximation (7.30)).
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(dashed lines: small-aspect-ratio approximation (7.31)).

k >~ 4.5, L, ~ 1.4. These results correlate with the calculated and experimen-
tal data of other researchers. According to calculations of Avvakumov [107],
obtained by using the method of vortex segments and distribution of sources
on wavy ground, the magnitudes of the Strouhal number, corresponding to
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the aforementioned minima, were found as k ~ 3 for A = 2 and k& ~ 4.3 for
A = 1. In the work by Shumsky [148], dedicated to the nonlinear flow problem
for a two-dimensional foil near a wavy wall (the method of vortex singular-
ities in combination with step-by-step linearization in time), the minimum
of the unsteady lift was estimated to occur at k£ ~ 2. In the experimental
investigations of Belinsky et al. [149], carried out by using the method of an
underwater screen (ground plane), it was shown that for a rectangular wing
with an aspect ratio A = 2, the minimum of the amplitude of unsteady lift
occurs at the Strouhal number & ~ 3.

The solution of problem (7.5)-(7.7) in the general case of an arbitrary
angle between the direction of motion of a wing and the wave front was
obtained in Rozhdestvensky [57]. A somewhat cumbersome derivation of the
solution of this problem and some final closed form expressions for the lift and
the moment contributions are given in the Appendix. Note that for oblique
waves, the wing is subject to the action of a lateral moment.

In accordance with the general structure of the solution, the wave-induced
lateral moment coefficient can be represented in the form

_Oay gz Hbay

v = ey = T P oSt~ )

My
where k = kcos 3, Fn, (A k, B) and ¥ (A, k, §) characterize the amplitude and
the phase of the lateral moment due to the presence of waves. Some typical
results of calculations of the aerodynamic characteristics for oblique waves
and a reference point coinciding with the leading edge (a = 1) are plotted in
Figs. 7.4-7.7.
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Fig. 7.4. The amplitude of the wave-induced unsteady lift coefficient of a rectan-
gular wing versus the Strouhal number for different magnitudes of the course angle
B, A= 3.
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Fig. 7.5. The phase of the wave-induced unsteady lift coefficient of a rectangular
wing versus the Strouhal number for different magnitudes of the course angle 3,
A=3.

Analysis of the results calculated for the wave-induced lift and the lateral
moment coefficients Cy, and m,,, leads to the following conclusions:

e With an increase in the course angle 3, the minimum of the amplitude of
the unsteady lift for a wing of a given aspect ratio decreases and shifts
toward the range of longer waves; this shift is more pronounced for wings
of a larger aspect ratio;

e Up to the Strouhal numbers corresponding to the minima of the amplitude
of the unsteady lift, a phase lag of the lift is observed with respect to the
moment of time when the leading edge passes the wave crest. This phase
lag vanishes when angle 3 approaches /2 (in the latter case the problem
becomes steady, which corresponds to ¥,  equal to zero);

o In the range of Strouhal numbers considered, the amplitude curve of the
lateral moment coefficient contains two maxima. The magnitude of the first
maximum increases when the course angle tends to 7/2. The position of
the maximum shifts toward longer waves with an increase in the aspect
ratio.

From the general formulas, corresponding to arbitrary course angles, we
can derive limiting expressions for a wing of small aspect ratio and wave-
lengths much larger than the span:

)\2
F~— Q:i’izﬂ, Kx = KA.

The amplitude—phase characteristics, corresponding to an unsteady incre-
ment of the lateral moment, in the case of wings of small aspect ratio and
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Fig. 7.6. The amplitude of the wave-induced unsteady coefficient of the lateral
moment of a rectangular wing versus the Strouhal number for different magnitudes
of the course angle 3, A = 3.
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Fig. 7.7. The phase of the wave-induced unsteady coefficient of the lateral moment
of a rectangular wing versus the Strouhal number for different magnitudes of the
course angle 3, A = 3.

long waves take the form

Ak sin 8 T A& T K
Fro= g YTyt =TT

Turning to the relative wavelength L, we obtain the following formula
for the amplitude of the lateral moment for A — 0 and & — O:
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N w4 sin 8

Frm, = 96L,

wherefrom it follows that for wings of a small-aspect ratio over long waves, the
amplitude of the lateral moment is directly proportional to the aspect ratio to
the fourth power and the sine of the course angle and inversely proportional
to the relative wavelength.

Because the solutions presented above are linear with respect to the wave
amplitude and are valid in practically an unlimited range of Strouhal num-
bers, it is possible to apply the Fourier integral to investigate the following:

e motion of a rectangular wing over a cylindrical deformation of otherwise
flat ground or over a solitary wave, and influence of a step variation of the
ground surface;

e motion of a rectangular wing over a sea surface with irregular waves on it.
The solution of the latter problem in conjunction with consideration of the
equations of the dynamics of the lifting system in ground the effect opens
a possibility of developing the basics of normalization of the seaworthiness
and the ride quality of wing-in-ground-effect vehicles.

The asymptotic representation (7.2) of the velocity potential ¢; can be
continued to include the term of the order of O(fa2,), which accounts for non-
linear effects in the wave amplitude. In this case, the corresponding expansion

— N2
for the lift coefficient should be supplemented by the term 6a2, C{j“w.
In the simplest case of a wing of infinite aspect ratio A = oo, the expression
for this additional term can be obtained in closed form:

ngsv = Acos 2kt + Bsin 2kt 4 D;

- cos2k —1 1 -
A=t — Y raemll

_2(Q(1 +2k%) — kR]

(cosk — 1) + 7(sink — 2k)]

1+ 4k? ’
- 1 /sin2k 1 o _
B= .2_]‘:_(——2? - 1) + m[q(smk —2k) — 7(cosk — 1)]
_2[R(1 +2k%) + kQ]
1+ 4k? ’
~ 1 1 2 2
D=4 ———"ro|-4(3k—~ k—2k + (k? —2)sink|; 7.
2+k(1+k2)[k+< ) cos +(B = Dsink];  (73)
qzwﬁ-k—sink, F:Q—w—cosk;
k k
=~ 1 sin2k 1 .. _ .
Q_§— e —2(1+k2)[qs1nk—r(cosk—2)],
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Fig. 7.8. The unsteady wave-induced lift coefficient of a flat plate of infinite aspect
ratio versus time for different magnitudes of the Strouhal number k, aw/h = 0.5.

cos 2k 1 1

R= 7 si ilcosk — 9)] — —
P +2(1+k2)[rsmk+q(cos 2)

4k’

The magnitude of D is constant for a given wavelength and characterizes the
time-averaged contribution to the wave-induced lift coefficient. For a positive
angle of pitch D > 0.

Calculation by using formula (3.33) shows that for the considered case
of a flat plate, a wing flying over sinusoidal waves is subject to action of a
constant additional lift increment proportional to the magnitude of the cruise
lift coefficient and the square of the ratio of the wave amplitude to the ground
clearance.*

Figure 7.8 presents a history of the wave-induced unsteady lift coefficient
related to the cruise lift coeflicient C,, for flying near flat ground with the
same relative clearance h.

Calculations were performed by the formula

Yue ~ g, C0 4 a2C0
Yo
The calculated data correspond to a wing of infinite aspect ratio (Cy, =
6/h, h — 0) and relative wave amplitude ay = aw/h = 0.5. The dashed line
in Fig. 7.8 describes the wave profile, enabling us to determine the position
of the maximum (minimum) of the unsteady lift with respect to the position
of the crest or hollow of the wave.

4 The same is true for any wing with a flat lower surface moving in the extreme
ground effect.
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Fig. 7.9. A comparison of theory with experiment for a rectangular wing over
waves ( solid lines: theory; circles: experiment [137]; the abscissa of the reference
point a = 0.5, A = 2, k = 1.05).

From a practical viewpoint, for example, for using the results of this
solution in the dynamics of flight of a vehicle over waves, it is convenient
to represent the aerodynamic coefficients by aerodynamic derivatives of the
lift and moment coefficients with respect to the wave coordinate y,, and its
rate Yy.

In this format, the lift and moment coefficients can be calculated with the
help of the following formulas:

Cy = Cyy + Cyw + C™ tw, (7.34)
My = Myy + MY Y + M¥ Yy, (7.35)
My = Mgy + MY Yy + M G, (7.36)

where Cy,,m,,, my, are the cruise values of the aerodynamic coefficients
Yw = Quw COS KL, Yy = —K Gy Sin K,

0 A . 0 A
ng = EE §RC’IJW7 ng = hTK, S‘Cyw; (737)
miv = 2 g Ly A (7.38)
z h2 Zw) mz - h2K: mzw: .
0 .. ; .
mgw = ﬁ §Rmzw, mzw = _—-h2I€ gmzu” (739)

where in all cases, the lift and moment coefficients are defined with respect
to the same reference point a. When analyzing the dynamics of the vehicle,
this point can be chosen to coincide with the center of gravity. Formulas for
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Fig. 7.10. The doubled amplitude of the wave-induced lift coefficient versus the
Strouhal number (A = 2, ° = 5°,h = 0.2,a, = 0.1; solid lines: present theory;
dashed lines: numerical calculation, [107]).

the above coefficients in the case when the reference point coincides with the
trailing edge, are presented in Appendix,® Recalculation from the trailing
edge to the arbitrary position of the reference point a # 1 can be done
by multiplying the complex amplitude of the corresponding coefficient by
exp(—ka), see formula (7.22).

In Fig. 7.9 a comparison is presented of some results calculated for the
aerodynamic derivatives with experimental data for motion of a rectangular
wing near a wavy solid wall (e = 0.5, A =2,0° =3.3°,4 =0,k = k = 1.05).
The experiment was conducted by Grebeshov [137] by the method of an
underwater screen.

Figure 7.10 presents a comparison of the dependence of the doubled ampli-
tude (Cy,.., — Cy...n) Of the unsteady lift coefficient versus the Strouhal num-
ber with the calculated data of Avvakumov [107](128 panels on the wing, 720
panels on the ground). In Fig. 7.11 instantaneous magnitudes of the wave-
induced lift coefficient of the present theory are compared with calculated
data of [107]. Figure 7.12 presents a comparison of results calculated by the
present theory with the results of Shumsky [148], where a complete numerical
analysis of a two-dimensional inviscid flow past a flat plate above a wavy wall
was performed by the discrete vortex technique accounting for the structure
of the wake.

Figures 7.13-7.16 illustrate the influence of the Strouhal number and the
course angle upon the aerodynamic derivatives of the lift and the lateral

® Note that in the Appendix the longitudinal moment coeffcient m., was also
calculated around the trailing edge.
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Fig. 7.11. The instantaneous wave-induced lift coefficient of a rectangular wing

(A=1,aw =0.1,h = 0.2,k = 2.1; solid line: present theory; dashed line: numerical
calculation [107]).
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Fig. 7.13. The aerodynamic derivative C3™ of the lift coefficient of a rectangular
wing in flight over waves versus the Strouhal number for different course angles 3,
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Fig. 7.14. The aerodynamic derivative C’g‘” of the lift coefficient of a rectangular
wing in flight over waves versus the Strouhal number for different course angles 3,

A=2.

moment coefficients of a rectangular wing of aspect ratio A = 2 in flight
over wavy ground. Note that the quantities h2C¥~ /6, h2C3 /6, h*m¥~ /0
and h?m? /6 do not depend either on the relative ground clearance or on
the adjusted pitch angle. This feature makes the data representation more

compact.
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Fig. 7.15. The aerodynamic derivative m¥* of lateral moment coefficient of a
rectangular wing in flight over waves versus the Strouhal number for different course

angles 8, A = 2.
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Fig. 7.16. The aerodynamic derivative m¥* of the lateral moment coefficient of
a rectangular wing in flight over waves versus the Strouhal number for different

course angles 3, A = 2.

7.2 An Estimate of the Acceleration of a Lifting Surface
in Flight over a Wavy Wall

To evaluate the ride quality of a wing-in-ground-effect vehicle versus the de-
sign parameters and the characteristics of waviness of the underlying surface,
qualitative analysis will be performed in this paragraph of the acceleration
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due to flight of a lifting surface close to wavy solid wall. Assuming for simplic-
ity that in cruise all perturbations are sufficiently small, we consider both the
linear aerodynamics and the equations of motion. In addition, the analysis
will be confined to the pure heave motions of the vehicle under the action of
the wave-induced lift.® In dimensional form, the instantaneous vertical posi-
tion of the vehicle’s center of gravity is described by the following ordinary
differential equation

d c
(M + Aa2) 7 g Z R,,, (7.40)

where M and Ay are the mass and added mass of the vehicle, the latter
corresponding to the inertial force in the direction of y axis in motion along
the same axis, H.g represents a dimensional distance of the center of gravity
from the unperturbed ground surface, and 7 is dimensional time. The right-
hand side of equation (7.40) contains external aerodynamic forces, acting
in the vertical direction. We render (7.40) nondimensional, using the root
chord C, and the cruise speed U, of the vehicle as characteristic quantities.
Substituting the nondimensional parameters in (7.40), we obtain

Cy dPheg <~ . pU?
(M“‘)\zz)a?/—o,?—at—z— —;Cyn D) S. (741)

In (7.41), C,,, is the contribution of the lift force R,,, to the total lift coeffi-
cient, S stands for the reference area of the wing, and p is the density of the
air. Neglecting the added mass Ayp with respect to the mass of the vehicle,
we obtain the following nondimensional equation:

d2hcg il
T =Y Cy,, (7.42)
n=1

where pu = 2M/pSC, is the doubled relative density of the vehicle based on
the reference volume V; = SC,. Introducing the perturbation of the ground
clearance il(t) = heg — h, where h is the time-averaged relative ground clear-
ance, we rewrite (7.42) as

d2h
=3 Cy,. (7.43)

n=1

We represent the right-hand side of (7.43) as the sum of three lift coefficients
responsible for contributions of the aerodynamic action of the waves and the
heave response of the vehicle,

6 Practically, this mode of motion takes place when the vehicle’s pitch is kept fixed
by controls.
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aC,

éy(t) = Cyw (t) + h

h(t) + Cy, (1), (7.44)
where Cy, is the wave-induced lift coeflicient, and the second term represents
the “spring” feature of the dynamic air cushion under the lifting surface in
cruise, i.e., the response of the vehicle to the perturbation of the ground
clearance.” The last term is due to the wave-induced heave rate and the ac-
celeration. By using the results obtained in paragraphs 3.6 and 7.1, dedicated
correspondingly to heave oscillations and the motion of a wing above wavy
ground, we can write formula (7.44) in more detail:

- awl . aC, - ih(t

Ch(, k), (7.45)

where a,, is the amplitude of the wave as a fraction of the root chord, i = v/—1,
k = 2w /Ly, is the Strouhal number, and Ly, is the wavelength related to the
root chord. In all cases we assume as meaningful only real part of the complex
expressions. The parameters C,, and Cy represent the complex amplitudes
of the wave-induced lift coefficient and the lift coefficient due to the heave.
Assuming that the wave-induced oscillations take place for a long time so
that free oscillations are damped, we restrict the analysis to “forced ” motions
with the nondimensional frequency of the waves. For harmonic oscillations,

h = —k2h, so that the formula for heave motions induced by waves on the
ground becomes

= awbCy (), k) exp(ikt)

ht) = — . 7.46
®) h2[0Cy/Oh + k% + iCh(A, k) /A (7.46)

The maximum nondimensional acceleration due to heave is given by
an = K2|R(2)). (7.47)

Taking into account formula (3.65) for the lift coefficient C, of a flat plate in
a steady ground effect, we can derive an approximate relationship between
the cruise lift coeficient and its derivative in height:

aCyo — Cyo
h T h (7.48)
One can also link the (doubled) density u of the vehicle and its cruise lift

coefficient in the following way:
Cyo F ,,.2 =H,
" The minus derivative of the cruise lift coefficient with respect to the ground

clearance can be interpreted as the “stiffness” of the spring in a simple mass—
spring model of a vehicle on a dynamic aircushion.
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Fig. 7.17. The wave-induced heave accelerations of a rectangular wing versus the
Strouhal number for different magnitudes of the aspect ratio (h = 0.2, p = 75,
Cyo = 0.65, aw = 0.03).

where Fr = U,/+/gC, is the Froude number based on the root chord. With
this in mind, the maximum (dimensional) wave-induced heave acceleration
Ap, as a fraction of the gravity acceleration g can be shown as

An __awnlCu0,k)/CulD O
9 |=Cyp +huk?+iCh() k)|

(7.49)

In some cases it may be more convenient to use the parameters Fr and Cy,
than the relative density of the vehicle & and the lift coeffcient Cy,. In this
case (7.49) can be written in the alternative form

Ay ayFr2Cy|Cu() k)/Cu(),0)|k2

9 |~ Cy + K2hFr2C,, +iCh(\ E)| (7.50)

Figures 7.17 and 7.18 illustrate the dependence of the acceleration level
on the Strouhal number (the ratio of the wavelength to the chord) for dif-
ferent aspect ratios and ground clearances. In particular, Fig. 7.17 shows the
behavior of the acceleration level versus the Strouhal number for different as-
pect ratios of the lifting surface. Figure 7.18 demonstrates the dependence of
the wave-induced heave accelerations upon the Strouhal number for different
magnitudes of the relative ground clearance.

An analysis of the calculations shows that for certain combinations of
the cruise lift coefficent, the relative density of the vehicle, and the relative
ground clearance, the wave-induced heave of the vehicle can become resonant.
It follows from the heave equation (7.43) that nondimensional frequency (the
Strouhal number) of free oscillations k; is given by
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Fig. 7.18. Wave-induced heave accelerations of a rectangular wing versus the
Strouhal number k for different magnitudes of the relative ground clearance (A = 2,
u =75 Cy, = 0.65 aw = 0.03).

k= |- L19C
f = u@h’

or by using the relationship between 0C,/0h and the lift coefficient in cruise

Cyo»
oy,
ke =/ (7.51)

When the nondimensional frequency of the forced oscillations approaches s,
the heave motion due to waves becomes resonant. For large first-generation
ekranoplans the magnitudes k¢ are small. If, as an example, we take y =
75,h = 0.1, and Cy, = 0.65, the resulting critical Strouhal number can be
found to be 0.294 which corresponds to the ratio of the wavelength to the
chord equal to 21.3. It means that for a wing chord of the order of 18 meters
the resonant wavelength would be about 385 meters. Further consideration of
calculated results demonstrates that with an increase in the relative density
and relative ground clearance the wave-induced heave motions diminish. At
the same time, increases in the wave height and the cruise lift coefficient lead
to an increase in wave-induced motions.

The structure of the formula (7.49) reflects the character of the depen-
dence of wave-induced heave motions on the most important design parame-
ters, such as the relative density of the vehicle, the cruise lift coefficient, the
aspect ratio of the main wing, the relative ground clearance, as well as upon
the parameters of the waviness of the underlying surface, i.e., wavelength and
amplitude.

[

£
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It should be noted that heave accelerations, exemplified above, are associ-
ated with flight above a solid wavy wall. When considering the corresponding
effects of sea waves, we should take into account that with a decrease of the
wavelength (an increase in the Strouhal number) the height of the wave dimin-
ishes.® Therefore, the expected amplutude of the wave would be considerably
smaller. It is also worth mentioning that the estimations discussed in this
paragraph are very approximate and provide some qualitative information
on the influence of different factors on accelerations due to the waviness of
the ground.

7.3 The Aerodynamic Response of a Lifting System
to Aperiodic Perturbations

The aperiodic behavior of aerodynamic characteristics versus time can result
from aperiodic motions of the lifting surface (takeoff, landing, acceleration—
decceleration, the variation of cruise parameters due to the action of control
surfaces) and also due to aperiodic perturbations, caused by unevenness of the
ground or gusts. If the problem is linearized with respect to the perturbations,
then the Fourier integral transform method can be used for the analysis of the
response of the lifting system to the aperiodic perturbation or motion. In what
follows, the analysis will be restricted to the aerodynamics of a lifting surface
in the ground effect under the action of aperiodic perturbations (irregularities
or steps on the ground or gusts). The solutions of the problems of motion
of the wing in close proximity to a wavy sinusoidal wall or under the action
of a vertical sinusoidal gust for arbitrary Strouhal numbers can be used as
transfer functions for the application of the Fourier integral.

It is well known that if a stable system that has behavior described by a.
linear differential equation with linear boundary conditions is subject to the
prolonged action of harmonic perturbation, then the response of the system
will change in time harmonically and with the same frequency. Consequently,
within the linear theory, the aerodynamic characteristics due to harmonic
perturbation, say the lift coeflicient Cy,(t), can be written as

Gy (t) = Gy (k) exp(ikt),

where Gy (k) is a complex transfer function of the lift coefficient and ¢ is the
amplitude of the kinematic parameter, characterizing the harmonic pertur-
bation. For example, when a wing is subject to the action of regular waves on
the ground surface, the parameter € can be set equal to the wave amplitude
ayw, whereas for a vertical harmonic gust, € can be equated to the maximum
velocity in the gust vg, k is the Strouhal number, corresponding to the per-
turbation under consideration, and i = y/—1 is an imaginary unit. Transfer

8 For large waves the height-to-wave ratio constitutes approximately 1/20.
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functions of moment coefficients can be introduced in a similar manner. We
consider a lifting surface, moving at a constant speed and without slipping,
in close proximity to the ground and subject to action of aperiodic pertur-
bations such as an arbitrary irregularity on the ground or a vertical gust
of arbitrary form. For simplification, assume that motion of the wing takes
place in a direction perpendicular to the front of the perturbation. Assume
also that the speed of the perturbation is negligiably small compared to the
speed of the lifting surface,® so that the waves can be viewed as still with
respect to the wing. Introduce a fixed coordinate system zj,y;, and z; in
which the directions of all axes coincide with those of the moving coordinate
system z, y, z, introduced earlier. Planes £10z; and z;0y; coincide with un-
perturbed position of the ground plane and the plane of symmetry of the
wing, respectively. Let the perturbation have the following form in a fixed
coordinate system:

P(z1) = ef(z1),

where again € is a parameter that characterizes the magnitude of the per-
turbatiOon, for example, the relative (in terms of the root chord) height of
an irregularity on the ground surface, and f(z;) is a function of the order of
O(1) describing the form of the perturbation. Let the form function of the
perturbation be absolutely integrable on the interval —oo < z; < 00, that is,

/ |f(z1] dz1 < o0.

Then, in a wide class of piecewise continuous functions, f(x1) is representable
by the Fourier integral, see, for example, Smirnov [150]:

o) = % /_ " (k) exp(ikz1) dk, (7.52)

where o C
k) = / flz)exp(-iker) dzy, k=22, (7.53)
—0Q 0

The function £2(k) is a Fourier transform of the function f(z;) and conversely.
Counting time from the moment ¢,, when the leading edge of the root chord
is located just above the frontline of the perturbation and passing over to the
moving coordinate system,

P(z,t) = 5% /_ " (k) explik(z + 1) dk. (7.54)

9 For a wing-in-ground-effect vehicle flying over the sea surface, this assumption
is reasonable. It follows from the statistics of sea waves that the velocity of
progressive waves does not exceed 1 knot, whereas the speed of existing and
future wing-in-ground-effect vehicles varies in the range from 50 to 300 knots.
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It follows from consideration of expression (7.54) that in the coordinate sys-
tem, attached to the wing, the function P can be viewed as the result of the
superposition of harmonic perturbations of the traveling wave type and the
quantity ef2(k)/2m represents the amplitude of a harmonic of relative fre-
quency k. Knowing the transfer function, i.e., the aerodynamic response of a
lifting system to the action of a traveling wave of perturbation of arbitrary
frequency and unit amplitude, it is easy to derive the following expressions
for the coefficients of the unsteady lift and the moment upon a wing which
is subject to the action of a perturbation of arbitrary form f(x1):

Cy(t) = % /— G, 02(k) explikt) dk, (7.55)

m,(t) = 2—57; /_ " G (k) exp(ikt) dk, (7.56)

where Gy and G,,, are complex transfer functions of the lift and the mo-
ment coefficients. As seen from (7.55) and (7.56), to determine the transient
aerodynamic characteristics of a wing subject to the action of an irregular
perturbation of a given form, we have to calculate the Fourier amplitudes
2(k).

We find the form of the function 2(k) for perturbations of simple shape.
According to (7.53), the amplitude of the harmonic of relative frequency k
can be written in a complex form

(k) = / F(z1) exp(—ika) dey = 24 () + 12 (k). (7.57)
For an “even” perturbation, f(—z1) = f(z1),21 € [—Lp, Lp|, and

00 Ly/2
k) = 2:1(k) = 2/ f(z1) coskzy dzy = 2/ f(z1) coskzy dzq,
0 0

(7.58)
where Lj is the length of the perturbation. For an “odd” perturbation,
f(z1) = —f(==z1),21 € [-Lyp, Lp}, and

Lp/2
(k) = 1025(k) = -21/ £(z1) sinkz, dzy. (7.59)
0

As examples of “even” perturbation consider
e cosine perturbation, defined as

[ cos(mzy/Ly) for |z1| < Lyp/2,
He) = 0 for |z1| > Lp/2.

Integration gives the Fourier amplitude in the form

e s 27L L
Q(k) = 2/0 cos -1 cos kzidz = —W—z—_—EE—L—g cos(k%). (7.60)
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o triangular perturbation, given by the function

[ 1=2|z]|/Lp for |z1| < Lp/2,
flo) = { 0 for |z1] > Lp/2.

In this case, the following is the expression for the Fourier amplitudes:

4

oK) = @1,
P

L
[1 - cos(kTP)] . (7.61)
As an example of an “odd” perturbation, consider a sine-type perturbation of

the form
flz1) = sin(2mz, /L) for |z1| < Ly/2,
v 0 for |z1] > Lp/2.

Calculation of the Fourier amplitudes in this case results in

nL

. _ p
(k) = if(k) = R ¥I2

. Lp
sm(k—2—). (7.62)

Besides the “even” and “odd” forms considered above, it is interesting to
consider a step-type perturbation. The form of such perturbation is described
by a Heaviside step function

_J1lforz; >0,
f(xl)_{Oforxl <0.

Representation of the step function by the Fourier integral is known to have

the form s (ikzn)
_ 1 exp(ikzy
f(z1) = 5 /_Oo ——dk,
wherefrom .
k) =i, = —-;;. (7.63)

Before one performs calculations for concrete cases of irregularities on the
ground or vertical gusts, the origin of the fixed coordinate system should be
shifted to the front of the perturbation and the transform 2(k) rewritten
accordingly:

% (k) = (k) exp(ik%—p—),

where (2*(k) is the amplitude of a harmonic in the new coordinate system.
Separating the real part of the expression for the transient lift coefficient, we
obtain the expression

Cylt) = o= /_ T RG, (k) 2k explik(t + Ly/2)]} dk.  (7.64)
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Taking into account the preceding results for the unsteady lift coefficient of
a wing in motion over wavy ground obtained in paragraph 7.1, we can write
the lift coefficient transfer function in the form

Gy(k) = 7 [A(K) ~B(B), (7.65)

where for a rectangular wing, the parameters A(k) and B(k) depend on
the Strouhal number and the aspect ratio and are determined by using the
previous analysis of the aerodynamics of a wing in motion above the waves.
For example, for a wing of infinite aspect ratio advancing in close proximity
to sinusoidal wavy ground, the formulas for A(k) and B(k) are

A= Ajcosk — B;sink, B = A;sink + By cosk,

where

1—cosk) 3

A =2( = 5 (2ksink + (1 - k?) cosk — 1];

2 /sink 1 2
B, = _(__k__—l) + 1+k2[(1——k )sink + k(1 — 2cos k)).

Denoting the height of the irregularity on the ground as ap and employing
the wave amplitude ay as €, we can rewrite (7.37) as

Cult) = % /_ oo {21(k) [ A(R) cos(ht + %ﬁ) + B(k) sin(kt + ’E%ﬂ
~a()[A(K) skt + “32) - B(k)cos(he + “2)| }ak,  (1.66)

so that in concrete cases

e for an “even” irregularity (k) = 21(k), 22(k) =

_and kL, kL,
Cy( =5 / 2 (k k) cos(kt + T> + B(k) sm(kt + Tﬂ dk;
(7.67)
o for an “odd” irregularity 2(k) = i25(k), 1(k) =
__apd [ . kL kLpN\T o)
Cy(t)=~5y | _ PIA®K) sin (Kt + —2—) ~ B(k) coskt + -2—)] dk;
(7.68)

e for a step-type irregularity,

C,(t) = fz—g{u £)A(0) + 51; /oo [A—(’“)—;—“KO—) sin kt — Bl(c’” cosktJ dk},

where 1(t) is a Heaviside step function, defined as

1fort>0
1<t>:{0f0rt<0.
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Fig. 7.19. A history of the additional lift coefficient of a flat plate flying over a
triangular irregularity, A = co.
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Fig. 7.20. A history of the additional lift coefficient of a flat plate of finite aspect
ratio flying above a cosine-type irregularity, L, = 0.5.

Some results of the calculations of the transient lift coefficient of a rectangu-
lar wing in motion above different types of uneven ground are presented in
Figs. 7.19 and 7.20.

The vertical coordinate of each graph stands for Cy(t) /anCy,, where Cy, is
a steady-state (cruise) lift coefficient of a flat rectangular wing in the ground
effect and @, = an/h is characteristic vertical dimension of the irregularity
related to the ground clearance.
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Fig. 7.21. A history of the additional lift coefficient of a rectangular wing of finite
aspect ratio, flying over a “step” in the extreme ground effect.

An analysis of calculated data for an isolated irregularity shows that

o for wings of small-aspect ratio at initial moments, the additional lift first
increases, then drops and tends to zero. In some cases the influence of
the perturbation vanishes before the trailing edge of the wing finds itself
beyond the irregularity;

e with an increase of the aspect ratio, the character of the curves changes
somewhat. After the first maximum of additional lift, the second one ap-
pears, which is smaller in size. The influence of the perturbation may be
observed longer than it takes for the wing to overfly the irregularity com-
pletely. For short convex local deformations of the ground and for certain
time periods, negative magnitudes of additional lift due to the perturbation
may appear;

¢ the magnitude of the maximal additional force due to the local irregularity
increases with an increase in the amplitude of the irregularity and the
aspect ratio and with a decrease of the relative ground clearance measured
between the trailing edge and the unperturbed ground plane.

The data presented in Fig. 7.21 characterize the variation in time of the
additional lift force for a step type irregularity.

It follows from Fig. 7.21 that with a decrease in the aspect ratio, the
transition to the steady state takes place faster.

Conclusions formulated for flight above an irregularity on the ground gen-
erally remain valid when the wing is subject to the action of vertical aperiodic
gust. Presented here are only the results associated with the influence of the
so-called step gust. In the case of a step gust the function that character-
izes the distribution of the vertical velocities in the gust has the form of a
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Heaviside step function

_ | vg, for z >t,
vg(:v,t)_{ 0 for z <t.

For this case, as shown earlier, the Fourier amplitude function takes the
form described by equation (7.63). For an infinite aspect ratio A = oo, the
expression for the transient lift coefficient of a wing under the action of a
vertical step gust can be derived in an analytical form. It can be shown that
for A = oo, the corresponding complex transfer functions of the lift and the
moment coefficients are given by

1/1-ik 2 r1—ik
_1 G = — (=25, 7.69
Gy h(1+ik>’ : 3h<1+ik> (7.69)
Taking into account (7.69) the expressions for the coeflicients of transient

lift and the moment coeflicients for a wing of infinite aspect ratio under the
action of a vertical step gust will be

Vg, 1 [% (ksinkt + coskt)
R B
= v—iﬂ[l —exp(—t)] for t>0; (7.70)
m, = %[1 —exp(-t)] for t>0, (7.71)

where 1(t) is a Heaviside function.

It is remarkable that for the case under consideration, the point of the
application of the additional lift force due to the gust remains at the same
time-independent position, namely, at a distance of one-third of the chord
length from the leading edge. Some results of the calculations, carried out
with help of formula (7.70) for A = oo and by numerical integration for
rectangular wings of a finite aspect ratio, are presented in Fig. 7.22.

This figure features the dependence on time of the ratio Cy(t)/C,_, where
Cy.. is a steady-state magnitude of the lift coefficient. In the same figure, the
dashed lines designate similar results for an unbounded fluid obtained ana-
Iytically by Kiissner [152] for a wing of infinite aspect ratio (see Bisplinghoff
et al. [151]) and numerically by the method of discrete vortices; see Belot-
serkovsky [139]. A comparison of the results for the two limiting cases of the
extreme ground effect (h < 1) and an unbounded fluid (h = 00) shows that
for wings with small and medium aspect ratios, corresponding variations of
the transient lift are steeper near the ground compared to the out-of-ground
effect.

At the same time, comparison with calculations of Kussner demonstrates
that for wings of very large aspect ratios transition to a steady state also
occurs faster, although at the initial period of time, the curve of the transient
lift coeflicient goes upward more steeply for an infinite fluid.
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Appendix: The Motion of a Wing Over a Wavy Wall
at an Arbitrary Course Angle: Derivation
of the Unsteady Lift and the Moment Coefficients

Assume that the instantaneous gap between a lifting surface and the ground
is described by the form

h*(z, z,t) = h + 0z — ay, cos k(z cos § + zsin 3 + t cos f) (A1),

where 6 is the vehicle’s course angle with respect to the wave front between
the normal to the latter and the direction of motion in the unperturbed
ground plane, ay is the amplitude of the wave, k = 27 /L,, is the Strouhal
number, L., is the length of the wave related to the root chord of the lifting
surface. Relating all quantities in (Al) to h and introducing new notations
k = kcos 8 and p = ksin 8, we can rewrite (Al) in complex form as

R*(z,z,t) = 1 + 0z — aw expli(kx + pz + Kt)]. (A2)
Representing the channel flow potential in the form of an expansion
¢ =095 + 0awpga, + - (A3)

and using a general scheme of solution, we obtain the following problem for
“the wave-induced” component: g,

%pgs.  00g, 2] . Doy
2 T 922 =5;[GXP<WW+“>%]

9 . dpg
+$ [exp(ma: +pz+ nt)g;] ) (A4)
where
cosh( qnx)
5(x,2) = ZQ [ sinh(g,) 1] cos(gnz),
_A=yn T
Q’n - Aqg ) q"l - >\(2n + 1)’
6 s1nh nz
6<p cosh(g, .

- Z @ n[ ) 1] sin(gns). (49

Writing ¢g, = <pexp(mt) and differentiating, we obtain the following equa-
tion for the complex amplitude of the potential:

dps Opg .
Ap = exp(ikz) [exp(ipz) + ik exp(ipz)——a%? +ip exp(ipz)—gi—e] =P. (A6)
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We represent the right-hand side of equation (A6) as the sum of even and
odd terms

P=P.+P, (A7)
where
P, = ex (imv){cos( z) + ik cos(pz) iQ ﬂqn—z)cos( z)
e — p p p — nQH Cosh(qn) Qn
+psin(pz) i Qng {M - 1} sin( z)} (A8)
— "7 cosh(gn) Wz
P, = ex (inz){isin( 2) — K sin(pz) i Q sinh(gnz) cos(gn2)
0 p p p —~ TLqTL COSh(qn) qn
—ip cos(pz) i Q [M - 1} sin( z)} (A9)
Alternatively, we decompose P in the following fashion:
= Z ) cos(qiz) + Xo(z) sin(2q;2)], (A10)
where
B ) b sinh(gn) cosh(gnx)
Xe(z) = exp(ikz) (I1 + nz;o{b—_cosh(qn) + 13 [1 cosh(g.) ] }), (A11)
_ . ad sinh(g,x) _ cosh(gnz)
Xolz) = eXp(mx)(Jl + HZ::O{JQ cosh(gn) s [1 cosh(gn) ]})’ (A12)
where

Il = I;: IZ = lK/QnQnI;, 13 = *aning,
Jl = 1Jf7 J2 = —KQHQHJ;a J3 = ponQnJg

We take into account the following identities:

4gi(—1)' cos(pA/2) _ I
=1

9 M2
—/ cos(pz) cos(qiz)dz =

A ~)/2 A(Q? —Pz)
9 A2 8pgnqi(—1)"1" sin(pA/2)
- cos(pz) cos(gnz) cos(qz)dz = — =13,
£ [y cotpe)conlans) costae) s = = e Oy = I
2 [ 2(=1)"*"sin(pA/2) [ a1 + 4
— sin(pz) sin(g,2) cos(q;z) dz =
)‘/;A/Z in(pz) sin(gnz) cos(2) A [(qz+qn)2—p2
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(@1 — gn)? — p?
X /);//22 sin(pz) sin(2q;z) dz = %(Ié—;;ll%%)— =Jf,
Az , 16(—1)"pqign 2/2 .
/_/\/2 sin(pz) cos(qn2) sin(2g;z) dz = e —(qn)il)fg]][(;(;(f q{l))2 — 3,
X /);//22 sin(pz) cos(gn2) sin(2¢;z) dz = 21" c;s(p)\/2) [(2(”2;_1[(1:)3"_ P
(24 231(1:)3"— pz] =%
We seek ¢ in the form
p= i ) cos(qiz) + Xo(z) sin(2¢;2)], (A13)
1=0
where X, and X, have to satisfy the equations
X' - ¢ X, = X, X! — 42 X, = X,. (A14)

To construct particular solutions corresponding to the right-hand sides of
(A14), we represent X, and X, as

Xe(z) = I exp(ikz) + Z (%SI;W"—) {exp[(qn + ik)z] — exp[(ik — qn)i]}
+13 exp(ikx) — #ﬁ(qn){exp[(qn + ik)z] + exp[(ik — qn)]}), (A15)

Xo(z) = Jy exp(ikz) + Z (ﬁﬁ(q) {exp[(qn + ik)z] — exp[(ix — qn)z]}
n=0 n

+J3 exp(ikz) — _2_c—o—sI_h:i(q_,J {exp[(qn + ir)z] + exp|(ik — q")]}) (Al6)
or, regrouping,
Xe(z) = exp(ikz) (Il + Z Ig) 2{2 izs;l 3 exp[(ik + gn)2]
—2%;—(% exp|(ix — gn)z] } (A17)

Xo(z) = exp(ikz) <J1 + Z J3> + Z{_gf);Tée;,)) exp[(ik + gn)z]

n=0
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(JQ + J3)

~9cosh(g) exp|(ik — qn)a:]} (A18)

Particular solutions corresponding to the right-hand side of equation (A13),
can be sought in the form

Xep(z) = 0 exp(ikz) + Z E;hl(z_) [[)’e exp[(ik + gn)z]
n=0 n

-+ expl(ir — g.)al (A19)

[l gl

. = 1
Xop(T) = apexp(inz) + 7; (e
0 exp(ix = gu)al (A20)
where the coefficients have been found in the form

_Il-}-zzozolg _ I3 -1,

P ﬁe_2[(i~+qn)2+q?]’
Io+ I3
"= k- g2+ ) (A21)
= _M /B — JS - J2
0 R2+q 77 2k +gn)2+qf)
o = Jy+ J3 (A22)

2[(ik — gn)? + g7’
At the leading and trailing edges of the lifting surface these particular solu-
tions yield the following magnitudes:

Xep(1) = acexp(in)+ ) [Be exp(ik + G ) + e exp(ik — g )], (A24)
n=0

cosh(qn)

Xop(1) = a, exp(ix) + Z [Bo exp(ik +gn) +7o exp(ik — gn)]. (A25)

cosh(gqy)

The derivatives of the particular solutions at the edges are given by

X0,(0) = onik + ZO agl@—)[ﬁe(in + qn) + Ye(ik — gn)); (A26)
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X@(y—%m+§:aﬂf [Bolis + 4n) + 005 — ). (A27)

We find the coefficients ae,be and a,, b, of the homogeneous solution from
the boundary conditions at the edges. It follows from

Ovga,  O¢ga, _ _
Wiow _Mine _o g0, zelzra  (A%)

and
(P(].,Z,t) =0 (A29)

that
Xe(1) = Xo(1) =0, X.(0) —ikX.(0) =0, X/(0) —ixX,(0) =0. (A30)
The coefficients have been found in the form

Xep(1)(qi + i) + exp(—q1)[Xep(0) — ik Xep(0)]

°T T exp(@) (@ + 1K) + exp(—a) (gt — iK) ; (A31)
_ Xop(1)(2q + ik) + exp(—2q1)[Xg, (0) — iKXop(0)]

0= exp(2q)) (2q1 + ik) + exp(—2¢1)(2q1 — ik) (A32)
exp(q)[Xep(0) — i6Xep(0)] — Xep(1)(qu — ik)

b= T (e (@ i) + e (@ —iR) (A33)

o exp(2q1) (X2, (0) — 1k Xep(0)] — Xep(1)(2g: — i/c)‘ (A0

exp(2q1)(2q + ik) + exp(—2q;) (2q; — ik)

We calculate the lift coefficient in the form Cy(t) = é’y exp(ixt), where the
complex amplitude of the lift coefficient is given by

V2 d d -~ 4cD! X
—ikp)dzdz = . —ikX.)dz, (A35
/A/2/ (P ; Agu /o ( ) dz, (A%5)
or
_ e 4(_1 l ] 1
Cy==) 0) +ix /0 Xo(z) da], (A36)
=0
where
1 —_—
/ Xo(z)do = g, 2@ 1 _ beeXp / Xep(z)dz, (A37)
0 a
! exp(ik) =1  — 1 exp(ik + gn) — 1
Xe dz = a, T e : =
/0 p(@)dr =a ik + ; cosh(gn) [ﬁ ik + qn
exp(in - qn) _ 1] (A38)
° ik — an '
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The complex amplitude of the longitudinal moment coefficient m, is

o0

A2 4(_1)1 1
—iK da: dz = / (X, —ikXe ) dz
/A/z/ <,0 Z AQ 0 ( )

n=0

or

:ij / Xo(z)dz — /0 1mxep( )da:] (A39)

where

1K

& 1 /Be . exp(ik + qn) -1
+ Z:o cosh(gy,) {in +qn [exp(m +an) ik + qn ]

' Qe . exp(ixk) —
/0 zXep(z)dz = o [exp(m) - _p_(_)__l}

n=

Ye
ik — qn

exp(ik ~ gn) — 1] }
ik — gn ’

The complex amplitude of the lateral moment coefficient m, due to the asym-

metry of wave-induced loading can be determined with help of the formulas

A/2
My —iK da: dz = / X’ ikX,) dz
/A/z/ 90 Z o )

[exp(in ~Qn) —

or, finally,
00 1
e =3 S [X,(0) — ik / Xo(z) dal, (A40)
n=0 a 0
where
1 —_—
Xo() do = 0o ZR@ =1 exp(= / Xop(z)dz, (Adl)
0 a
1X (2) dz = exp(in)—1+i 1 [ exp(ik + ) — 1
o F T/ =% ix <~ cosh(gn) ¢ ik + qn
e—an) 1
4y, 2R ) 2 1), (A%2)
ik — qn



8. Schematized Flow Models
for a Power-Augmented Lifting System

One of the problems that developers of wing-in-ground-effect vehicles have
to solve is related to necessity to reduce the power required for detaching the
craft from water. An efficient way to facilitate takeoff consists of blowing air
under the main wing of the craft from special engines. This mode of vehicle
operation is often called power augmentation or, briefly, PAR. Power aug-
mentation provides additional dynamic head to support the vehicle at small
speed and alleviates hydrodynamic loads due to the impact of waves upon
the structure of the craft. From the viewpoint of aerodynamics and hydrody-
namics, the problem of power-augmented takeoff is extremely complicated.
It features the interaction of turbulent jets with the vehicle and water sur-
face, the resulting spray effects, and the transient motion of the vehicle. In
what follows, only very simplified models of power-augmented flows will be
considered for a lifting system moving very close to the underlying surface.

When modelling the aerodynamics of wing-in-ground-effect vehicles in
regimes of takeoff and transition to cruise by using power augmentation of
the main lifting system, different schemes of the flow of air blown from the
upstream PAR engines onto a wing may be adopted. Some of these schemes
are depicted in Figs. 8.1-8.3.

The first scheme of power-augmented flow suggests that the suction force
at the leading edge is not realized and that interaction of the exhaust from
the engines with this edge manifests itself in the generation of a reentrant jet,
oriented at a certain angle 3; with respect to the downstream direction. It can
be assumed that the far-field direction of the jet is subject to the requirement
of the conservation of total momentum. The scheme with the reentrant jet
was used by Gallington et al. [154, 156] in the analysis of the efficiency of
power-augmentation regimes. These authors considered simplified cases of
flow around a flat plate at zero incidence and deflected flap, assuming that
there is no leakage from the gaps under the endplates.

The second scheme of PAR flow can be introduced on an assumption
that the suction force is completely realized, and, moreover, that part of
air jets from the upstream engines flows along the suction surface of the
wing and continues to propagate downstream without separating from the
upper surface of the flap. The argument behind the second scheme, shown in

K. V. Rozhdestvensky, Aerodynamics of a Lifiing System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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Fig. 8.1. Scheme (1) of power-augmented flow with a reentrant jet, [153, 154, 155].

Fig. 8.2. Scheme (2) of power-augmented flow with the realization of a suction
force and unseparated streamlines along the upper surface of the wing and the flap.

Fig. 8.2, is certain experimental evidence that the jets envelop the rounded
leading edge due to the Coanda effect (see Krause [156]).1

This scheme does not seem to be completely plausible for takeoff regimes
at small relative ground clearances, when sudden decceleration of the turbu-
lent jets generated by the upstream engines and rather slow motion of air in
the channel under the wing is observed. These circumstances together with
the fact that the flap deflection angles at takeoff are quite considerable (of
the order of 20-30°) does not give a basis for assuming nonseparated flow
past the suction surface of the wing.

At the same time, a well-known property of the Coanda effect, especially
for relatively thin upper part of a bifurcating jet, to delay separation on the
upper surface of the wing, does not allow us to reject consideration of flow
models with the realization of the suction force.

In this connection the third scheme of power-augmented flow shown in
Fig. 8.3 may be considered. This scheme may be based on a suggestion that
the Coanda effect forces part of the bifurcating jet to envelop the leading edge
of the wing, but for a certain combination of system parameters separation

! Another argument exists in favor of this scheme based on some data showing
that the magnitudes of drag, obtained in theory, are somewhat larger than the
experimental ones.
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Fig. 8.3. Scheme (3) of power-augmented flow with the partial realization of the
suction force and the jet leaving the rounded leading edge (Coanda PAR flow
model).

of the jet from suction surface of the wing may occur at some angle Bsep. In
the third scheme it is assumed that the flow past the flap is separated.

To develop a description of power-augmented air flow past a vehicle in
the extreme ground effect, it is appropriate to use the method of matched
asymptotic expansions, taking the relative ground clearance h as a basic small
parameter, i.e., treat the PAR problem in a fashion, which has been adopted
throughout this book. Then the channel flow under the wing with small gaps
under the endplates can be assumed to be described with a certain degree of
adequacy by equation (4.53) or (in the steady case) by equation (4.65). The
solution of these equations enables us to determine both the span-averaged
velocity and pressure and, eventually, the lift, moment and induced drag. To
calculate the flow parameters near leading and trailing edges and associated
suction force and ideal pressure drag on the flap, it is necessary to consider
the corresponding local flow problems. Local flow formulations can be used,
e.g., for determining the appropriate deflection of the leading edge flap for
shock-free entry of the flow and analysis of other possibilities of controlling
the efficiency of cruise and PAR modes of performance of wing-in-ground-
effect vehicles. A set of relevant local leading edge and trailing edge flow
problems for power-augmented regimes is summarized in Figs. 8.4-8.10. In
what follows, solutions are presented of selected local flow problems.

8.1 Local Flow Problems for Analysis of PAR Mode

Notwithstanding a certain degree of idealization, the scheme with the reen-
trant jet (scheme 1) gives the possibility of obtaining the results which are
sufficiently plausible and compatible with experimental data on PAR effi-
ciency. We consider some relevant local problems of flows around the leading
and trailing edges. Solutions of these problems were obtained by Fridman
[157] by the method of S.A. Chaplygin of singular points within the frame of
the ideal jet theory.
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Fig. 8.4. The flow region past a leading edge with a reentrant jet: physical and
auxiliary planes.

8.1.1 Reentrant Jet Flow Near the Leading Edge

We consider scheme 1 of the power-augmented flow past a wing in the extreme
ground effect. We introduce stretched local coordinates near the leading edge
as

X,___z—l

> Y
) + LS» Y hl 17
where h; = h*(1) is a local ground clearance at the leading edge and Lg
is the stretched distance of the stagnation point from the tip of the leading
edge. The plane of physical flow is depicted in Fig. 8.4.

Assume as known the width of the incoming jet §; and the velocity on its
boundary U; = 1. To determine the relative velocity potential of the flow, we
apply the method of singular points of S.A. Chaplygin, which employs the
idea of determining a holomorphic function in the complex plane, knowing
the function’s zeros and poles and applying Liouville’s theorem; see Gurevich
[138].

We map the domain of the flow in the physical plane Z = Z + i§ onto
the first quadrant of an auxiliary complex plane { = £ + in, so that the
solid boundary AOBC of the flow in the Z plane is transformed into a pos-
itive semiaxis €& > 0 and the free surface part ADFC of the boundary in
the physical plane be transformed into a positive semi-axis n > 0. Taking
into consideration that the complex conjugate velocity in the physical plane
dw/dZ has a zero of the first order at the stagnation point (¢ = 1) and per-
forming an analytic continuation of this function onto an entire plane ¢, we
obtain

dw ¢—1
dZ ~ (+1 (8.1)

The complex conjugate velocity of the flow in the auxiliary plane ( is

found as
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2
dw _y__SC€-1 (8.2)
d¢ (¢ +d?)(¢2 - b?)

Expression (8.2) can be commented on in the following way. The complex
potential w should have a zero of the second order at the point ¢ = 1, that
is, w = 0[(¢ — 1)?]. Because there is no violation of conformity at this point,
the complex conjugate velocity may be assumed to be dw/d¢ = O(¢ - 1),
i.e., having a simple zero at ( = 1. At the point ¢ = id, which is the im-
age of infinitely distant point D of a free jet, the function dw/d¢ must have
a pole of the first order (a stream with a finite flow rate). Physically, such
behavior corresponds to that of a sink in an auxiliary plane and models the
disappearance of the jet on the second leaf of a Riemann surface. In addi-
tion, the function dw/d¢ has another simple pole at the point ¢ = b, which
corresponds to a stream of a finite flow rate inside the channel. The resulting
expression (8.2) was found by analytic continuation of singular points of the
function dw/d¢ with the subsequent application of the Liouville theorem.

Dividing left and right sides of formula (8.2) by corresponding sides of
formula (8.1) and integrating the resulting expression taking into account
the requirement Z(1) = 0, we obtain the relationship between the planes

Z = Z(¢) in the form

C(¢C+1)2
=-N / @) C2 — b2)dC (8.3)
We find the constants
_ _ t(t +1)2
Zyn=27Z(0)=Ls=N / G d2 = b2)dt. (8.4)

The condition of mass conservation is given by?

Qc =QB +Qp, QB =v), Qp=0dy, Qc=04, (8.5)
1 N 1+ .
®=g f =" ra = ©5)
1 dw N b2 —1
=— ¢ —d¢ = ——— —— =p* 8.7
QB % b dC C 9 b2 + dg Vo ( )
wherefrom 3 *
Tj Uo
- ___"° 8.8
14 d? b2 —1 ( )

The requirement, accounting for angle §; of orientation of the reentrant jet,
is
dw = 1—id

2 All velocities are rendered nondimensional with respect to the velocity U; on the
jet’s external boundary.

(8.9)
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The conjugate complex velocity of the flow far downstream in the channel is

dw b—1
— ()= ——. .10
dz ®) b+1 (8.10)
It follows from (8.9) and (8.10) that
d:cot%, (8.11)
. b-1
Vy, = b—}—_l (812)

The magnitude of v} is determined by matching the local flow to the flow in
the channel under the wing. Within the theory of the extreme ground effect
for a rectangular wing with endplates, described by equation (4.65), it turns
out in particular that v} = ¥(1), where ¢ is a spanwise-averaged velocity in
the channel under the wing. Other unknowns can be calculated by using the
formulas

1+
b= —=2 13
T, (813)
Srj = Sj - vy, (8.14)
B; = —2arccot d, (8.15)
20, b% + d? 2 -
N Zarte 25 (8.16)

m 1+d2 T

The flow velocity on AB (the “wetted” surface of the wing), { = &, n =0,
£ €10,b),is

where £ is determined from

oo z—1 25 5 t(t+1)?
X@)=——+Ls=-7 : (t2+d2)(b2—t2)dt’ (8.17)

L2 [T et
ST Jy BB -2

The solution derived herein gives the possibility of calculating the local
pressure distribution on the wing and the ground near the leading edge, as
well as the inclination angle 3; and the flow rate of the reentrant jet as
functions of the flow rate of the incoming jet and the elevation of the leading
edge above the ground.

dt. (8.18)
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8.1.2 Reentrant Jet Flow Near the Leading Edge
with a Deflected Tip

In order to analyze the possibilities of controlling the lifting capacity of a
winged vehicle in the ground effect and of enhancing the efficiency of power-
augmented modes of operation, the local problem of practical interest is that
of flow past a leading edge with a deflected tip. Herein, this problem is treated
within the reentrant jet formulation. The anticipated effect consists of gen-
erating of pressure thrust on a deflected part of the leading edge with the
goal of reducing the drag and, consequently, the installed thrust required to
provide power-augmented lift of a vehicle of a given weight. As in the pre-
vious analysis, the problem is solved by the method of singular points. The
flow patterns in the physical plane { and the auxiliary plane ¢ are shown in
Fig. 8.5.
Stretching of coordinates is carried out in the following way:

= x-—1 - Y
X = o Y, = B 1.
The complex conjugate velocity in the auxiliary plane  is
dw C—a ¢ —1\be/m
—_ = R . 8.19
dz (+a (C + 1) (8.19)

The exponent accounts for the violation of conformity at point O with
¢ = 1, where the angle between the adjoining parts of the solid surface
changes when passing from Z to the auxiliary plane ¢. The derivative of the
complex velocity potential in auxiliary plane ( is

dw ¢(2-a?)
— =N . 8.20
ac =N @y Ee (8.20)
Therefore,
iEe e @
B O ittF
U,=1 8!]
B VD‘ EQ Ae|9 F C— ld D
B \“_c & |a o E
B C
-1 0 1 a b g
a. b.

Fig. 8.5. Flow region past a leading edge with a deflected tip within a reentrant
jet scheme: physical and auxiliary planes.
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. CdZdw (¢ +a)? (+1
20= | mari = [ w1

The unknown constants are determined from the following conditions:

)0'3/ "de. (8:21)

1 dw 7N o2 +d?> -
_ - A = -z " _ 5. 8.22
@ =3 dgdC 2 rdr o (8:22)
aN b —a?
QB - f—dz C_ 2 m =, (823)
It follows from the condition of mass conservation that
Qc = Q@B + Qp, Qc = 6. (8.23a)
Therefrom N
T
5i=Qp+Qp= 5 (8.24)
and, in addition,
b2 + d? o
i = 2 _ a2 Vo) (8.25)
because dw
7 — (id) = exp[—(7 — B;)i] = —exp(if;), (8.25a)
O arctand + arctan — d w, (8.26)
T a 2
and d b—a /b—10e/T
w —a /b— lo
* = S . 27
v% =gz b+a(b+1) (8.27)

The velocity v; is determined by matching with the channel flow, for
example, with a solution of equation (4.95). Because Zp = bjes exp(—ife)
and a N = —24;/7, there is one more equation

26 (1 t(t+a)? (1+t)0le/ﬂ ;
= Olef,

T Jo (2+d?)(b2—12) \1—¢ (8.28)

where bjes is the chord of the deflected part of the leading edge (as a fraction
of the distance of the hinge point above the ground). Thus, the system of
three equations (8.25),(8.27), and (8.28) was obtained for determining the
three unknowns a, b, and d. The magnitude of §; is determined from (8.26).
The coefficient of the normal force acting on the deflected part is given by

B 25 ' t(t—a)? 1 —ty /7
Co=1- e /0 (2 + d?)(b? — t2) (1 + t) dt. (8.29)

These results facilitate the analysis of the influence of parameters of the
deflection of the leading edge tip upon the efficiency of power-augmented
regimes.
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8.1.3 Local Separated Flow Past a Flap (Endplate)

When modelling power-augmented lifting flows by using flow schemes 1 or 3
(see Figs. 8.1 and 8.3), it is necessary to have a solution of the flow problem for
the jet escaping from under the flap or the endplate. Earlier, some results of
the solution of this problem by Gurevich [138] were used for determining the
contraction of the escaping jet and of the pressure drag component due to the
rear flap. Here we give a complete solution of this local problem by a method
different from [138]; see Fridman [157]. Note that knowledge of characteristics
of this type of local flow is quite practical because both available experimental
data and theoretical results show the significant influence of effective gaps
under endplates and flaps upon the efficiency of cruise and power-augmented
modes of motion. In addition, the structure of equation (4.53) and expressions
for determining the aerodynamic centers and static stability criteria show
that it is possible to control both the lifting capacity and the stability of
longitudinal motion by devices that provide variation (chordwise and in time)
of the gaps under the endplates.?

The flow problem under consideration and the corresponding auxiliary
plane ¢ are depicted in Fig. 8.6 with designations : X = z/h,Y = y/hy;
the stretched length of the device is b = b¢/h for the flap and hep(z) =
hep(z)/hi(x) for the endplate. In the latter case, hep and hj are the local
length of the endplate and the local ground clearance of the wing at the cross
section z = const.

The complex conjugate velocity in the auxiliary plane is

dw ¢ —1\0%/m
() o
The derivative of the complex velocity potential in the auxiliary plane is
dw ¢
?d—c_: —_ m. (8.31)

3 This can be realized by deflectable or retractable plates.

®)
©

a. b.
Fig. 8.6. Local separated flow past the flap: physical and auxiliary planes.
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The determination of constants is given by

N

Qo = zz wd—CC TR
N_QQCZ_EJ_;'
is is

It is not difficult to find the velocity potential by integrating (8.31):

(d N 2
w(c)z/o —ch+ A= In (1+E-2),

C-}-l O¢/m .
/<2+cz T1> ¢+ Za,

where Z5 = —b;exp(if;). As Z(i) = 0, then

v** C+1 O/ 10f
/C2—+—c2 —i) d¢ = bre

wherefrom ) )
Qu** n 1+ n)gf kg _
2 dn==b
T /0 c? —n? (1 -7 =0
with
dw(. ) o (c—l)"f/"
—=\1C) = —V = —
dZ ° c+1
or

- c—1\0/m
vl =( ) .
c+1

The magnitude of constant ¢ can be found from the equation

() [ (),

Taking into account the equation Qp = Qc,

- — O/
szv**:(c 1>f -
c+1

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)

(8.40)

Expression (8.40) determines the width of the effective gap and the flow

contraction factor.

We evaluate the behavior of the free surface far from the flap (endplate).
On part of the boundary in the auxiliary plane, corresponding to the free

surface (|AB|), n = 0. Therefore,

g <£+i 0c/

Z5(§) = —N A= A

> Wd{ — bg exp(ibs /),

(8.41)
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where £ € [0, 00). Taking into account the identity

i\ Oe/m
<§ i— 1) A exp(i%g{ arctan %) = exp(ibf) exp(—i%f- arctanf), (8.42)
£¢ cos —‘ arctan ¢ )
st =-N / 62 T 5 df bf COSef, (843)
_ 3 Esm(——i arctan + )
V() = =N / o d¢ — b sin 6;. (8.44)
0
For £ — +oo,
Xt ~ —N In¢,
{ i ~ —1 4 8 + 20N /£ (8.45)
Therefore,

_ - 20:N -
Yes ~ =146+ exp(Xgs/N). (8.46)

The latter result shows that for the escaping flow under a flap or an end-
plate, Xts — —o0, the jet boundary resolves into a horizontal line exponen-
tially. From the physical viewpoint, this means that perturbed zero pressure
conditions apply immediately outside of the flap or the endplate.

8.2 Unseparated Flows Near Leading and Trailing Edges

The local flows near the leading and trailing edges for the conventional (with-
out power augmentation) cruise of a wing-in-ground-effect vehicle were con-
sidered in sections 2 and 3. Here attention is paid to some local problems
that describe the unseparated flows near the leading and trailing edges of the
wing in the power-augmented mode, when the incoming and (or) escaping
stream has a finite width.

8.2.1 Unseparated Coanda Flow Past a Leading Edge

This regime of flow in the power-augmented mode was observed experimen-
tally in [153, 155, 156] and represents a practical interest from the viewpoint
of enhancing the efficiency of takeoff. The corresponding flow pattern and
auxiliary plane ¢ are shown in Figs. 8.7, with

1—-z 7 -

X = Y
X"“ h]_, _h,l’

where h; is a the local elevation of the leading edge above the ground (the
leading edge relative to the ground clearance).

The approach for deriving the solution is similar to that applied in previ-
ous sections. In what follows, the main results of this solution are presented.
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Fig. 8.7. Unseparated flow of a finite width past a leading edge(the Coanda effect):
physical and auxiliary planes.

The complex conjugate velocity and the potential derivative in the auxiliary
plane ¢ are

dw -1¢+a
Z - cric—a (8.47)
dw ¢?-1
— =N 8.48
(=N eE—a (849)
Therefore,
- ¢dz dw (¢+1)2 (—a
Z(¢0) = d N —_— d¢ +1. .
() /a ol = / B cra it (8.49)
The unknown parameters can be found from the following conditions
. dw . l-ca+c
voﬁdz(c)—1+c a—c’ (8.:50)
dw N -
QE —d—EdC =5 = 5, (8.51)
_ aN(c-1)
Qc=—7 —? A = ———5— = ;. (8.52)
The flow rate of air should remain the same far downstream, i.e.,
Qe =@ + Qc, (8.53)
where B
Qp = dy;. (8.54)
Therefore,
= N
Buj = . (8.55)
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Equations (8.50), (8.51), (8.52), and (8.53) enable us to determine four
constants out of five. The fifth unknown, v}, is determined from the procedure
of matching. Due to the circulatory flow at the leading edge a suction force
occurs (the image of the tip of the leading edge in the ¢ plane is located at a
point ¢ = a, 7 = 0). The suction force coefficient can be derived by singling
out the intensity of the square root singularity at the leading edge.

For { — a,

dw a—1 1
57 Ngamg_a, (8.55a)
¢ (a+1)?
Therefore,
dw 1)\/1“\/’“ 1 A _
EE ~ = 7% \/Y X -0, (8.55¢)
where
G ”*W L (8.56)

— 7%

is the intensity of the square root smgularlty. The coeflicient of the suction
force in 2-D flow is given by

C, = 2mA% (8.57)

The parameters contained in the formula for A are found in the form
1 % N=—79¢ (8.58)
c= — = = : )
5)' ’ ™ P

s = a_v;(1+c)+(1—c)c
Cvi(l4e)-(1-¢)
Substituting formulas (8.56), (8.58), and (8.59) in the formula (8.57) for the
suction force coefficient leads to the following expression:

(8.59)

Cs = hhy(1) (1 +v2)2 (8.60)

It is easy to see that this result coincides with formula (4.62) with U(t) =1
(steady flow). Thus, it turns out that within the assumption 5uj = 0(1), the
suction force acting on the leading edge in a flow of finite width is identical
to that for unlimited flow.

We write the asymptotic expansion of the function dw/dZ (the complex
conjugate velocity) in more detail. From (8.47) for { — a,

dw a-1 1 a®+4a—1
ke o - 1)2. 8.61
Z 2 it e @ar o€ (8.:61)
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Based on this expression, we can single out a constant component of the
horizontal velocity near the leading edge,

a2 +4a-1

(8.62)

Taking into account (8.47)-(8.49), the velocity and pressure coefficient in the
local flow problem can be determined by the following formulas valid on AB:

(=¢ £€la, ), n=0,

_dw_§f-1fta
YTz T Erie-a (8.63)
_ §—1&+a\2

where

2 —
N/ t—i—l2 t adt.
—c?)t+a

8.2.2 Coanda Flow of Finite Width Past a Deflected Leading Edge

This local problem is of interest in connection with the possibility of in-
creasing the reserve of efficiency of the power-augmented modes by providing
shock-free entry of the tip of the leading edge. The scheme of the flow and the
auxiliary plane are shown in Fig. 8.8, where Z = (z —1)/hy, §/h1, h1 = h(1),
and byt is the length of the deflected part of the leading edge as a fraction of
the leading edge ground clearance h;. Here are the main steps and the results
of the solution obtained by the method of singular points of S.A. Chaplygin.
The complex conjugate velocity in the auxiliary plane can be derived in the
form

dw (—=b(+a ((—1¢+d\oe/m
dZ  (+b(—a (<+1 (—d) '

U=t ® T ©

F
U;=1 Dj SmI F
C

6,710 J5 v
qu A :¥>
}

——" C EC BDADF

-1 )‘(ocb1ad};

(8.65)

=i

a. b.

Fig. 8.8. Flow of finite width around the leading edge with a deflected tip (the
Coanda effect): physical and auxiliary planes.
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The derivative of the complex velocity potential in the auxiliary plane is

d 2 b2
w _ N—_C—Q_—2-'

d¢ ¢(¢?—¢?)
Mapping of the physical plane onto the auxiliary plane is realized by the
function

(8.66)

: ¢ dZ dw
Z(C): . aTU—_(_lZ:
(C+1b)? CH+1¢—dyoe/n
N/ ¢(¢% —c?) C+G(C—1C+d) d¢. (8.67)

Unknown quantities are determined from the following conditions:

1 dw wNb?

QE = T A HE =52 % (8.68)
1 dw 7TN 2) _

From mass conservation,

Qe = Qp + Qc, (8.70)

where Qp = dy;.
It follows from the preceding relationships that

5y = Qp — Qc = gN. (8.71)
From (8.69), (8.70) we can find that

T=q1- %J- (8.72)
In addition
G-t (eae) 6
From the conditions . )
Zp =Zp, =1, (8.74)
Zp = bepe™im=0) 1§ (8.75)

follow the formulas

d 2
(t+0b)* t—a t+1d—t\0e/m
dt =0 8.76
/It(tz—CQ)t—Fa(t—ld-l—t) ’ (8.76)
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(t+b)% a—t (t+1d—t\0e/7 _
dt = byer. 8.77
N/ t(t2 — ) a+t<t—1d+t> lef (8.77)

The magnitude of v} is determined by matching. For the remaining six
unknowns, six equations are obtained, namely, (8.68), (8.71), (8.72), (8.73),
(8.76), and (8.77). Accounting for the relationships

N = 2(5)25j =25,

™

where

b—ec (l—c d+c>91e/7r
b+c\l4+cd—-c ’

b:C/ 1_U;/3j>

we can reduce this system to one containing three unknowns a, ¢, and d and
including equations (8.76), (8.77), and the additional condition

M:

a+c
a—c

M—vt=0. (8.78)

The suction force at point A can be determined by the formulas of S.A.
Chaplygin

i dw dw
G=3faza®
( —b)? ra—1d+ay\be/n
G =2V "7 (a—+—1 d——a) ' (8.79)

Consideration of the last formula shows explicitly that it is possible to
choose an angle of deflection of the leading edge tip that corresponds to
shock-free entry, that is, zero suction force. This takes place at a = b. For a
given length of the deflected part of the edge (forward flap) by, this angle
can be determined from the solution of the system

l—cd+e\be/m

(1 Yed- c) =Y (8.80a)
d 2 o
-b t+1d-t O/

dt=0 .80b

/1 t(t2 — 2) t—1d+t> ’ (8.80)
d 2 2 o

b* —t t+1d—-t O/ -
/1 t(t2 — 2) t—1d+t) b=br (8.80c)

with

b=c/\/1—v2/5;.
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The normal force coefficient for the deflected part of the leading edge
normalized with respect to bies is

N [ (t=b)? t—a /t—1d+t\0e/m
Co=7 dt, 8.8

blef/l t(tz—CQ)t+a(t+1d—t> (8.81)
and for zero suction force,

N (¢ 202 t—1d+t\o0/n
Ch, = 5— dt. 8.
° blef/l 12 — c2) (t+1d—t) (8.82)

8.2.3 The Model of Flow Past a Leading Edge with
a Winglet

Following we consider a separate small wing (winglet) in front of the leading
edge. This winglet may be used to control the efficiency of power-augmented
mode. In a corresponding local flow, this device is approximately represented
by a point vortex of a given circulation I'. The flow pattern and auxiliary
plane ¢ are presented in Fig. 8.9.

The images of the vortex and the stagnation point, appearing in the flow
domain due to it, have (in the auxiliary plane) coordinates ¢, = g +if and
¢1 = d+ic. In the physical plane Z, the vortex of circulation (—I") is located
at a point Zg = X¢ +iY¢. The method of singular points gives the following
results. The complex conjugate velocity in physical plane can be obtained in
the form

dw _¢-1¢+a (-0 (+WE+a)
dZ  (+1C=a (¢4 )¢+ ) (€~ —¢)

, (8.83)

where é designates the conjugate complex coordinates. The complex potential
and its derivatives in the ¢ plane are represented by the following expressions:

° ®
© z;azgﬂf

Otﬂ=d+ic

@)

m
O

E CB AD
c 1 a

g

a. b.

Fig. 8.9. The flow region past a leading edge with a forward winglet: physical and
auxiliary planes.
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2QE Qc ir -

c——ln(c 2)+ 1<2 & (8.84)

w(() =

or

w o C-1 (E-RE-)
T R L) )

It follows from (8.84) that

dw _2Q@p¢®-Qrd)  4r de¢ . (8.86)

d¢ m¢(¢? ~c?) (-

The associated mapping function is

N/ C+1)? ¢—a (C+)%C¢+ )
(€2 =) (Ha (C+ )¢+ 6)2

d¢ +i. (8.87)

The unknown constants can be found from the following conditions:

U*_d_w( )_c—l c+a <c2—2gc+g2+f2) (c2+2dc+d2+e2)
e T3z T cfic—a

c2+2gc+ g% + f? ~2dc+d? +e2/)’
(8.88)
1 _mN P+
Qe = _fgf ¢= 2c? (d2+62) =% (8.89)
__1 ok ¢t —2(g> — f2)c* + (9> + f?)?
Qe =~ dg = =N [5G 2B ) E + (L + &) | @)
Because the rate of flow should remain the same, i.e.,
Qe = Qp — Qc Qp = dy;,
we obtain ~ B
5uj = 6) - ’U;. (891)
The coordinates of the vortex point can be found by means of the expres-
sion X
= 1dZ
Zg = / —d
o= | I ¢.
Therefore,
. 4 (C+1D? (—a ((+60)*(C+6)?
Xg=R|N , 8.92
¢ [ a C(C2~02)C+G(C+C1)2(C+Cl) C] (8:92)
_ ¢ 2 _ 2
o C(—c)(+a (C+C1)2(C+C1)
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The circulation should be given by
dw

~I'=% 3 R (8.94)
dw
] .
0= 7{1 ac —d¢. (8.95)
Using expression (8.84), we obtain
dw,._ (-1 -t -8)
o 4 Mg G

Thus, condition (8.95) is equivalent to

%[((le )) B - -&)] =0

or
o[ - D& - A & - B - )] =0
Eventually,

?4 dw C_er(c%—1)(5%—c2)é%<<%—<§><<%—é&) (8.96)
o d¢ Ade(d” + &)[(d? — & — )% + ddPe?] '

8.2.4 Unseparated Flow Near a Trailing Edge with a Flap

We start by considering a flow of finite width past a trailing edge with a
flap. This scheme corresponds to the second power-augmented flow model,
discussed at the beginning of this section. The flow picture and the aux-
iliary plane ¢ are shown in Fig. 8.10, where X = —z/h,Y = y/h — 1,
by = be/h, bssinf; < 1. In the latter relationship the equality sign cor-
responds to the case, when the flap touches the ground.

Application of the method of singular points gives the results, presented
below. The complex conjugate velocity in the ¢ plane can be derived in the
form

dw (—1C+c Ot /7
— = (= ) 8.97
dz (C +1¢- c) (8.97)
The derivative of the complex velocity potential with respect to the aux-
iliary variable ¢ is obtained as
dw (% —a?

=N

dc g b)) (8.9
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Fig. 8.10. The flow region past a flap of the wing in the extreme ground effect:
physical and auxiliary planes.

The resulting mapping function is

C+1C~c be/m (2 —
—1c+c C(C2—b2)

It follows from mass conservation that

=N

dc. (8.99)

Qp+Qe=Qc, Qp=26y, Q=0 Qc=24,

1 N 2
Qp = — f{ = L =5y, (8.100)
1 71'N(b2 —a?)
Op = — d—c a¢ =T (8.101)
From (8.99), (8.100), and (8.101), we obtain
Qc =5 = ”_2]Y- (8.102)

As |OA| = |01A] = bt ,Za = brexp(—iff) , then

Z(a) = bexp(—ib), Z(c) =
orfor(=¢ n=0,

1 2 2
t“—a 14+t t—c\o/m -
N ( = .
/at(b2—t2) 1—t t+c> dt = by, (8.103)
1 42 2
t*—a 14+t t—c\b/n
/ct(b2—t2) (1—tt+c> dt =0. (8.104)

In addition, for ¢ = b, v}* = dw/dZ, or

- (b—l b+c>9r/7r‘

o =\3¥ib=c (8.105)
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Note that in this problem the channel flow velocity near the flap is cal-
culated as one of the results of the solution. In a two—dimensional problem
the magnitude of d; is assumed to be known because the flow rate and the
velocity on the jet boundary are the same as those in front of the wing. Then
from conditions (8.101)—(8.104), we can obtain the following system of three
equations for the determination of constants a, b, and c:

25 [* -
- f(t,a,b,c)dt — be =0, (8.106a)
1
/ f(t,a,b,c)dt =0, (8.106b)
a?\ < b—1b+c\%/
(-%)-Grrize) = (8.1060)

where

t2—a? /14tt—c\0%/m
g (+ c)f (8.107)

t,a,b,c) =
f(ta,b,c) t(b2 —t) \1-tt+ec

Knowing a, b, and ¢, we can determine the remaining unknowns using the
formulas

iy = 350 (8.108)
2 _
N =3, (8.100)
2
* %K a N
v = (1 - 6—2)5j. (8.110)

8.2.5 Flow of Infinite Width Past a Trailing Edge with a Flap

This problem is connected with the aerodynamics of the cruise regime when
(in stretched coordinates) the flow around the trailing edge is semi-infinite.
The corresponding pattern of the flow and the auxiliary plane ¢ are depicted
in Fig. 8.11, where Y = y/h, X = z/h, 0 is the angle of the deflection of
the flap (6 = ™, 0 < n < 1), and b is the chord of the flap, normalized
by the ground clearance.

Using the method of singular points, we find the derivatives of the complex
potential in form of the expressions

dw

W _¢n 8.111

7 = ( )
dw _y__S+b (8.112)

¢ (C—o)(¢—1)%



242 8. Schematized PAR Flow Models

B

i

—e—— e ]

A O|\ X

c v o NG,

—> 8 Vo1

—-——MM

C ———————— 4,0, B0 C A O
-1 b 0 c 1 g
a b.

Fig. 8.11. Flow of infinite width past a flap of the wing in the extreme ground
effect: physical and auxiliary planes.

Taking into account that

c+b

== ¢ —dc = —_ 8.113
QC UO dc— dC (1 _0)2? ( )
we obtain the following expression for N:
_(1-0?c
Py (8.114)

The mapping function can be constructed from (8.111), and (8.112) in
the form

o [$dZ ¢(+b
Z(¢) = i Fraade N/ @I )d(. (8.115)

From the condition IOB | = |BO1| = b, we obtain the following system
of equations:

—b
/ iizd( = bt exp(—ify), (8.116a)
o d¢
/ _dde 0, (8.1160)
o d¢

wherefrom upon introducing a new variable { = —t we can transform (8.116a)

and (8.116b) into
—N/b t—b dt =5 (8.117a)
o TE+ot+12 " e

/0 Fetar s (8.117b)

From the second equation of the system (8.117a,b), we can find that
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oo tl—n oo t—n
Y ey
o (t+o)(t+1) o (t+e)t+1)

Performing integration by using the residue theorem, after some calcula-
tion,
ne™(1—-c¢) — (1l —c)
(1-c)—nc*(l1-¢)’

Using this expression, we can combine (8.114) and the first of the two
equations of system (8.117) into one transcendental nonlinear equation for
determining the constant c:

b= (8.118)

b — —
[ne™(1—c)— (1 —c")] % /0 m& = by, (8.119)

where n = 6¢/7 and b is determined from (8.118). It should be kept in mind
that 0 < ¢ < 1. The magnitude of velocity v}* is determined by the formula

dw
> =—=(c)=c" 8.12
o= TR = (8120)
The pressure coeflicient is calculated as
dw 2 on
p_1—(52> =1-¢™, (8.121)

For X — —oo, ¥ = 07, we obtain ¢ = ¢~, n = 0%. Therefore, far
downstream in the channel,

p=1—§2"~1-—02"[1—g;(c—£)], E—=c . (8.122)

It follows from (8.115) that

_ c+b 1
~ ——-———1 — = — —_ .
X~N 1= o n(c—§) - In(c — &), £E—c
Then
p~1—c™ 4 2nc® Lexp(nX), X =5 —00, Y =0". (8.123)

Estimate (8.123) is valid for X — —oc0, Y =0~ and ¢ — 17, n=0" .
Thus, finally,
p=1-¢"~ —2n(¢ - 1).

It follows from (8.115) that

1+b 1
— - 1%,
1- c) £E-1 ¢
Eventually, one obtains the asymptotics of the pressure on the upper
surface of the wing far from the flap in the form

p~2(1-c") [(1—0")—110"(1—0)]%, X = 00, Y =0".

X~—N(
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8.3 Envelopes of the Efficiency of Power Augmentation
for a Scheme with a Reentrant Jet

Suggestions to utilize blowing under the main lifting wing of the wing-in-
ground-effect vehicle for improved performance date back to early projects
by Warner; see Belavin [1]. The technical development and implementation
of the concept for large takeoff weight ground-effect vehicles is due to the
effort of Russian engineers R. Bartini and R. Alexeyev. It is known that
power augmentation by turbulent jets from upstream engines, directed under
the wing, can be used either as a temporary, transitional mode of motion at
takeoff and landing or permanently for cruise.

The efficiency of power augmentation (PAR) is determined by two main
factors. The first of these factors is the magnitude of the required thrust of
PAR engines for a given weight of the vehicle (the inverse quantity equal
to the ratio of the lift R, to the required thrust T' can be characterized as
the efficiency of power augmentation, later on designated as Kpar = R, /T).
The second factor is the thrust recovery, representing the excess thrust which
can be used for forward motion. Gallington et al. [153, 154, 156] proposed a
rather convenient form of diagrams which were called PAR envelopes. The
vertical axis of these envelopes represents the PAR efficiency Kpar mul-
tiplied by a characteristic relative ground clearance h. Such scaling of the
vertical axis of the PAR envelope implies that the order of the lift coefficient
is Cy = O(1) and that of the drag coefficient C, = O(h) (or the coefficient
of required thrust) assumed and realized within a one-dimensional model of
the flow. Hence, the efficiency factor Kpar should be of the order of O(1/h)
and Kparh = O(1). A simple explanation of the correctness of such a scaling
consists of the fact that in strongly deccelerated flow under the wing with
a deflected flap, the pressure is close to the dynamic head. In this situa-
tion, the lift is directly proportional to the chord length, whereas the drag
coefficient should be of the order of the ground clearance. The horizontal
axis of the PAR efficiency envelopes represents the thrust recovery fraction,
that is, the ratio of excess of thrust over the drag T — R, to the thrust
T, = (T - R;)/T = 1— R,/T. Having used some of the PAR energy to
generate lift, it is important to have a certain reserve of thrust for further
acceleration to cruise speed. Using the scheme of PAR flow with a reentrant
jet, Gallington and Chaplin [154] analyzed the Kparh — T; diagram for the
simple case of a flat plate with a deflected flap and zero incidence, assum-
ing that there is no leakage from the channel flow region. In the analysis,
they employed two parameters, the width of the incoming jet in front of
the wing ¢; and the width of the jet escaping the channel under the wing
d¢, both parameters expressed as fraction of the characteristic ground clear-
ance h (i.e., Sj, 8¢). As a result, on the diagram were plotted two families
of curves, corresponding to the constant magnitudes of each of these pa-
rameters when varying another one, namely, a (gj = const.,d = var.) and
(6 = const.,d; = var.). On the PAR diagram presented by Gallington et
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al., the domain of points with coordinates Kpar — T} is bounded below by a
straight line, corresponding to & = 0 (zero gap under the flap). The upper
boundary of this domain is obtained by using the momentum equation to
a surface, including flow cross sections on the incoming jet, outcoming jet
and the reentrant jet. This implies a realization of the momentum equation
which corresponds to a minimal possible (within the PAR flow model with
a reentrant jet) width of the incoming jet &; = 4, achieved for a jet orien-
tation angle §; = m. Evidently, the latter case corresponds to maximum of
PAR efficiency (Kpar h)max- Practical tasks that can be set forth to extend
the approach of Gallington et al. are as follows:

e Using PAR efficiency envelopes based on a scheme of a reentrant jet and
applying a mathematical model of the aerodynamics of the wing with small
endplate tip clearance in a strong ground effect, analyze the influence of
different factors (such as the angle of pitch, the curvature of the wing’s
lower surface, the aspect ratio, gaps under the endplates, waves on the
underlying surface, etc.) upon the efficiency of power augmentation;

e Consider approaches of modelling the PAR flow scheme with a realization
of the Coanda effect with subsequent determination of power-augmentation
efficiency;

e Analyze the reserves of enhancing PAR efficiency through an appropriate
choice of the geometry and the kinematic parameters of the lifting surface
and use of devices, such as rigid and jet flaps, forward flaps, etc., to control
the efficiency of power-augmented regimes (e.g., by providing shock-free
entry and fuller realization of the suction force);

e Develop a scheme of using PAR efficiency diagrams based on a potential
theory for prediction and maximization of the efficiency of blowing the ex-
haust from the upstream PAR engines. Therewith, account should be taken
of the most significant factors, such as momentum losses due to impact of
the jet upon the ground, the mixing of turbulent jets, the entrainment of
the surrounding air by the turbulent jet ejected by the engine on its way
to the leading edge of the wing, the coalescence of a system of initially
circular jets into an almost two-dimensional jet, and the space orientation
and reciprocal position of engines in the PAR power system in the lateral,
horizontal, and vertical directions, as well as their locations with respect
to the wing.

8.3.1 Estimate of the Efficiency and the Thrust Recovery
of PAR Based on a Reentrant Jet Scheme

At the beginning, it is worthwhile to clarify the procedure for determin-
ing PAR efficiency envelopes by using simple examples. First, we adopt the
scheme of PAR flow with a reentrant jet (Fig. 8.1). We assume the potential
character of the flow which enables us to use, in particular, the theory of
jets in an ideal fluid [138]. We suppose additionally that the pressure on the
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boundaries of free jets is equal to the atmospheric pressure (zero perturbed
pressure) and that the velocity is equal to U;. We can write the PAR efficiency
KpAR as
R C
K =YY
PAR = 71 = &
where Cy = 2R, /pU?S is the lift coefficient, S is the reference area of the
wing, and Cy = 2T/ prS is the thrust coefficient. Note that both coeflicients
are based upon the dynamic pressure head of the jet and the reference area
of the wing. We introduce thrust recovery fraction T;
T-R, R,
= =1-==1-—=,
T T Cy
where C, = 2R,/ prS’ is the drag coefficient. Applying horizontal projection
of the momentum theorem to the surface bounded by flow cross sections at
the nozzle of the PAR engine, the incoming jet (I-I), the reentrant jet (11—
II) and the escaping jet (III-III), we deduce the relationships between
the thrust (drag) forces and the width of the participating jets. For example,
applying the above mentioned theorem to the flow cross sections at the nozzle
and (I-I) accounting for the direction of the outward normal, we obtain

(8.124)

T, (8.125)

T cosf; = pU?6;C, (8.126)

where C, is the wing’s root chord. Hence, by using the definition for the
thrust coefficient,

Ct [e{0)] 9j = 25j. (8.127)

It follows from (8.127) that, within the assumption of the potential flow
theory, the horizontal projection of the thrust coefficient is equal to the dou-
bled magnitude of the relative (i.e., expressed as a fraction of chord) width
of the jet in front of the wing §;.* Later on, for simplification of presentation,
cos 6 is omitted, so that C; will be understood as the horizontal component
of the same coefficient. Generally speaking, coefficients C, and C; depend on
quite a number of factors (e.g., the flap deflection angle, the angle of pitch,
the geometry of the wing, particularly on the form of its lower surface, the
magnitude and distribution of the effective gaps under endplates in direction
of the chord, etc.). However, for the moment, to illustrate the method of trac-
ing PAR efliciency envelopes, an example of a wing with no lateral leakage at
zero incidence @ = 0 and with a flap set at an effective gap d¢ is considered.®
In this case, it follows from the previously derived formulas that

4 For the practical situation of blowing turbulent jets this result does not hold
because due to certain momentum losses related to jet impingement upon the
ground, the decrease in the averaged jet velocity and the entrainment of the
surrounding air causes an increase in the jet width in the downstream direction.

5 This case was considered by Gallington et al.
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C,=1-0, (8.128)

C, = h(1 = &)?, (8.129)

where &; = &;/h, and h is the ground clearance at the trailing edge. Note that

for zero incidence, the lift and the ideal pressure drag acting upon the wing

are due only to the deflected flap. The suction force is not accounted for in
the reentrant jet model.

Taking into account (8.124), (8.125), (8.127), and (8.128), we write the
PAR efficiency and the thrust recovery fraction as

Cy@i)h _ Cy(@) _1-5;

K h = = —= , 8.130
PAR Ct 261 261 ( )

Cx(é-fa h) OE(6f7 h’) (1 - 5})2
Ii=1-————=1-—""=1- —— 8.131

where §; = §;/h.

Excluding the parameter 24; from (8.130) and (8.131), we obtain the
relationship of the PAR efficiency to the thrust recovery fraction for given
magnitudes of dy:

(1-3) 1+ 8
¢

_ f _ - —
KpARh—(l_ng(l T)= 1= (1-T). (8.132)

On the other hand, excluding the parameter & from the same equations
results in the expression of Kparh as a function of T; for a given 4;. In fact,
it follows from (8.131) that

8 =1—1/26(1~Tp). (8.133)

Substituting (8.133) in (8.130),

1—[1—\/M]2 21-T,)

K h= = = + T, —1. 8.134
PAR 25j 5j ( )

Formulas (8.132) and (8.134) define sets of curves of constant values §; =
const. and §; = const. Both the formulas and the corresponding diagrams
show how to meet the required PAR efficiency and thrust recovery fraction
magnitudes by an appropriate setting of the trailing edge gap for a given
thrust coefficient or by securing the required thrust coefficient for a given
trailing edge gap. Note, that for a thrust recovery fraction 7, ranging from
zero to unity, the domain of variation of the PAR efficiency Kpagrh is bounded
both from below and from above. The lower bound can be determined from
formula (8.132) for gj — 0 as



248 8. Schematized PAR Flow Models

(KpAR B)min = 1 = T (8.135)

As stated earlier, the equation of the upper bound of the PAR efficiency
diagram can be obtained by applying the momentum theorem for a control
surface, including cross sections I-I, II-I1 and III-III. As a result,

pU? 6 Cy — pU? 64 C, cos B — pU? 6: Cy = Ry, (8.136)
or, in nondimensional form,

26j - 25uj + COS ,Bj had 25f = Cz, 25J = Ct. (8137)

Accounting for the mass conservation condition
buj = 6 — &, (8.138)

and substituting a concrete expression for C, in the case under consideration
by (8.129), we obtain the following expression:

Ct=25j=25f+1-:€%s—gj = 26¢ +

A certain magnitude of the reentrant jet orientation angle g; corresponds

to each pair of parameters (6;, 6 ). Therefore, it is possible to find a magnitude
of this angle, for which the coefficient of required thrust (or the required width
of the incoming jet) would be minimal. This takes place at §; = =, resulting in
the following equation for the upper boundary of the PAR efficiency diagrams:

(8.139)

C,(d:) R Cy3)
KpaR - B)max = 2 = =, 5140
(KPaR * h)max Crnin (0) 265, (5) S

where

Ct | = < (]- - 3f)2 1 T \2
—omin _ 94, =28+ —— = —(1 —&)°. 8.141
h Jmin f + 2 2 ( f) ( )
As can be shown from (8.128) and (8.141), for the optimal blowing case,
parameter ¢ is related to the thrust recovery fraction 7; in the following way:

Cy—C; 1—6¢\2

It follows from (8.142) that in the case under consideration, nonnegative
values of 7, are reached if
s V21

o >

"= VEI+l
The maximum PAR efficiency, corresponding to optimal blowing, can be
expressed by the formula

(8.143)
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1 — &
KpaR - B)max = 2(—~) 8.144

( PAR )max 1+5f ( )
Combining (8.142) and (8.144), we can derive a simple relationship between
the efficiency of power augmentation and the thrust recovery fraction for
optimal organization of blowing:

(KpaR - h)max = V2(1 — T,). (8.145)

Note that for a fixed magnitude of the thrust coefficient Cy and a varying flap
setting d¢, the efficiency of power augmentation varies between its minimal
and maximal values, and the thrust recovery fraction ranges between its lower

and upper bounds
1 /2 2
1-—=—<T,<1- — -1} . 8.146

On the other hand, for a fixed trailing edge setting 6 and varying thrust
coefficient C}, the thrust recovery fraction changes in the range
1—66\2
maX{O, 1- 2( : ) } <T. <1 (8.147)
— 0f

Based on the preceding analysis, we can conclude that the realization of
the optimal blowing regime associated with maximum PAR efficiency im-
plies “tuning” of parameters §; (or Ct) and & in accordance with equation
(8.141). If, for a given setting of the trailing edge gap, the incoming jet is
wider than the optimal width, it spills over the leading edge. In this case, as
indicated in [155], this redundant part of the jet does not participate in the
PAR mechanism of lift. On the other hand, if the jet coming to the wing is
thinner than required by the upper bound, the blowing may become com-
pletely ineffective owing to insufficient pressure recovery at the entrance of
the channel flow. It is remarkable that theoretical analysis of the local flow
around the leading edge, based on a reentrant jet scheme (see paragraph
1.1.1), shows that the corresponding solution exists if

_ - 1-
25fj > 26 + -2-h1(1 + ’U;)z,

the upper bound of the domain of existence of the solution, can be shown
to coincide with the equation for the curve of maximum PAR efficiency. For
the simple case under consideration, v} = —0;, hy =1, wherefrom it can
be seen that the equality

20

Jmin

- 1 _
=26 +5(1- 85)?

coincides with requirement (8.141). The PAR efficiency envelope for the sim-
ple case considered above (i.e., zero gaps under tips of the endplates, a flat
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Fig. 8.12. Envelopes of PAR efficiency based on a reentrant jet scheme.

lower foil surface and a zero pitch angle) is presented in Fig. 8.12. In some
cases, for reasons of practical use of the PAR efficiency diagrams, it is con-
venient to trace these diagrams, using a set of constant thrust coeflicients
C; = const., 0y = var. rather than a set of constant incoming jet thicknesses
(8; = const., 6 = var.).

8.3.2 Margins of Efficiency of PAR Based
on a Reentrant Jet Scheme

The simple nonlinear one-dimensional theory of a rectangular wing with end-
plates in the extreme ground effect, introduced in section 4, can be used
together with PAR efficiency envelopes for qualitative prediction of the ef-
ficiency of power augmentation in a range of design parameters, including
the adjusted pitch angle, the height of the endplates, the aspect ratio, and,
the geometry of the lower surface of the wing. Simultaneously, such a math-
ematical model can be used as a tool for development of technical measures
to enhance the performance of the vehicle both for power-augmented takeoff
and cruise.

Taking into account these results, we can write the PAR efficiency and
the thrust recovery fraction as

Cy(d¢, other parameters)

K h= = 8.148
PAR Ct ) ( )
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T -1 C. (5, other_parameters)’ (8.149)
of
where the lift coefficient C, and the drag coefficient C; depend on the param-
eters G = 20ep/Ah = 266,/A\,% 8 = 0/h (6 the angle of pitch), 6 = &¢/h, ¢ the
effective gap under the flap, £, = £, /h, £ the parameters of the form of the
lower surface of the wing, C; = C;/h, and C, = C,/h. In the potential flow
theory, the thrust coefficient and the width of the incoming jet are connected
with each other as C; = 24; (or C; = 2§;). The coefficients C, and C;, can be
determined by using the formulas of section 4, the latter without accounting
for the suction force. Sets of curves corresponding to constant magnitudes of
the thrust coefficient C; and the effective gap of the flap & can be obtained
from (8.148)—(8.149) by exclusion of C; or &; respectively. The lower bound
of the diagram is a straight line with the equation
Cy
(Kparh)min = (=), _ (1= T0). (8.150)

2/ 0¢=0

As seen from (8.150), the lower bound can be lifted if one manages to in-
crease the lift-to-drag ratio of the wing in conditions of complete blockage of
the flow under the flap (6; = 0). In the general case of a wing of finite aspect
ratio, the upper bound of PAR efficiency in the scheme with a reentrant jet
can be found through application of the momentum theorem and accounting
for the mass conservation of incoming and escaping jets in the system. We
adopt a general, though somewhat simplified, scheme of the interaction of
jets due to power augmentation with the wing in the three-dimensional case,
based on the PAR flow model with a reentrant jet. One should take into ac-
count that outgoing jets escape from under the rear flap and through the gaps
under the tips of the endplates. Applying the momentum theorem in a pro-
jection onto the horizontal direction and rendering the resulting relationship
nondimensional, we obtain

2005 — 2X0y5 co8 B — 2M6¢ — 2[p = ACy, (8.151)

where 4,; is the width of the reentrant jet,” and Iep is the lost momentum due
to leakage through the gaps under the endplates. The momentum loss due to
leakage can be determined by chordwise integration of the local momentum
loss at cross sections = const.:

1
Ip = 2/ve2p(a:)5ep(m)da: (8.152)
0

8 As designated earlier, \ is the aspect ratio of the wing and Jep, is the characteristic
relative gap under the endplates.

7 Note that this and other quantities that may vary spanwise are assumed to be
averaged in the lateral direction.
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or taking into account the relationship (4.51) between the velocity of the
leakage vep(z) and the span-averaged velocity of the channel flow 9(z) in the
concrete case of a steady flow,

v =1-19%(z). (8.153)

We introduce the distribution of an effective gap under the endplates dep(z) =
6gpA(x), where, as earlier, Sep is an effective gap under the endplates at the
trailing edge and A(z) is a function of the order of unity that characterizes the
form of this distribution. Taking into account the designation of parameter
G = 26¢p/Ah, we rewrite (8.152) as

1
Ly = hAG / 1 - ?(2)]A(z)de

1
= h)\G/ﬁ(z)A(a:)dz = hAGI;,

ep?

(8.154)
¢}

where h is the relative ground clearance, p(z) = 1—92(z) is the span-averaged
pressure under the wing, and factor I, is determined by integration:

1
Iepz/o p(z)A(z) dz. (8.155)

In the particular case when the gap under the endplates is uniform chordwise,
that is, A(z) = 1, the magnitude of I, can be expressed in terms of the lift
coefficient in the following way:

Lp = hAGC,. (8.156)

As a matter of fact, I, represents the momentum drag and should be added
to the drag coeflicient C, of the wing. Note, that in the PAR flow model,
employing the scheme of a reentrant jet, the suction force is not realized.

To exclude the width of the jet escaping downstream d; from (8.151), we
apply the requirement of mass conservation in the form

)\5j = Aéuj + Aog + Qer, (8.157)

where Qcp is a nondimensional expression for the rate of air flow leaking
through gaps under the endplates. This expression can be determined in the

following way:
1

Qep = / 1 — 9%(z) bep(z)dz

0
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1
- %hG)\ / Vi@ Aw)dz = 1 h)\G Q. (8.158)
0

where .
Qep =/ A(z)/p(z) dz. (8.159)
0
Substituting (8.147) and (8.149) in (8.144), accounting for (8.150),

AC; + 21 — 2Qep cos ﬁj

C: =
v =20 =20+ A (1 — cos ;)

(8.160).

Setting B = m, we obtain the equation of the upper boundary of the PAR

efficiency diagram
C

K R)max = =—2-h,
(Kpar h) Ctmi,,
= er
Ctmin - 26Jmm = 25f + (C + 2 )\ + 2 )
C:.+2hGI}
Tr =]—-——'°P .
Cioin (8.161)
or -
Cy
(ot s = 22, 8162
tmin
C % . C.+26(I%+Q:
Ctmm = &mm = 26¢ (299 + er),
C. +2G I,
L=l-—— (8.163)
C’tmiu

where Cy . = Cy... /R, 6in = isn /Py and Cp = Cy/h, and I > and Qg
calculated by using formulas (8.147) and (8.150).

It important to note that for fixed magnitudes of § and &, characterizing
the angle of pitch and the geometry of the channel between the wing and
the ground, as well as for a given form of the endplate gap distribution, both
the upper and lower bounds of the PAR efficiency envelopes depend on a
similarity criterion G = 2dep/Ah. Both bounds of the diagram can be shown
to move down with an increase in G. In its turn G increases with an increase
in the relative gap under the endplates é.p, a decrease in the aspect ratio A,
and a decrease in the ground clearance h.

Figures 8.13-8.16 show some calculated results that illustrate the influence
of different factors on PAR efficiency diagrams.

In particular, Fig. 8.13 presents the influence of parameter 8 (where 8 is
measured in radians) for no leakage (g, = 0). It can be seen that an increase

of # leads to shifting of the PAR efficiency domain downward, so that for
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Fig. 8.13. The influence of the angle of pitch upon the PAR efficiency (zero gap
under the endplates).

Tr=

any given pair of magnitudes C;, &, the efficiency of power augmentation
diminishes.

We turn to consideration of the influence of parameter G, which plays the
role of an equivalent (generalized) gap under the endplates.® Just for sim-
plicity of the analysis in these calculations, it was assumed that the effective
gap under the endplates is constant chordwise A(z) = 1.

It follows from Figs. 8.14, plotted for a flat plate at zero incidence and
a deflected flap, that augmentation of parameter G leads to a significant
reduction of the PAR efficiency (the whole diagram drops down).

It is interesting to evaluate the influence of the curvature of the lower
surface of the wing for § = 0 and a different G. It is seen from the PAR
efficiency envelope (see Fig. 8.15) for a curved wing that an increase in the
relative curvature 8, = 4 /h results in an increase in Kpagrh, especially in
the range of larger magnitudes of the thrust recovery fraction. Similarly to a
wing without curvature a nonzero gap under the endplates leads to reduction
of the efficiency of blowing for a wing with endplates.

It is not difficult to explain a decrease in the PAR efficiency for a nonzero
angle of pitch & > 0 and an improvement in efficiency for a wing curved
upward. As the matter of fact, within the scheme of the reentrant jet an
increase in the angle of pitch results in an increase in the pressure drag. At

8 In fact, the same rate of leakage from under the endplates allow for different
combinations of the width of the effective gap under the endplates, the wing’s
aspect ratio and the relative ground clearance.
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the same time (at least for & not close to unity) the relative increment of Cy
due to the angle of pitch is insignificant because the flow under the wing is

already deccelerated due to the deflection of the flap.
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Curving of the lower surface at a zero pitch angle (8 = 0), we can gain
the same increment of lift as that of a flat wing with a nonzero pitch angle.
At the same time, the corresponding pressure drag becomes much smaller
the because horizontal component of the pressure force acting upon rear
part of the wing is canceled by the pressure force (thrust) acting upon the
forward part of the wing. Practically, because the vehicle normally has a
certain (design) angle of pitch adjusted for cruise conditions, it is desirable,
when using power augmentation at takeoff, to generate effects analogous to
the action of curvature. This can be done by forward flaps.

Figure 8.16 illustrates the influence of a forward flap upon the PAR effi-
ciency of the wing in the extreme ground effect. In this example, the forward
flap has a chord, constituting 20% of the wing’s root chord C,. Deflection of
the flap was chosen to locate its leading edge tip at the level of or lower than
the hinge of the rear flap. In the example under discussion, the former posi-
tion is achieved for a flap deflection angle 6, = (1 — bje)8/bje. For example,
when 6 = 2°, 6,, should be not less than 8°.

It follows from consideration of Fig. 8.16 that for nonzero angle of pitch
and forward flap deflected downward, the efliciency of power augmentation
increases for a given 0. If 6, > (1 — b1e)8/bye, the efficiency domain shifts
upward, so that the power augmentation efficiency becomes higher than that
of a wing at zero incidence with a deflected rear flap. Essentially, this effect
is due to the fact that, when the leading edge of the forward flap is lower
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Fig. 8.16. PAR efficiency envelopes for a wing at an angle of pitch with a deflected
forward flap (zero gap under the endplates).
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than the hinge of the rear flap, the resulting pressure thrust reduces the total
pressure drag of the wing.

8.4 A Discussion of a Mathematical Model of PAR
with the Coanda Effect

The PAR model based on a reentrant jet scheme does not account for the
suction force at the leading edge. At the same time experiments show that
the incoming jet has a tendency of enveloping a rounded leading edge. For a
relatively thin jet spilling over the edge, this phenomenon can be identified
with the Coanda effect. Gallington [155] and Krause et al. [156] remark that
PAR theory,® on average, underestimates the efficiency of power augmenta-
tion predicted by experiments, because it completely neglects the Coanda
effect. In this connection, an attempt can be made to develop a PAR flow
scheme which would incorporate a manifestation of the Coanda effect. One
model of this type is proposed herein for further discussion and evaluation.
The main idea of this model is that, whereas the angle §; of the overspilling
jet with respect to the x axis is governed by the momentum law, the detach-
ment of the jet takes place tangentially to a rounded leading edge at a certain
point with an abscissa Xsep (see Fig. 8.17). In this case, the suction force is
realized only on the “wetted” part of the surface of the leading edge.

To calculate the suction force acting upon the “wetted” part of the
rounded leading edge, we consider a local flow in the immediate vicinity of
the leading edge with a rounded nose. It can be shown that for a wing with

Fig. 8.17. The definition of a PAR flow model with a partial realization of suction
force (the Coanda effect).

9 Based on a reentrant jet model.
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analytical cross sections at 2 = const,1? the rounded leading edge at distances
of the order of its radius of curvature pj is approximated by a semi-infinite
parabolic cylinder.

As derived in Rozhdestvensky [44], the pressure coefficient p* on an oscu-
lating parabola has the following quasi-steady form:!!

X

| U \?
=p'=1-——\U1+ = .164
p=r =1 ) (8.164)

where parameters U; and U, characterize the velocities of the local incoming
and the circulatory flows around the rounded leading edge, thus determining
the position of the stagnation point. These parameters have to be determined
by matching with an appropriate outer flow field; X = zje/pje is the stretched
local abscissa and zje is the unstretched local abscissa.

It should be noted that for an analytical wing section, ple = O(82), where
d; is relative thickness of the wing section. On the other hand, within the
assumptions of the theory of the extreme ground effect adopted in this book,
the relative thickness &; of a wing section is of the order of the relative
ground clearance O(h); see (2.1). Therefore, for analytical foils, the radius of
curvature is assumed to be of the order of O(h2).

We calculate first the suction force coefficient when the flow past
the osculating parabola is not separated. Representing the pressure
coefficient on the surface of the wing section near the rounded leading edge
as

; XU? 2U; Usv'X U2
p=p =1- + - ;
X+1/2" X+1/2  X+1/2

we can observe that the two first terms of (8.165) are associated with sym-
metrical flow around the parabola and therefore make no contribution to the
suction force. The third and the fourth terms are due to the circulatory flow
around the edge.

Hence these terms have to be taken into account when calculating the
suction force. It is easy to see that the third term of (8.165) changes sign,
when passing from a point on the upper branch of the parabola to a mirror
reflection of this point on the lower branch of the parabola. This means that
the sum of the longitudinal pressure forces due to the third term, acting upon
parabola, should be equal to zero. In connection with these conclusions, the
calculation of the suction force can be reduced to the integration of just the
fourth term of (8.165), i.e.,

(8.165)

Ui dy

Co= [ —2_-¥
X +1/2ds

ds on the parabola, (8.166)

10 Most of the practical foil families have analytical descriptions.
11 This is valid in a wide practical range of Strouhal numbers.
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where ds is an arc element. Taking into account the equation of a parabola
y = pleV2X, we obtain

Cs = pre —2 _dy = eU2\/§/ . —— 4
,01/0 X +1/2 P2V X+ 12V

o0
= 4U2 pje arctan \/QX' = 21U3 pre, (8.167)
0

where Y = y/ple. To find U; we match the asymptotic expansions for the
velocity on the foil in three characteristic regions: Dj2 the immediate vicinity
of the leading edge of the order of pj. = O(h?), the larger vicinity De of the
order of O(h) of the leading edge, and the channel flow D) under the wing.
In Dy expression for the velocity on a parabola, corresponding to (8.165), is

Vi = 1/%I/Q(U1 + %) (8.168)

In D, by using the formula (2.39) of Section 2, the flow velocity of the relative
motion in points on the leading edge can be written as

a‘j)le _ 2

o U(t) + ho a1 e + O(h3), (8.169)
where ¢, is determined by formula (2.43). Matching (8.169) with the channel
flow velocity ¥(z,t) and accounting for the asymptotics of (2.47), leads to the
following expression for aq:

890ae

ay = h*(1,1)[U(t) + 9(1,1)]. (8.170)

On the other hand, recalling that the asymptotics of O@ae/0z in the imme-
diate vicinity of the edge is described by the expression (2.45), we can match
the solution (8.169), obtained in D, with description of the flow velocity
(8.168) in Dp2. The latter matching results in the following expression for

parameter Us:
a1

U= ————or
v 2mh*(1,t) ple

Now, we can write the final expression for the suction force coefficient, taking
into account (8.167) and (8.171), as

[U(t) +9(1,8)]. (8.171)

R (LU +9(1, 0~

Cs = 21U2pe = 27 - hhi[U(t) +5(1,8)]%, (8.172)

where hy = hy(0, z,t)/h. It can be seen that the expression for the suction
force coefficient, obtained by direct integration of pressure forces, acting on a
parabolic leading edge, coincides with that determined by using the strength
of the square root singularity of the perturbed velocity at the leading edge
of an infinitely thin wing section.
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Later on, it is assumed that the suction force is realized only on
the “wetted” part of the osculating parabola. Then the suction force
fraction ks (that is, the degree of realization of the suction force) can be
calculated by direct integration of the local pressure coefficient p’, given by
formula (8.165), along the corresponding “wetted” part of the parabolic edge.
This integration leads to the following result:

Ks = %(1 + %arctan \/2Xsep>, (8.173)

where ks = C’sp"”tiaLl /Cs is the suction force fraction, ranging from zero to
unity. At the same time, the angle 5" is calculated with use of the equation

of a parabola, i.e, Y = 1/2X;¢p as

1
B°P = arctan ———. (8.174)
1 V2 Xsep
Comparing the last two equations, we can see that the angle of detachment
of the jet from the contour of the parabola can be expressed by the suction
force fraction by using the following expression:

B = (1 — Ky). (8.175)

Thus, a PAR flow scheme can be composed of one model parameter (the
suction force fraction s)'? and accounting for Coanda effect. To determine
the PAR efficiency diagrams for this case, we can write the corresponding
momentum equation as

~ = G

C:z: _ Cspartial
o A

=20; = 26; + ——2 .
J £+ l—cos,BjseP

(8.176)
Employing the suction force fraction x5, we can rewrite the previous equation
in the following way:

(1—ks)Cy

C,=26=26 :
k ] f+1+cos7ms

(8.177)

Supplementing this equation with expressions for the PAR efficiency
Kpar h and the thrust recovery fraction Tr, in the simplest case of zero
gap under the endplates, we obtain

C 1-62
Kpaph= Yp=—_"1 .
PAR C. c (8.178)
B C,—Cs (1-k)Cp (1 — ks)(1 — 6)?
Tr=1 e - 1 5 =1-— c. ,  (8.179)

j
where C; can be calculated with help of (8.169).

12 Tp) the reentrant jet scheme the role of such a model parameter is played by the
angle of inclination of the jet with respect to the downstream direction.
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We can use the relationships (8.169-8.171) that feature the parameter
1 > ks > 0 to plot PAR efficiency diagrams accounting for the Coanda effect;
see Fig. 8.18.

As seen from this figure where both (reentrant jet flow and Coanda flow)
types of PAR efficiency envelopes are shown simultaneously, the overall pre-
diction accounting for the Coanda effect gives higher magnitudes of Kpagr
and somewhat higher magnitudes of the thrust recovery fraction for the same
combination of Sj and . We can also see from the observation of Fig. 8.18
that for certain combinations of the thrust coefficient and the rear flap set-
ting, the efficiency of power augmentation with the Coanda effect reaches
its maximum value. As follows from (8.179), at a fixed flap setting &, the
minimal magnitude of the thrust coefficient is attained at ks = 0.258 and can
be found from the expression

Co (55) = 265 +0.439 (1 — 5)2. (8.180)

The corresponding thrust recovery fraction and the (maximal) PAR efficiency
depend on dr and can be calculated by the formulas

< 162 . 0.742 .
KpAR B)max(0t) = =ty T (3¢) = 1— =——=(1—5;)2. (8.181
( PAR ) ( f) Ctm.m (5f) opt ( f) Ct,mm (6f) ( f) ( )
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Fig. 8.18. Comparison of PAR efliciency envelopes based on two flow models :
a reentrant jet model and the Coanda flow model with partial realization of the
suction force.
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Table 8.1 PAR efficiency and thrust recovery for optimal settings of a rear flap

d¢/h 0.15 0.2 0.25 0.3 0.35 04 0.45 0.5

Ctiin 0.617 | 0.681 | 0.747 | 0.815 | 0.886 | 0.958 | 1.033 | 1.11
(KPAR P)max | 1.583 | 1.409 | 1.255 | 1.116 | 0.991 | 0.877 | 0.772 | 0.676
T, 0.132 | 0.303 | 0.441 | 0.554 | 0.646 | 0.721 | 0.783 | 0.833

Topt

Table 8.1 presents the adjustment magnitudes of the rear flap settings and
the (minimal) thrust coefficents, as well as the corresponding magnitudes of
the PAR efficiency and the thrust recovery fraction.



9. The Aerodynamic Efficiency of a Wing
in the Extreme Ground Effect

9.1 Optimal Wing-in-Ground Effect

The theory of a wing in the extreme ground effect, as developed herein,
enables us to formulate a number of extremal problems, which are of both
theoretical and practical interest.

We consider the conditions of the minimality of the induced drag of a
lifting system in the extreme ground effect in Munk’s sense [159]. We as-
sume that a thin vortex wake extending behind the trailing edge represents
a cylindrical surface with a generatrix parallel to an unperturbed underlying
boundary. This assumption permits us to assume that, at a sufficient distance
downstream from the lifting system, the flow is close to two-dimensional in
the plane normal to the direction of motion (a Trefftz plane). It is known
that the induced drag coefficient can be expressed by the integral over the
whole Trefftz plane St of the kinetic energy of a fluid per unit length in the
direction of motion, see Ashley and Landahl [161] and Barrows and Widnall
[160):

Cp, = %//ﬁ(vg%&. (9.1)

In formula (9.1), all quantities were rendered nondimensional by using
some characteristic (cruise) speed U, and the length of the root chord C,. The
differential dSt represents a differentially small area element in the Trefftz
plane, related to the square of the root chord. Quantities A and [ represent,
respectively, the aspect ratio and the relative span of the lifting surface, ¢ is
the velocity potential of the perturbed motion of the fluid.

Using Green’s theorem, we can transform integral (9.1) into a contour
integral:

A Oy
Ci == —d, 9.2

Ti l2 %C‘E ¥ an ( )
where Ly is the contour in the Trefftz plane that incorporates a contour
L, that encloses the wake and a contour £, that coincides with the line of
intersection of the ground and the Trefftz plane. Taking into account the
tangency condition on the ground, we can transform (9.2) into an alternative

form

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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A Op A Oy A Ay
L= — B — = — hand _) l - T ~ .

where L is the contour of the wake passed in one direction. Within the as-
sumptions of linear theory, the expression for the lift coefficient for a wing of
small aspect ratio with a curvilinear lateral axis can be written in the form

// cos(n,y)dS = / ?& - 8(’% cos(n,y) ds

= /L(<p+ —p_)cos(n,y)dl = = /I‘(l)cos(n y)dS, (9.4)

where n is a normal to a curvilinear cut that represents the wake in the
Trefftz plane. To determine the conditions of the minimum of the induced
drag for a given magnitude of the lift coefficient, we find a minimum of the
function

D =C,, — MGy, (9.5)
where A* is the variational Lagrange multiplier. Then, in accordance with
variational calculus, a variation of the function D must be equal to zero, that
is,

2)
0C,, = i /chV&pdST. (9.6)

Turning to contour integration with the help of Green’s formula, we obtain

2 O
5Cs = 23 / ST dl 9.7)

Taking into account (9.7), we obtain

2X [10p N
6D =3 / [ = — X" cos(n, y)] srdl = (9.8)
L

For an arbitrary variation of 6I", the equality (9.8) is possible only if

0
8—i = A" cos(n, y). (9.9)
It can be seen from (9.9) that A\* represents the vertical downwash w, in the
middle of the wake. Thus, the expression (9.9) can be rewritten as

dp

Sy = Un = Wo cos(n, y), (9.10)

which corresponds to the following theorem (Munk [159]): The induced
drag of a wing is minimum if the normal component of the induced
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downwash at each point is proportional to the angle of inclination
of the lifting element at this point. Taking into account (9.10), the
expressions for the coefficients of the lift and the induced drag of an optimal
wing take the form

22 390 A L2
L= — l - l = 75 .
Cz, 12 /F( )Bn d lgwo /—1/2 I'(z)dz, (9.11)
c
A 12
Cy = 21—2/F(l) cos(n,y)dl = 32/\ /1/2 I'(z)d=. (9.12)
c

Using Prandtl’s representation of the relationship between the lift and the
induced drag coefficients, we obtain

Cy = —0—5— (9.13)
o
where ) "
u= o /—1/2 I'(z)d=. (9.14)

The product Ay = A, is called the effective aspect ratio of the wing and can
be used as a measure of the aerodynamic efficiency of the lifting system.
Now, we can find the form of the optimality condition for a wing in close
proximity to the ground. Recalling that in the asymptotic theory, discussed
herein, both the gap and its chordwise derivatives are assumed small

oh*  oh*
or’ 0Oz
and by using the formula for the determination of induced downwash at points

of the wake in steady motion, we obtain the following form of the optimality
condition for a laterally curvilinear wing in the extreme ground effect:

or
0z
where h*(0, z) is the distribution of the distances of points of the trailing edge
from the ground and I' = I'(z) is the distribution of the circulation along

the trailing edge of the wing. Integrating (9.16) taking into account that the
loading must vanish at the tips of the wing,

h*(z, z),

<1, (9.15)

a *
Gy = Un 0wy = 5~ [h (0,2) ] = w, = const., (9.16)

2 oz=C
Tope = w / dz, 9.17)
e e —1y2 h*(0,2) (

/2 2dz /2
C= / / . 9.18
l/2h’ O Z l/2h 0 Z ( )

where
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The constant C was determined by using the requirement that the circulation
should vanish at the extremities of the wake (wing).

If the lateral curvature of the wing’s surface is negligible, Munk’s theorem
is reduced to the requirement that the downwash should be constant span-
wise. In the limit of vanishing clearances h and taking into account (9.10),
the requirement of optimality of a wing in the extreme ground effect can be
reduced to

829011
022

Oy, = haw, =h = w, = const., z=0. (9.19)
Integrating (9.19) and taking into account that the tip loading should be
equal to zero, i.e., ¢y, (0, £A/2) = 0, we obtain

o = (22 — =A%), (9.20)

Thus, the optimal wing in the extreme ground effect has a parabolic
spanwise distribution of circulation. This conclusion reveals a distinction
of the aerodynamics of the extreme ground effect from that in an unbounded
fluid, where the optimal wing has an elliptic loading distribution spanwise. It
is also compatible with the results of de Haller [134], who obtained an exact
solution for an optimal wing in the Trefftz plane in terms of an infinite series of
elliptic functions and demonstrated by calculations that, when the clearances
diminish from infinity to zero, the optimal loading distribution changes from
elliptic to parabolic. Returning to the solutions derived in paragraph 3.5, we
can see that a semielliptic wing is optimal for any aspect ratio and
that a flat wing of small aspect ratio in the extreme ground effect is
optimal independently of its planform. Similar conclusions follow from
the theory of a lifting line(s) in the extreme ground effect, set forth in section
10, where parabolic spanwise loading also furnishes the minimal induced drag
for a given lift.

Using the results of linear theory, stated in paragraph 3.4, we can study
the requirements for the optimality of a rectangular wing of an arbi-
trary aspect ratio. In a sufficiently general case, the spanwise distribution
of the circulation at the trailing edge of a rectangular wing for » — 0 can be
written as follows:

s

o0
¢1,(0,2) = Z Qip COS qn 2, gn = ~(2n +1). (9.21)
n=0

>

Comparing expressions (9.20) and (9.21), we can determine the coefficients
subject to the optimality condition:

2

A2 A 4uwo(—1)"
W 9 wo(—1)
_ ~ 2 ) cosgrzdz = — AT 9.
an =+ /_)‘/2 (z 1 )cosq zdz Nl (9.22)
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Due to the fact that the coefficients «, reflect the specifics of a concrete
problem, condition (9.22) enables us to find the optimal spanwise distribution
of the different parameters, such as aerodynamic twisting, jet flap momentum
distribution, etc.

For example, we can find such a distribution of the angle of pitch for which
a rectangular wing of arbitrary aspect ratio has a minimum induced drag.
From the solution of the corresponding flow problem for an arbitrary spanwise
distribution of the angle of pitch 8(z) = 8,0(z), presented in paragraph 3.4,
it follows that at a point on the trailing edge

by an
o1, (0, 2) Z 2z tanh ¢, tanh 5 CoSanz, (9.23)
where
O = < O(z) cosgpzdz.
AJ-x2
The coefficients 8, in accordance with (9.22) can be derived from the equation
0,0n an dw,(—1)"
9n = — hq% tanh dn tanh—2— = —W
Consequently,
4w0 > ™ COS qn 2
On = 9.24
Z_: anh qn tanh(g,/2) (9.24)

Therefrom, the optimal spanwise distribution of 6(z) for a rectangular wing
(aerodynamic twist) of arbitrary aspect ratio A is described by the following
equation:

dwy = (—1)" cos gz

Ay = qn tanh g, tanh(g, /2)

Qopt(z) =

For a wing of small aspect ratio A — 0 (g, — c0), this expression yields

dw, o= (=1)"cosgnz  w
Oopt(2) =~ 7\0_0 %L = 9—0
0 n=0 n 0

and therefore, no aerodynamic twisting is required for the optimiza-
tion of a rectangular wing of small aspect ratio.
For a wing of large aspect ratio A = oo (g, — 0),
8wy w= (—1)"cosgnz  Wp ()\2 2)
— =2z

Oopt(2) = N @ 6 \d

(9.25)
It follows from (9.25) that an optimal rectangular wing of large aspect
ratio in the extreme ground effect should have a parabolic distri-
bution of the angle of pitch. It can be shown that a noticeable gain in the
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lift-to-drag ratio can be achieved only for wings of sufficiently large aspect
ratios.

In another example, we find the optimal distribution of the jet mo-
mentum along the trailing edge of a rectangular wing with a jet flap. Based
on the results obtained in paragraph 6.2 of section 6, at points of the trailing
edge of a jet-flapped rectangular wing-in-ground effect,

¢1,(0,2) = 7 Z — tanhgy cos g,z = Z 6, cos ¢, 2, (9.26)

n=0 n n=0
where A2
1/Cu(2z) cos gpz dz.
/,\/2
According to (9.26) and (9.22),
T On dwe (1)
0, = ——=—tanhgq, =
Vhan T T R
from which
dwy(=1)"
" Arq2tanhg,’

so that the optimal distribution of the jet velocity distribution along the
trailing edge is given by the following expression:

COS Q2.

Cul(z) _ 4w, i (-1)"

= 2
2 AT — tanh ¢,

Setting the aspect ratio to infinity, we derive a parabolic distribution of the
jet velocity in the form
C, w (/\2 2)
L == —-2%).
V2 o\

For a wing of small aspect ratio,

4w (=1)"cosgnz _ 4w
;4 o nz o
A = 5 S R vy S(z). (9.27)

Bearing in mind that the derivative of S(z) can be summed up in a closed
form (see Gradshtein and Ryzhik[147], p. 52),

i “singnz _ —2% In tan(ﬂ- + ;r;) (9.28)

and integrating (9.28), we can express the right-hand side of (9.27) by the
Lobachevsky function L(u) (see Gradshtein and Ryzhik [147]),
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C 4w, A T Tz
A= 0 o 2o [L<— —)
’ 2 w27 4 + 2\
This formula describes an optimal law of ejection of air along the trailing
edge of a rectangular wing with a jet flap.

9.2 The Lift-to-Drag Ratio of a Wing
in the Ground Effect

The economic efficiency of wing-in-ground-effect vehicles is directly related
to the lift-to-drag ratio, which can be viewed as one of the principal design
parameters. In what follows, some estimates of the lift-to-drag ratio of a
lifting system in close proximity to the ground will be discussed on the basis
of the simple Prandtl’s formula and the relevant results of the asymptotic
theory set forth herein.

First of all, we write the induced drag coefficient of a lifting surface in the
conventional form, introduced by Prandtl,

o G_G

VR (9.29)

where the function p(h, A) characterizes the influence of the ground and the
wing aspect ratio upon the induced drag coefficient of a wing for a fixed
magnitude of the lift coefficient. The quantity Ae = Au can be interpreted
as an effective aspect ratio. As follows from the results of paragraph 3.4, the
coefficient y of a rectangular wing with a flat lower surface in the extreme
ground effect can be calculated from the formula

32 >, tanh ¢, tanh(g,/2)12 /<= tanh? ¢, tanh?(q,/2)
HhA) = 53 [ZE @ ] /go q;g ’
s
Gn = X(Qn +1). (9.30)

It follows from (9.29) and (9.30) that for h — 0 and Cy = const., the mag-
nitude of the induced drag coefficient diminishes proportionally to h as the
wing approaches the ground. Hence, it is clear that for a lifting system op-
erating near the ground, its effective aspect ratio depends, at least,
upon one specific new parameter, the relative ground clearance.

From a practical viewpoint it is convenient to have at hand some sim-
ple formulas for evaluating the lift-to-drag ratio K = C,/C; as a function
of Cy for the analysis of the existing margins for enhancing the maximum
magnitude of Kmax or K for a given C,.

Taking into account (9.29), we can write the expression for the aerody-
namic fineness (lift-to-drag ratio) in the form
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L c, c,

K=p=c +Cy,  Cop + C2/map’

(9.31)

where C,, is the viscous drag coeflicient.
Similarly to the unbounded flow case, we can augment the lift-to-drag
ratio of the lifting system by

e increasing the aspect ratio

e decreasing the induced drag by securing optimal spanwise distribution of
the circulation by choosing an appropriate planform of the wing, as well
as the distribution of the angle of attack (pitch) in the lateral direction;

e realizing the leading edge suction force; and

e reducing the viscous drag of the lifting system.

In addition, specific features of ground effect aerodynamics indicate that the
magnitude of the lift-to-drag ratio can be increased by bringing the wing
closer to the underlying surface (decreasing the relative ground clearance h)
and/or mounting endplates at the tips of a wing.

The maximum of the function K takes place at a certain optimal magni-
tude of the lift coefficient

Cy = Cy,pe = VTAIUCy,, (9.32)

and the corresponding magnitude of the maximum lift-to-drag ratio can be
found by substituting (9.32) in (9.31):

Kmax = L ﬂ')\'u

R kome (9.33)

Whereas the lift-to-drag ratio K specifies the aerodynamic efficiency of
the lifting system, the product K U, (where U, is the design cruise speed) is
closely related to its range of flight. Because the speed is inversely propor-
tional to the square root of the lift coefficient, to find the maximum K U,
we can consider the following function:

Nen

Coo +C2/mAp

The maximum of this function takes place at a certain magnitude of the lift
coefficient, which differs from (9.32), namely,

TAUCy,
=4 —. 9.34
y’(KUo)me 3 (9-34)

The magnitude of the lift-to-drag ratio, corresponding to the maximum range,

is
1 /37r)\u
K == 9.35
(KUO)max 4 ( )




9.2 The Lift-to-Drag Ratio of a Wing in the Ground Effect 271

We can draw some practical conclusions from the preceding results. First of
all, the ratio of speeds, corresponding to the maximum lift-to-drag ratios for
the ground proximity and an unbounded fluid is given by the expression

)N/
which shows that, the more one gains in the lift-to-drag ratio by flying closer
to the ground, the less the cruise speed of the vehicle. Second, going for
a larger range entails a certain loss in the lift-to-drag ratio, compared to

its maximum possible magnitude. This loss can be determined (in relative
terms) by dividing expression (9.35) by expression (9.33):

(9.36)

K
(KUO)max \/g

——T — —— ~(.866. 9.37
Ko 5 866 (9.37)

It is interesting to evaluate the reserves of enhancement of the maximum
lift-to-drag ratio near the ground h — 0 in comparison with the same property
in unbounded flow, h — co. Suppose, that we compare optimal flat wings of
the same relative span . Keeping in mind that for an optimal wing operating
out of the ground effect, h = oo, the loading distribution is elliptic, i.e.,

12

[(z)=Twyl7 2, (9.38)

we can derive from (9.14) the following expression for the coefficient p = p,:

/2 W
oo —_— d —
Hopt = p 12 wo 12 zdz=

On the other hand, we can calculate the downwash w,, induced in the Tr-
efftz plane by an optimal wing in unbounded fluid by using the following
relationship:

1 1 -
woe yp [ L4 Lm0 ¢ & Tw g

2 U d¢ 2 —¢ o P aJ1-Cz2-¢ 2

Combining the two preceding expressions, we obtain the well-known Prandtl
result: for an optimal wing in an unbounded fluid,

2
G
A
The magnitudes of the maximum lift-to-drag ratio and the corresponding
(optimal) lift coefficient for this case are

~ 1 [mAuSs 1 [wA o =
K= 5| o = (G O = B0, = VNG (0.0

1-¢2

(9.39)

pSy =1, Gy = (9.41)
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As shown in paragraph 9.2, for an optimal wing in the extreme ground effect
(h — 0), the distribution of the loading is parabolic. Therefore, the corre-
sponding distribution of the circulation can be written as

[(z) = I'y (1 —2%). (9.43)

Substituting this formula in (9.4), we obtain the following expression for the
factor p = piope when h — 0:

4L, [Y? 12 ol ! DY
Hopt = m—/ (— - zz)dz = / (1 - C2) dC = . (944)

—iy2 4 2T wy J 1 ~ 37w,

Now, we can derive a relationship between the downwash w, and the param-
eter Iy, using formula (9.20) for the downwash behind the (straight) trailing
edge of a wing in the extreme ground effect:

Pon(s) __, L)

i = —h—5—~ =2hln. (9.45)

w,=h

Finally, using the two preceding equations, we find that

l 1

= = — . 6
Hopt 31h 3’/Th1, (9 4 )

where h; = h/| represents the distance from the trailing edge to the ground,

related to the span of the wing.

Eventually, the capacity of the lifting surface without endplates to take
advantage of the closeness to the ground can be evaluated with the help of
the following formula:

Kmax [ [
Ron _,/_uopt_\/%h_,/%hl, h — 0. (9.47)

Note that this formula was obtained by assuming that the loading is optimal
both for h — 0 and A — oo.

The corresponding ratio of (optimal) lift coefficients in the extreme ground
effect and an unbounded fluid has a similar form:

Cop {1 /1

Yopt

Employing formulas (9.32) and (9.34), we can see that the cruise speed cor-
responding to the maximum range always exceeds that corresponding to the
maximum lift-to-drag ratio. The ratio of these speeds is constant, and

U
((0[)](1;% = /3 ~1.316. (9.49)
o] max
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Therefore, the expected gain in range, when flying in the extreme ground
effect as compared to flying far from the ground (without accounting for the
variation of the density of air) can be estimated by using the ratio

KU maX 4
)2 TV Hopt = V 371' V 37rh1 (9.50)

To evaluate the margins connected with the realization of the suction force,
it is beneficial to know the ratio of magnitudes of the maximum lift-to-drag
ratio with fully realized suction force K,a.x to that with no suction force
Koax. We take example of a rectangular wing for A — 0. If the flow near
the leading edge is not separated, suction is realized, and the factor p can
be determined by equation (9.30). If there is no suction force, which may
happen due to improper profiling of the leading edge, the factor u for a wing
of rectangular planform can be found in the form

_ 16 <X tanhgmtanh(g,/2) Gy C_g
= RS 4 @ TN whh

(9.51)

Taking into account relationships (9.30) and (9.51), the loss in the lift-to-drag
ratio when the suction force is not realized, can be assessed by the formula

Konax >\ tanh g, tanh (gr/2) > tanh? Gn tanh? Gn 2
n=0

Kmax qn
(9.52)
For moderate aspect ratios, expression (9.52) can be approximately
rewritten as
Kmax 2
= v2 (9.52)

Kmax  +/tanh(s/X) tanh(m/2X)

For rectangular wings of small aspect ratios, it follows from expression (9.52)
that %
max

- V2. (9.53)
This is exactly the same result as that for unbounded flow. In Fig. 9.1, the
calculated fraction Kmax/Kmax is plotted versus the aspect ratio A for h < 1.
In the same figure, the dashed line represents calculated data, corresponding
to the motion of a rectangular wing in an unbounded fluid; see Belotserkovsky
and Skripach [130].

We can deduce from the above analysis that for wings of moderate and
large aspect ratios, realization of the suction force results in a larger increment
of the maximum lift-to-drag ratio than in an unbounded fluid. Therefore,
considerable attention should be paid to profiling the leading edge of the
wing in the extreme ground effect.
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Fig. 9.1. The ratio of the maximum lift-to-drag ratio of a rectangular flat wing
with suction force to that without suction force versus the aspect ratio (solid line:
extreme ground effect; dashed line: out-of-ground effect [130]).

As already discussed, it is possible to improve the aerodynamic quality
of lifting systems near the ground by mounting endplates on the tips of
the wings. In this case, the efficiency factor p should be replaced by piep.
Restricting consideration to the case of lower endplates, we can find the
latter coeflicient as

pep(hs A, hep/h) = p(h, M)KZ,,, (9.54)

where hep/h is the ratio of height of the endplate to the ground clearance and
the factor ke, = C,,, /Cy characterizes the relative augmentation of the lift
coeflicient due to the influence of the endplates and can be calculated by using
(6.30). The maximum relative gain in the lift-to-drag ratio, resulting from the
installation of lower endplates on a rectangular wing, can be evaluated by the
formula! Kep

max . Fep , (9.55)
Kmax /14 (2hep +0)/X
where the denominator takes account of the augmentation of the wetted area
of the wing due to mounting of the (lower) endplates and 4 is the adjusted
pitch angle in radians.

Returning to Fig. 6.4, we can see that for a wing of a small aspect ratio
in the presence of endplates, the gain in aerodynamic quality can be quite
noticeable. For example, if the height of the lower endplates at the trailing
edge constitutes 60% of the ground clearance, then, for a rectangular wing of

! This formula assumes that the wing is flat and the tips of the endplates are
parallel to the ground.
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Fig. 9.2. The relative increase of the lift-to-drag ratio of a rectangular wing in the
extreme ground effect due to minimization of the induced drag: a. optimal spanwise
distribution of the pitch angle; b. optimal jet momentum distribution when using
a jet flap.

aspect ratio A = 0.7, flying at relative distance from the ground h = 0.07 at
incidence 8 = 0.05, we can expect augmentation of the order of 25% of the
maximum lift-to-drag ratio compared to that with no endplates.

For the optimal wing,? the maximum lift-to-drag ratio can be determined
by the formula

1 [T\ iopt
Kns=35\"c. (9.56)
where fiop; is the optimal (maximal) magnitude of the coefficient u.
To decide whether it is worthwhile to attain an optimal spanwise loading
distribution, it is practical to evaluate the following ratio:

Krorl%tx / Mopt Il (957)
max 1'1 min

Figure 9.2a presents the fraction (9.57) versus the aspect ratio A for an
optimal distribution of the angle of pltCh for a rectangular wing in the extreme
ground effect. Figure 9.2b shows the relative increment of the maximum lift-
to-drag ratio for a wing with optimal organization of jet ejection along the
trailing edge versus the aspect ratio in comparison with uniform blowing.

It is interesting to be able to evaluate the influence of the dynamic com-
pressibility of air upon the lift-to-drag ratio. It was shown in section 5 that for

2 In the sense of minimal induced drag.
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Fig. 9.3. The relative influence of compressibility upon the maximum lift-to-drag
ratio of a rectangular wing in the extreme ground effect versus the aspect ratio for
different magnitudes of the Mach number.

a given Mach number, incompressible flow results can be used in compress-
ible flow but for a smaller aspect ratio X' = A\/1 — M2, smaller clearance
k" = h+/1 — M2, and larger angle of pitch ¢’ = 8,/1 — M2. Using the expres-
sion for the maximum lift-to-drag ratio given by (9.33) and assuming that
the viscous contribution remains the same, we can roughly estimate the rel-
ative effect of compressibility on the maximum lift-to-drag ratio for different
aspect ratios and Mach numbers; see Fig. 9.3.

We can use formula (9.31) to analyze the influence of different factors
upon the lift-to-drag ratio of a flying wing of rectangular planform with end-
plates on the basis of the one-dimensional nonlinear flow model developed
in section 4. Following Rozhdestvensky [63] and Kubo [162], some results
are represented herein of calculations illustrating the behavior of the lift-to-
drag ratio of the previously mentioned simple configuration versus the design
parameters. To evaluate the aerodynamic efficiency of a wing, a simplified
calculation of the viscous contribution to drag is used, based on the con-
cept of an equivalent flat plate, see Voitkunsky et al. [163] or Raymer [164].
Hence, it is assumed that a lifting system has viscous (friction) drag identical
to that of a flat plate that has the same wetted area, length,® and speed.
Correspondingly, the friction drag coefficient for fully developed turbulent

flow is determined as
0.455

= (log Re)2-58”
where Re = U,C; /v is the Reynolds number based on the root chord and
cruise speed. The area of the wetted surface of the flying wing configuration,

Ce (9.58)

3 The length of the plate is equal to that of the wing’s chord.
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related to the square of the root chord Sy, is determined by the formula

Sw=2X+358, (9.59)

ep)

where Sy, is the wetted surface of (two) endplates of given configuration,
related to the square of the chord length.
The latter quantity can be defined as

1
Sw., = 4/ hep(z) dz, (9.60)
0

where hep(z) is a given chordwise distribution of the height of the endplate
as a fraction of the chord of the wing.

In the particular case of a flat wing and uniform distribution of the gap
between the endplates and the ground, formula (9.60) yields the following
result:

Sw = 2(A + 2hep + 6), (9.61)

where hcp, represents the relative height of the endplate at the trailing edge.

Accounting for the fact that in the calculation of the lift and the induced
drag coefficients, the reference area was that of the wing‘s planform, we can
obtain the resulting expression for determination of the viscous drag coeffi-
cient? based on the wing reference area:

Cpy = Ci (2 + %) (9.62)

Figures 9.4-9.7 are graphs of the lift-to-drag ratio versus the lift coef-
ficient. Figure 9.4 illustrates the influence of the relative ground clearance
and the design lift coeflicient upon the aerodynamic efficiency of a flat thin
wing of rectangular planform with endplates. For each magnitude the design
lift coefficient, the gap between the tips of the endplates and the ground is
uniform chordwise.

It can be seen from the graph that, when a wing operates in the extreme
ground effect, a decrease in ground clearance results in a considerable in-
crease in the lift-to-drag ratio. At the same time, the optimal lift coefficient®
increases. Figure 9.5 demonstrates the same tendencies for the influence of
the gap under the endplates upon the aerodynamic efliciency of the configu-
ration. The dashed lines correspond to the case when the leakage of the flow
from under the endplates occurs with contraction; see the considerations on
the effective gap in paragraph 4.3 and the solution of the local problem for
contracted leaking flow under the endplate (or flap) in paragraph 8.1.3 of
section 8.

4 Note that this formula does not include viscous pressure (form) drag and, con-
sequently, gives a very approximate estimate of the viscous drag.

5 That is, the lift coefficient, corresponding to the maximum aerodynamic effi-
ciency.
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Fig. 9.4. The lift-to-drag ratio of a rectangular wing with endplates in the extreme

ground effect versus the design lift coefficient for different magnitudes of the relative
ground clearance (hep = 0.06, Re = 6 x 10%, A = 0.8).
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Fig. 9.5. The lift-to-drag ratio of a rectangular wing with endplates in the extreme
ground effect versus the design lift coefficient for different gaps under the tips of the
endplates (flat plate, gap uniform spanwise; solid lines: no leaking flow contraction;
dashed lines: with contraction; h = 0.1, Re = 1.34 x 10°, A = 1).

It is easy to conclude from Fig. 9.5 that a decrease in the gap under the
endplates may result in considerable augmentation of the lift-to-drag ratio.
Simultaneously, the optimum lift coefficient increases. In addition, realization
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Fig. 9.6. The lift-to-drag ratio of a rectangular wing with endplates in the extreme
ground effect versus the design lift coefficient for different aspect ratios (flat plate,
gap uniform spanwise, h = 0.1, Re = 1.34 x 10°, A = 1).

of contraction of the flow escaping from underneath the vehicle may lead to
significant gains in the aerodynamic efficiency.® The influence of the aspect
ratio upon the lift-to drag ratio for a fixed gap under the tips of the endplates
is shown in Fig. 9.6. This figure shows that the augmentation of the aspect
ratio leads to an increase in the aerodynamic efficiency and increases optimun
lift coefficient.

The dependence on the Reynolds number of both the lift-to-drag ratio
and the magnitude of the optimum lift coefficient is illustrated in Fig. 9.7
and gives rise to an obvious conclusion: the larger the Reynolds number
the larger the aerodynamic efficiency, and the smaller the optimum lift co-
efficient. The latter circumstance together with observations related to the
influence of other design parameters, as discussed above, shows that the way
to increase the cruise speed of the vehicle,” when flying close to the ground,
consists of increasing the design Reynolds number. Other factors, leading to
the enhancement of the lift-to-drag ratio, such as increase in the aspect ratio,
decrease in the ground clearance and/or height of the endplates, result in a
diminution of cruise speed for a given magnitude of wing loading.

Figure 9.8, plotted on the basis of the one-dimensional nonlinear theory of
section 4, confirms the result discussed previously in this paragraph, namely,
if suction force is not realized (e.g., due to stall) the efficiency may drop
considerably.

5 This can be achieved by using endplates with sharp tips or keels with sharp tips
fixed on floats.

7 That is to reduce the magnitude of the lift coefficient, corresponding to the
maximum lift-to-drag ratio.
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Fig. 9.7. The lift-to-drag ratio of a rectangular wing with endplates in the
extreme ground effect versus the design lift coefficient for different magnitudes

of the Reynolds number (gap uniform spanwise, flat plate, h = 0.08, A = 0.8,
dep/h = 0.25).
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Fig. 9.8. The lift-to-drag ratio of a rectangular wing with endplates in the extreme
ground effect versus the design lift coefficient for realization of the suction force and
no suction force (flat plate, gap uniform spanwise, h = 0.08, Re = 6 x 108, A = 0.8,
bep/h = 0.25).



10. Integral Formulations for Lifting Surfaces
in the Extreme Ground Effect

As mentioned in the Introduction, asymptotic analysis can be applied directly
to the integral equation of the lifting surface in the ground effect. Essen-
tially, in the extreme ground effect, we study the limiting process, when the
distance between two double (vortex) layers, representing the wing and its
mirror image, becomes vanishingly small. In the limit, the two double layers
merge into a quadruple layer so that the procedure can be characterised as
quadruplication.! The main result of quadruplication is the confluence (for
h — 0) of the integral equation of the wing-in-ground effect into a differen-
tial equation (ordinary for two-dimensional flow, and in partial derivatives
for three-dimensional flow). The resulting differential equation can be shown
to be identical to that, obtained in the course of solving the corresponding
boundary problem by the method of matched asymptotic expansions. The
quadruplication approach in the aerodynamics of wings in the ground effect
was first introduced by Panchenkov [64]. In what follows, all derivations will
be based on a different scheme of quadruplication proposed in [66].

10.1 A Slightly Curved Foil
in a Two-Dimensional Ground Effect

For the two-dimensional steady motion of a slightly curved foil near a flat
ground plane, the corresponding singular integral equation has the form

1 ! dys
3 v [ AHOK( =6 hydg =, (10.1

where v(x) is the strength of vorticity that replaces the foil in the mathe-

matical model, and dys/dz is a function that represents the slope of the foil
camber line with respect to the horizontal axis;

1 z—¢ 4h?

Me—th= ot~ ol orram 02

! The term was introduced by A.N. Panchenkov [64].

K. V. Rozhdestvensky, Aerodynamics of a Lifiing System in Extreme Ground Effect
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is the kernel of the integral equation. The first (singular) term of the kernel
represents the contribution to the downwash from the foil-bound vorticity,
whereas the second (regular) term accounts for the contribution of the down-
wash from the vorticity of the foil mirror image. Abbreviation “v.p.” implies
that the integral is understood in the sense of the Cauchy principal value.

We set the ground clearance h to zero and expand the kernel of the equa-
tion in h. It can be seen that in the course of a straightforward expansion, the
kernel would vanish to the lowest order. The second- and higher-order terms
would contain divergent integrals. The principal difficulty in constructing this
expansion is that parameter h is not always small compared to (z—¢). To
single out the subdomain z — & = O(h), we split the integral on the left-hand
side of equation (10.1) into three integrals:

1 ] T+ 1
I:/ 'yICdfz/ 71Cd£+/ mdg+/ NKdé=1; + 1, +13,
0 0 x

-1 z+7
(10.3)
where a small parameter 7 is chosen so that h < 7 <« 1. It can be shown
that contributions I; and I3 are of the order O(h?), whereas the integral
I, = O(h). In what follows, only the middle integral I, will be retained, and
I; and I3 will be neglected.
For I, the variable of integration varies in the range of z —n < E< o+
We introduce a new stretched variable £ = (¢ — z)/h, which has the order of
O(1). Then,

I = -

>

. I

v(z + h€) d¢ _

4 / RASAEL YA =1 10.4
-7 &(€2+4) 7 (104)

Outside of the small vicinities of the edges (z = 0 and = = 1), the vortex

density v can be expanded into a Taylor series

_ - 1
v(z +hé) = 1(@) + hEy'(z) + 3h2E"(@) + O(R?).  (10.5)
Substituting this expansion in (10.5) gives
I, = —4h~'(z) arctan g +O(h2). (10.6)

Recalling that both h and 7 should be small quantities with h = o(n), we
can derive the following lowest order representation of the integral equation
(10.1) for h — 0:
’ dy dys
h~y (z)—hdx =1
Thus, it has been shown that for very small relative ground clearances
the integral equation for a foil-in-ground effect degenerates into a
simple ordinary differential equation of the first order (10.7).
Recalling the relationship between the vortex density and the perturba-
tion velocity potential ¢,

(10.7)
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dp_  dey

=1 o (10.8)
and assuming domination of the channel flow velocity potential, i.e., p, =
O(h ™), it is easy to identify equation (10.7) with the equation (3.32), ob-
tained by the matched asymptotics technique within the boundary problem
formulation. The equivalence (to the lowest order) of boundary conditions
for the aforementioned equations (10.7) and (3.33-3.34) follows from simple
physical reasoning, namely,

e the circulation of the velocity I'(z) = [ v(£)dé should be zero at the
leading edge, i.e., the potential at the leading edge should be continuous:

r1)=e¢-(1) —p+(1) = p-(1) = 0; (10.9)

e the flow velocity (pressure) should be continuous at the trailing edge, i.e.,
at x = 0,

_dp- dpy deo _
= M =0 (10.10)

10.2 A Foil with a Jet Flap in Proximity to the Ground

Note that the quadruplication procedure can be applied in all cases when the
kernel of the integral equation has a form similar to (10.2). For a foil with a
jet flap near the ground, the corresponding integral equation can be written
as (see Menshikov [165])

1 ! 1 -
v | 0 [ - ) = f@, (o)
where
f(z)=0 for 0<z<I; f(x):—dd%j for =<0, (10.12)

< is the strength of the vorticity that replaces the foil and the jet; dy; /dz is the
unknown distribution of slope of the jet. The vorticity (pressure difference)
on the jet is assumed proportional to the jet momentum coefficient, and the
curvature of the jet

1 1 . d%y;
(@) =50y =50 1>

=3 z<0. (10.13)

In these relationships, yi,y;’ represent the local slope and the curvature of
the jet and Cj is the jet momentum coeffcicient. Quadruplicating the inte-
gral operator, we obtain the following differential equations for the vorticity
distributions on the foil and the jet, as well as for the jet camber line:
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dy
o
dz '
dy _h ., d%; _ dy
== = <0. 10.15
dz 2 'dz3  dz’ = ( )
Because the jet is blown from a slot at the trailing edge at a small angle 7 with
respect to the chord and, eventually, becomes horizontal far downstream, we
can apply the following conditions:

0<z<1, (10.14)

dy; 1y = dy; _
E(O) =T, I (—o0) =0. (10.16)

Accounting for (10.16), it is easy to derive the solution in the form

~(z) :T\/%, 0<z <1, (10.17)
[C, [2
= —_— —_ <0. .
7(z) = 74| 5 xP (x hC’j)’ z<0 (10.18)

The corresponding lowest order lift coefficient is given by

C:
Cy = n/?h—l. (10.19)

This expression is identical to that obtained within the boundary problem
formulation for a jet-lapped wing in the ground effect; see formula (6.123).

10.3 A Wing of Small Aspect Ratio

The technique of quadruplication demonstrated above can also be applied
to a wing of finite aspect ratio. For example, for a flat wing of small aspect
ratio, the integral formulation leads to the equation

1 Lary 1 z—¢
ﬁ”"/_l’a?[z_g - (z—<)2+16h§]d<:'9’ (10.20)

where hy = h/\, \is the aspect ratio (h < A < 1), and I'(2) is the circulation
of the velocity. The kernel of equation (10.20) has the same structure as that
of (10.2). Therefore, the approach considered earlier is applicable here, too.
Replacing for hy — 0 the integral operator by a corresponding differential
one

L[ 1 z=¢ A0 )
%/_1( )L_g B (Z_C)aﬂﬁhi}dC—?hAE—, (10.21)

we obtain the equation



104 Lifting Line(s) in Close Proximity to the Ground 285

d’r 0
dz2 N 2 h)‘.
Integrating (10.22) and imposing the condition of zero loading at the tips of

the wing, finally, we obtain the following expression for the lift coefficient of
a small-aspect-ratio wing:

(10.22)

oA 6)?
Cy=—=— .
TN TS (10.23)
which is identical to formula (3.69), obtained from the boundary problem
formulation.

10.4 Lifting Line(s) in Close Proximity to the Ground

10.4.1 A Single Lifting Line in the Extreme Ground Effect

The following example illustrates the application of the same technique to the
integrodifferential equation of the lifting line in the ground effect. Assuming
for simplicity that the longitudinal curvature of the wing’s sections is zero,
we can write the lifting line equation in the presence of the ground in the
form?

I(z) =~m 2—gl(i){e?(z)_%ﬂ /_11 %% [Z i o CZ);JE 16h12] dg}, (10.24)

where I'(z) is the distribution of the circulation of the lifting line spanwise,
C(z) and 6(z) are spanwise distributions of the local chord and angle of
pitch,® [ is the relative span (span to chord ratio), and h; = h/l is the height
to span ratio. The planform function C(z) is normalized so that

/ Clydz=1 (10.25)

Exploring the limit A; — 0 for the flow around a lifting line near the
ground, note that using the concept of a lifting line implies that the chord of
the wing is much less than the ground clearance and the latter is much less
than the wing span.

Thus, the limiting result will be different from that, obtained in the large
aspect ratio limit from our previous analysis in Section 3. In the latter case,
the distance from the ground is much smaller than the chord, and the chord
is much smaller than the span.

2 The integrodifferential equation of the lifting line for an unbounded fluid can be
found in Ashley and Landahl [161].

3 C(z) is a ratio of local chord to the root chord.
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Quadruplicating the integral part of equation (10.24), we obtain the fol-

lowing ordinary differential equation of the second order:
21C(z) d%I'(z)
I() === [0) ~ =157 ]

Equation (10.26) should be solved with boundary conditions of zero load-
ing at the tips of the wing, i.e, I'(1) = 0. Suppose that §(z) = 6 is constant,
i.e., the wing is flat.

Consider first the case of a constant chord C(z) = 1 (rectangular
wing), for which the resulting expressions for the distribution of the circula-
tion along the lifting line and lift coefficient can be obtained as

(10.26)

) = 2mf [cosh(pz) B 1],

[ L cosh(p)

C, = 27r9(1 - ta’;hp), p= ’/%hl' (10.27)

Recalling that the induced downwash in the extreme ground effect is propor-
tional to the second derivative of the circulation with respect to the spanwise
coordinate z, i.e.,

d’r
ai(z) = —hlgz—z—(Z), (1028)
we can derive the induced drag coefficient for a rectangular wing of large
aspect ratio in the extreme ground effect in the form

762 sinh 2p — 2p

Cp, = — .
o p cosh2p+1

(10.29)

As in Prandtl’s classical lifting line theory, the induced drag coefficient can

be shown to be proportional to the square of the lift coefficient. We can write
C? Aef  4(cosh2p+1)(p — tanhp)?

Cp = =¥, = 2o . . 10.30
Pom F=7X Ap (sinh 2p — 2p) ( )

Examining equation (10.28), we can conclude that in the extreme
ground effect, the optimal* spanwise distribution of loading for a
wing of a large aspect ratio is parabolic rather than elliptic, as in the
unbounded fluid case. As follows from (10.26), for a flat untwisted wing, the
spanwise chord distribution securing a parabolic loading distribution is also
parabolic. Substituting C(z) = k (1 — 22) (where from normalization condi-
tion (10.25), k = 3/2,A = 31/2), and I'(z) = I,(2% — 1) the equation (10.26)
we obtain the following formula for I5:

270

Lo = i amhy

(10.31)

4 In Munk’s sense, i.e., ensuring minimal induced drag for a given lift.
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To obtain the lift coefficient based on the chord, we have to apply the follow-

ing formula: 1 870
C, = Fol/ (1-29dz = ——m——. (10.32)
-1 3(1 + 47rh1/l>

The downwash corresponding to parabolic spanwise loading is constant
along the lifting line. Simple calculation shows that

d2F 8h17!'9
i = —h _— = — = ———
@i(2) =~z (2) = =2l = — ==y

The induced drag coeflicient of the optimal lifting line is calculated as the
lift coefficient times the induced drag, i.e.,

8hilly _ 3h o2

(10.33)

CI; = Cy Qp = 3 2 y (10.34)
or, rewriting (10.34) in the Prandtl’s format,?
C; A 4
y eff
A T UL 10.35
YomAp A 9rhy ( )

These results show that in the limiting flow problem of a lifting line
in the extreme ground effect, the effective aspect ratio is inversely
proportional to the ground clearance related to the span. Figure 10.1
presents the inverse efficiency factor 1/u versus the relative ground clearance
(based on the span) for a single wing with rectangular and parabolic plan-
forms of the same relative span | = 5, operating in the extreme ground effect.
Figure 10.1 was obtained by using formulas (10.30) and (10.35).

3
I/ Rectanguiar o
Planform o
2 formula (10.30)
e ’ 9nh
L, 4
1
Parabolic
Planform
. [ hy=h/l
0
0.0 0.1 02 03

Fig.10.1. The inverse efficiency factor 1/u for wings of a large aspect ratio and
different planform geometries in the extreme ground effect (hy — 0,1 = 5).

® Note that for a parabolic planform, A = 31/2.
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10.4.2 A Comment on “Span-Dominated”
and “Chord-Dominated” Extreme Ground Effects

In most of this book, the modelling of the extreme ground effect implies that
the ground clearance is much less than the chord and the span. This type of
ground effect, associated with pronounced stagnation under the wing, will be
designated as chord dominated ground effect (CDGE).6 On the other hand,
when considering the aerodynamics of a wing of large aspect ratio in the ex-
treme ground effect on the basis of lifting line theory, it was assumed that the
chord is much less than the ground clearance, the latter being much smaller
than the span. In this case, we can introduce the notion of a span dominated
ground effect (SDGE). Although both of these effects imply an increase in
the lift-to drag ratio at smaller ground clearances, it can be shown that they
have somewhat different natures. To distinguish this difference, compare the
behavior of the lift and the induced drag coefficients of a wing of large aspect
ratio versus the ground clearance within the previously mentioned models.
In the calculated examples, the relative span and angle of pitch of the wing
were | = 8 and 6 = 0.05, respectively. In the CDGE, calculations of of lift
and the induced drag coefficients were made for cases of rectangular and
(optimal) semielliptic flat wings by using formulas (3.65), (3.67), (3.78), and
(3.80). The aerodynamic coeflicients, corresponding to the SDGE, were de-
termined by formulas (10.27), (10.29), (10.32), and (10.35), corresponding to
rectangular and (optimal) parabolic planforms.”

Figure 10.2 shows that for a fixed pitch angle with a decrease in the
relative ground clearance (based on the chord), the CDGE model responds
by an increase of both the lift and the induced drag coefficients. As seen
from formulas (3.65), (3.67), (3.78), and (3.80), both coefficients within the
CDGE model are inversely proportional to the ground clearance. Note that
Standingford and Tuck[101] came to the same conclusion in their accurate
numerical analysis of the aerodynamics of lifting surfaces for small ratios of
the ground clearance to the chord.

As seen from Fig. 10.3, the behavior of lift and induced drag coefficients
versus the relative ground clearance (based on span) within the SDGE model
is different. In this case for a fixed pitch angle we can observe a decrease
in the induced drag coefficient as the wing flies closer to the ground. The
lift coeflicient increases with a decrease in the ground clearance although
somewhat more slowly than in the CDGE model.?

6 In the literature one may often encounter the alternative term ram in association
with the ground effect.

7 Note that for span-dominated and chord-dominated ground effects, the optimal
planforms of the wings are different, although both give rise to a parabolic dis-
tribution of loading.

8 If the lift coefficient is kept constant, while the wing approaches the ground, the
induced drag coefficient decreases in both models of extreme ground effect.
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Fig. 10.2. The behavior of the lift and the induced drag coefficients versus the
relative ground clearance based on the chord (CDGE model) in the extreme ground
effect (I = 8,6 = 0.05; solid lines correspond to a semielliptic planform; dashed lines
correspond to a rectangular planform).

10.4.3 A Tandem of Lifting Lines in the Extreme Ground Effect

In what follows the tandem, comprising two wings of large aspect ratio and in
steady motion near a solid plane wall, is modelled by a system of two lifting
lines and their “mirror images.” The Cartesian coordinate system adopted
herein is attached to the front wing and has a z axis directed to the starboard
side of the tandem and the z and y axes directed downstream and upward
respectively.

To avoid tedious algebra and simplify the solution, the analysis is re-
stricted to the case when both wings of the tandem have identical ground
clearances, planforms, areas, and aspect ratios. Thus, the rear wing operates
in the wake of the front one. Ground clearances are measured from the mid-
chord of corresponding wings. As earlier, all quantities and functions will be
rendered nondimensional by using the semispan of the wing and the velocity
of the incoming stream.

For h; — 0, using the same technique as for a single lifting line in the ex-
treme ground effect, we can reduce the system of Prandtl’s integrodifferential
equations describing the aerodynamics of a tandem near the ground to a set
of two ordinary differential equations of the second order; see Rozhdestvensky
[67]:

2
[i(z) = —on Ciz) [91(2) —h dd 21;1 (z)}, (10.36)
P 2 2
I(z) = —27rC( ) [GQ(Z) —h ddZI;Q (z) - 2h1%(z)]. (10.37)
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Fig. 10.3. The behavior of the lift and the induced drag coefficients versus the
relative ground clearance based on the span (SDGE model) in the extreme ground
effect (I = 8,8 = 0.05, solid lines correspond to a parabolic planform, dashed lines
correspond to a rectangular planform).

In these equations I 2(2) stand for the distributions of the loading in the
direction of the span of the front and rear wings of the tandem, C(z) repre-
sents the form of the chord distributions, and 6, 2(2) are the distributions of
the pitch angle along the span of the wings.

It can be seen from observation of the right-hand side of equation (10.36)
that in the extreme ground effect, the downwash induced by the rear wing
upon the front wing is negligible. At the same time, the front wing affects
the aerodynamics of the rear wing, see equation (10.37). The system admits
closed form solutions.

Suppose that both wings are rectangular, C(z) = 1, and flat 6,(6) =
01,02(8) = 05. Then, the first equation of the system (10.36)—-(10.37) can be
integrated to yield

2mf; /cosh pz A l
1(2) p) ( coshp 1)’ P Vorh V27l (10.38)

Substituting solution for I'(z) in the second equation of the system (10.36)-
(10.37), we obtain the following nonhomogeneous ordinary differential equa-
tion for function I'3(z2):

dZFQ(Z)

—5 —p? Iy(2) = p+ qcoshpz, (10.39)

where p = 6,/h), ¢ = 20, /hj cosh p. Integrating (10.39) and using the require-
ment that the loading should vanish at the wing tips I';(£1) = 0, we obtain
the following solution for I'z(2):
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Iz) = (A - % cosh 2pz> cosh pz

62

q /sinh2pz ) .
= hpz — — 10.40
% ( o + z) sinh pz g ( )
where b2 0
q q (sm P ) 2
= - = 1} tanh —_—.
4p?  2p\ 2p +1)tanhp+ hip? cosh p

Using expressions (10.38) and (10.40) for the loading along the front and rear
wings, we can readily obtain both the lift and the induced drag coefficients
for the above case of a rectangular planform of lifting elements of the tandem.

However, in what follows, the accent will be on a parabolic loading dis-
tribution for which each of the wings and the tandem as a whole have min-
imal induced drag for a given lift. Writing the circulations and the planform
equations of both lifting lines as I 5(z) = I, ,(22 = 1),C12(2) = C(2) =
k(1 — 22),k = 3/2 and substituting these expressions into equations (10.36)
and (10.37), we obtain the following simple system of algebraic equations
with respect to the amplitudes of the loading distributions:

2

(62 = 20 Ty — 4l To),  (10.41)

2
I'g = -)\—(91 —2hi Ig), Iap=

wherefrom

216, 27(02 — 4h1I7)

[ho = I +4rh/l)’ 27 (1 + drh /)

(10.42)

The lift coefficients of each wing and the overall lift coefficient of the tandem
C,. are obtained in the form

B 4lF10 87!'91

C = 10.43
u 3 3(1 + 4rhy/1)’ (10.43)

41 Fgo 8T (92 — 3h10y1 /l)
C,, = - 10.44
v 3 3 1+drhy/l ( )
Cy, = Cy, + Cy,. (10.45)

In the latter coefficient, the reference area used was half that of the tandem.
For optimal wing loading, the downwash on both lifting lines is uniform along
the span:

Oy, = 2h 1o, Ay, = 2h g + 4h1I,. (1046)

Consequently, the induced drag coefficients for the front and rear wings can
be found in the form

3h
Ce, =Cyaw, = —SCl

2l v

3h 3h,
Cry, = Cy, 0w, = 7032 +=-Cy,Cy,. (10.47)
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The induced drag of the tandem as a whole® will be
3h
21 o
It is worthwhile to remember here that an optimal tandem in an unbounded

fluid (h; = 00) has the following relationship between the lift and the induced
drag coefficients of its elements:

3h1

Co=Cp +Cp, = (02 +2C,,Cy, +CL) = L+ Cy,)% (10.48)

1
Coy +Coy = —(Cy, + Cy,)?. (10.49)

10.5 Quadruplication of the Integral Equation
for a Wing of Finite Span

The above approach can be extended to the case of an arbitrary aspect ratio
A > h. The relevant integral equation can be written in the form

//S >s O(%% + /OO 22;2; d{f) ds = - %, (10.50)

where ys = ys(z, 2),

G(ﬂc—éf,z—C)=l—l r=+(E-£2+(z—-¢)?, (10.51)

ror’

" =(x—624+(2—C)2 +4h2. (10.52)

We introduce 1 > 1 > h and single out the integral contribution over a small
square S, = 27 x 27 in the vicinity of a point (z, z):

I://sz/[sn+//s_snzll+12' (10.53)

As in two-dimensional flow, with an asymptotic error of O(h?), it is sufficient
to consider the first of the two integrals. It is convenient to introduce a
function

I'(z, 2)= /I (¢, z) d¢, (10.54)

Zle

where z1, = z)¢(2) is the equation of the leading edge. We turn to considera-
tion of the following integral

z+n m+nap3G
Ill-//V—dS / oo dedg

® Again, with the reference area equal to half that of the tandem.
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stn prdn 8F 1
/z /I - 73) (€ —z)déda. (10.55)
We introduce the stretched variables € = (€ — z)/h, { = (¢ — z)/h into I;;:
L= / / (z+hE, z+ hC)(R3 R,S) dé d¢, (10.56)

where 7 = n/h, R = r/h, R = r'/h. The Taylor series expansion holds
outside the vicinities of the edges:

or - - -0°T o’r
— hl) = — h 2
Oz hE, 2+ ) = T (@,2) + R (@,2) + st (z,2) + O(R?).
(10.57)
Integrating in (10.56) and taking into account (10.57), we obtain
52 /972 =2
Ii1 ~2h 1;(‘1 \/_+ L ' 27 + 4 +n‘+4arctan ~——2~——>+O(h2).
Oz 272 + 4 21/272 + 4
(10.58)
For h — 0 and 7 = n/h — o0, we obtain to the lowest order,
0°I'(z, 2)

Now, we turn to the integral

112—// (&0 62Gd dS——/ /:+n/ (&, ¢)Gdéd{dx

_622/ // x+h§,z+h()(R R/)dgdc (10.60)
-nJ-7

Taking into account the Taylor expansion of v in the vicinity of the point
(z, z), we obtain

7l 4
Tig ~ h[S arctan 1 + 27 1n(1 + j—)
2 72

+ VP +
+2/ linz\ﬂ%

Therefrom, for h — 0, n — 0, and 7 — oo, it is easy to find the lowest order
representation of I;s:

]622 /x (z, z)dz +O(h?).  (10.61)

o? [ 0%l (z, 2)
g = dnm h6 5 / v(z,2)dz = 4n hT' (10.62)
Summing up expressions (10.59) and (10.62), we find that the limiting asymp-
totic form of the integral equation for a wing of finite aspect ratio is identical
to the Poisson differential equation
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o’r 8’r d

h (5?2 ﬁ) - —nyi, (z,2) € S, (10.63)
Equation (10.63) has to be solved in the interior of the two-dimensional do-
main S, bounded by the wing’s planform contour. The boundary conditions
for (10.63) can be either derived by the matching procedure or adopted on
the basis of appropriate physical requirements (e.g., continuity of the circu-
lation at the leading and side edges and continuity of the pressure at the
trailing edge). As expected, equation (10.63) is identical to that obtained
earlier within the boundary problem formulation; see formula (3.59).



11. Equations and the Stability
of Motion of a Lifting System
in the Extreme Ground Effect

The analysis of the dynamics of wing-in-ground-effect vehicles provides data
for assessing the stability of motion, controllability, and ride comfort of the
craft under development.

A study of the linearized equations of the motion of wing-in-ground-effect
vehicles was carried out by Irodov [166], Kumar [167)-[170], Zhukov [171]-
[175], and Staufenbiel et al. [176]—[178]. This research revealed a significant
distinction between the dynamics and the stability criteria of these vehicles
and the aircraft that normally operates out of the ground effect. It was also
found that one of the typical problems of the design of ground-effect machines
is due to the strong coupling between their aerodynamic configuration and
the flight dynamics.

Irodov[166] considered the linearized equations of perturbed longitudinal
motion in terms of the variation of the angle of attack and the ground clear-
ance. Assuming that the speed of the vehicle remains constant, he derived a
(quartic) characteristic polynomial equation of the fourth order. Applying the
Gurvitz—Ruth criteria of stability, he came to the conclusion that aperiodic
static stability is ensured when the aerodynamic center of height is
located upstream of that of the angle of attack. This important prac-
tical conclusion signifies that if the aerodynamic configuration is not selected
properly, it is impossible to secure static longitudinal stability to the motion
of a wing-in-ground-effect vehicle by choosing the position of the center of
gravity.

According to Irodov [166], to secure the oscillatory stability of the vehicle
one has to provide an appropriate location of the center of gravity upstream
of the center of the angle of attack. In the same work, Irodov indicated
that account of the variation in cruise speed practically does not modify the
previously mentioned condition of static aperiodic stability.

Kumar [166] studied the dynamics of a wing-in-ground-effect vehicle in
both longitudinal and lateral motion, incorporating the effects connected with
perturbation of the speed of forward motion. His stability analysis was based
on a quintic characteristic equation.

A thorough study of the dynamics of wing-in-ground-effect vehicles ac-
counting for the perturbation of speed and incorporating stability analy-

K. V. Rozhdestvensky, Aerodynamics of a Lifting System in Extreme Ground Effect
© Springer-Verlag Berlin Heidelberg 2000
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sis with special reference to controllability! and design, was carried out by
Zhukov, starting in the 1970s and finalized in [175]. He revealed several dis-
tinct parameters, defining static stability and dynamic behavior of wing-in-
ground-effect craft. In particular, he introduced the notion of binding to the
ground, as a capability of a vehicle in cruising flight to stay in ground effect
after the action of controls or gusts of wind.

Staufenbiel also studied stability criteria, used the quintic characteristic
equation for the analysis of the dynamics, and discussed nonlinear effects.

This section covers some linear formulations related to the longitudinal
dynamics of wing-in-ground-effect vehicles. First of all, a derivation is given
in terms of the perturbations of the relative ground clearance h and the
pitch angle 6 of the linearized equations of motion without (after Irodov)
and with (after Zhukov) account of perturbation of forward speed. Then, we
consider an approximate derivation of an asymptotic form of the linearized
equations of the longitudinal motion of a wing-in-ground effect vehicle in
the extreme ground effect, i.e., for vanishing relative clearances between the
lifting surface and the ground. The orders of magnitude of the terms are
evaluated formally on the basis of a simplified nonlinear unsteady theory of
the extreme ground effect, discussed in section 4. Eventually, an asymptotic
form of the equations of motion is derived for h — 0 and small periods of
time from the moment of the action of the perturbation. It is shown that on
(nondimensional) time scale t = O(1), which corresponds to distances of the
order of the chord from the moment of perturbation, the equations of motion
correspond to the quartic formulation of Irodov [166], i.e., the speed of the
vehicle remains almost constant. From a practical viewpoint, this signifies
that Irodov’s criterion of static stability is valid, although it was derived
on the basis of the somewhat restrictive assumption of no perturbation of
speed. Differing from Irodov, the asymptotic form of the equation, valid for
a vanishing h, does not depend explicitly on the relative ground clearance,
but rather on the reduced density i = ph and the ratios of the design pitch
and the curvature of the lower surface to h, i.e., the number of parameters
is fewer by one compared to the initial formulation. On larger time scales
of the order of 1/h and 1/h? the variation of speed is first driven by height
and pitch perturbations and later is determined by the speed perturbation
proper. The latter conclusion confirms the results derived by Zhukov [175].

11.1 Linear Equations of Longitudinal Dynamics

Here, the linearized versions of the equations of longitudinal motion will
be deduced, corresponding to what is known as the quartic and the quintic
descriptions of the dynamics of wing-in-ground-effect vehicles. In other words,
linearized equations of motion and corresponding characteristic equations

! Matters of automatic control are covered in Diomidov [179].
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are written with and without accounting for perturbation of the forward
speed. Instead of the representative kinematic parameters « (angle of attack)
and h (relative ground clearance) utilized by Kumar and Staufenbiel, the
parameters 6 (pitch angle) and h (relative ground clearance) will be employed.
In what follows, all unsteady aerodynamic derivatives will be incorporated.

The pair of parameters 6, h is more practical in the aerodynamics of
ground-effect vehicles than «,h. The use of 6,h was first proposed by
Treshkov [180] and since has been adopted in most of the Russian devel-
opments on wing-in-ground-effect vehicles.

11.1.1 The Quartic Characteristic Equation

We consider first the case when the cruise speed remains constant
in otherwise perturbed motion. In what follows, all quantities and functions
will be rendered nondimensional with respect to the cruise speed U, and the
root chord C, of the main wing of the vehicle. In this case, the equations of
perturbed uncontrolled motion of the WIG can be written as
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